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Abstract. In this work, we used the terms of identity alternate sequence and also the even terms of alternate
sequences of Fibonacci and Lucas, the famous number sequences, to establish connections with the special vertex
values of the paths of minimal length in the suborbital graphs. These types of vertices also give rise to special
continued fractions, hence from recurrence relations for continued fractions, values of these vertices and values of
these special sequences were associated.
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1. Introduction

In 1967, Sims described the suborbital graphs by the charecteristics of a permutation group action on a set [10]. In
1991, Jones, Singerman and Wicks worked on the special suborbital graphs Fu,N by using Sims’s ideas [7]. They used
the modular group Γ and it’s congruence subgroup Γ0(N). The action is on the extended rational set Q̂ := Q ∪ {∞}.

These suborbital graphs are Γ-invariant directed graphs with vertex set Q̂ and their edge-sets being the orbits of Γ

on the cartesian square Q̂2. For details see [1, 3, 7].
The simplest example of such a graph is F1,1, known as Farey graph shown in the Figure 1. The graph has extended

rational set Q̂ as its vertex set; it is self-paired, so we can regard it as an undirected graph. Also vertices r/s and x/y
are adjacent if and only if ry − sx = ±1; for instance, the vertices adjacent to∞ are the integers.

For the suborbital graph Fu,N we can give edge conditions as above Theorem:

Theorem 1.1. r
s →

x
y ∈ Fu,N if and only if x ≡ ∓ur (mod N), ry − sx = ∓N.

So, there is an obvious edge∞ = 1
0 →

u
N ∈ Fu,N by this Theorem.

Thus, with this edge conditions, the following question comes to mind as ”What is the farthest vertex, where the
vertex u/N can be connected and create an edge in the graph Fu,N for both direction right and left?”

Answer of this problem was given in [4]. See Figure 2.
It turns out that these graphs give rise to a special continued fraction which is a special case of very famous fraction

coming out from the following Pringsheim’s theorem.
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Figure 1. Farey graph F1,1

Figure 2. The farthest vertices on the path of minimal length in the suborbital graph Fu,N

Theorem 1.2. If |bm| ≥ 1 + |am| for all m, the continued fraction 1
k− 1

k− 1
k−
...

convergent to some value v with |v| ≤ 1.

In previous works, suborbital graphs for congruence subgroup Γ0(N) of the modular group Γ to have vertices of the
graph Fu,N and hyperbolic paths of minimal length with recurrence relations give rise to a special continued fraction.

Let us give the definitions used in our paper;

Definition 1.3. (a) Let v0, v1, . . . , vm be a sequence of different vertices of the graph Fu,N . If m ≥ 2 then the configu-
ration v0 → v1 → . . . → vm → v0 is called a directed circuit (closed path). If at least one arrow (not all) is reversed in
this configuration, it is called an undirected (anti-directed) circuit. If m = 2 then the circuit, directed or not, is called a
triangle. If m = 1 then we will call the configuration v0 → v1 → v0 a self paired edge.

(b) The configurations v0 → v1 → . . . → vm and v0 → v1 → . . . are called a path and an infinite path in Fu,N ,
respectively.

(c) If r
s

<
−→ x

y ∈ Fu,N

(
or x

y
<
←− r

s ∈ Fu,N

)
, the farthest vertex means that there is no vertex which has greater (or

smaller) value than x
y joined with the vertex r

s in the suborbital graph Fu,N by the conditions from Theorem 1.1.
(d) The path v0 → v1 → . . .→ vi → vi+1 → . . .→ v j → . . .→ vm is called of minimal length if and only if vi = v j,

where i < j − 1, i ∈ {0, 1, 2, 3, ...,m − 2}, j ∈ {2, 3, ...,m} and vi+1 must be the farthest vertex which can be joined with
the vertex vi in Fu,N .
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(e) If Fu,N does not contain any circuits it is called a forest. If Fu,N is a connected non-empty graph without circuits
it is called a tree.

1.1. Continued Fractions With Recurrence Relations. We know any continued fraction can be expressed as the
symbol b0 + K∞m=1 (am/bm) by [2]. Using the terminology in [2], the nth numerator An and the nth denominator Bn of a
continued fraction b0 + K (am/bm) are defined by the recurrence relations (second order linear difference equations)[

An

Bn

]
:= bn

[
An−1

Bn−1

]
+ an

[
An−2

Bn−2

]
,

where n = 1, 2, 3, . . . with initial conditions A−1 := 1, B−1 := 0, A0 := b0, B0 := 1. The modified approximant Tn(zn)
can then be written as Tn(zn) = An+An−1zn

Bn+Bn−1zn
, where n = 0, 1, 2, 3, . . . and hence for the nth approximant fn we have

fn = Tn(0) = An
Bn
, fn−1 = Tn(∞) = An−1

Bn−1
.

In the present study, the action of a congruence group of S L(2,Z) on Q̂ is examined.From this action and its
properties, vertices of paths of minimal length on the suborbital graph Fu,N give rise to some special sequences values,
that are alternate sequences such as identity, Fibonacci and Lucas sequences.

2. Special Vertices of Fu,N and Some Sequences

Lemma 2.1 ( [4]). If (u,N) = 1, then exist an integer k such that u2 + ku + 1 ≡ 0 (mod N).

Corollary 2.2 ( [4]). If (u,N) = 1, then exist an integer l such that u2 − lu + 1 ≡ 0 (mod N).

Corollary 2.3 ( [4]). Let u2 + ku + 1 ≡ 0 (mod N) and u2 − lu + 1 ≡ 0 (mod N) with 1 < k, l ≤ N. If Fu,N is self-paired,
then k = l = N and otherwise l = N − k.

Corollary 2.4. Let ω =

(
−u (u2 − lu + 1)/N
−N u − l

)
∈ Γ0(N)(= (a b

c d) ∈ Γ : c ≡ 0 (mod N)). Hence, for left direction, if
u− x

y

N is

the vertex on the path of minimal length in Fu,N , then the farthest vertex which can be joined with it is
u− y

ly−x

N , where

ω

(
u − x

y
N

)
=

(
u − y

ly−x
N

)
So, for positive integers q,

↼
vq = ϕq(v0), where v0 = u

N .

Corollary 2.5 ( [4]). If u2 + ku + 1 ≡ 0 (mod N) and 1 < k ≤ N, then there is an infinite path of the minimal length to
right direction in Fu,N as

1
0
−→

u
N
−→

u + 1
k

N
−→

u + 1
k− 1

k

N
−→

u + 1
k− 1

k− 1
k

N
−→ · · ·

whose vertices are in the set

M :=
∞⋃

m=0

{
u + Tm(0)

N
: Tm = t0t1t2 . . . tm, t0(z) = z, tm(z) := t(z) =

−1
−k + z

}
∪ {∞}.

Corollary 2.6 ( [4]). If u2 − lu + 1 ≡ 0 (mod N) and 1 < l ≤ N, then there is an infinite path of the minimal length to
left direction in Fu,N as

· · · ←−

u − 1
l− 1

l− 1
l

N
←−

u − 1
l− 1

l

N
←−

u − 1
l

N
←−

u
N
←−

1
0

whose vertices are in the set

P :=
∞⋃

m=0

{
u − Tm(0)

N
: Tm = t0t1t2 . . . tm, t0(z) = z, tm(z) := t(z) =

−1
−l + z

}
∪ {∞}.

Corollary 2.7. Let ϕ =

(
−u (u2 + ku + 1)/N
−N u + k

)
∈ Γ0(N)(= (a b

c d) ∈ Γ : c ≡ 0 (mod N)). Hence, for right direction, if If
u+ x

y

N

is the vertex on the path of minimal length in Fu,N , then the farthest vertex which can be joined with it is
u+

y
ky−x

N , where

ϕ

(
u + x

y
N

)
=

(
u +

y
ky−x

N

)
So, for positive integers q,

⇀
vq = ϕq(v0), where v0 = u

N .
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Since an := −1 and bn := −k, for all n ≥ 1, then from recurrence relations we get Bn = −An+1 and so for the right
directional path of minimal length in suborbital graph Fu,N , nth vertex is given by

⇀
vn =

u + Tn(0)
N

=
u + An

Bn

N
=

An+1u − An

An+1N
. (2.1)

Similarly for left direction nth vertex is

↼
vn =

u − Tn(0)
N

=
u − An

Bn

N
=

An+1u + An

An+1N
(2.2)

where an := −1 and bn := −l, for all n ≥ 1.

Corollary 2.8 ( [4]). From recurrence relations we have kAn+1 + An+2 + An = 0.

Corollary 2.9 ( [4]). From solving the characteristic equationAn = −kAn−1 − An−2, if k = 2 then An = (−1)nn and if
k > 2 then

An = (−1)n21−n
n∑

t=1

(k +
√

k2 − 4)n−t(k −
√

k2 − 4)t−1.

For left direction in the suborbital graph Fu,N , this is exactly same if we change k to l.

Corollary 2.10. If k = 2 then for the right direction the nth vertex on the path of minimal length starting with the vertex
u/N in the suborbital graph Fu,N is

⇀
vn =

(n + 1)u + n
(n + 1)N

=
u + n

n+1

N
.

Proof. For all n ≥ 0, since bn = −k = −2 and an = −1, then An = (−1)nn. So, nth vertex on the path of minimal length
to right direction is

An+1u − An

An+1N
=

(−1)n+1(n + 1)u − (−1)n

(−1)n+1(n + 1)N
=

(n + 1)u + n
(n + 1)N

.

�

Corollary 2.11. If l = 2 then for the right direction the nth vertex on the path of minimal length starting with the vertex
u/N in the suborbital graph Fu,N is

↼
vn =

(n + 1)u − n
(n + 1)N

=
u − n

n+1

N
.

Proof. For all n ≥ 0, since bn = −l = −2 and an = −1, then An = (−1)nn. So, nth vertex on the path of minimal length
to left direction is

An+1u + An

An+1N
=

(−1)n+1(n + 1)u + (−1)n

(−1)n+1(n + 1)N
=

(n + 1)u − n
(n + 1)N

.

�

Example 2.12.

∞

↓

. . .←− 1
8 =

1− 3
4

2 ←−
1
6 =

1− 2
3

2 =
1− 1

2− 1
2

2 ←− 1
4 =

1− 1
2

2 ←−
1
2 −→

3
4 =

1+ 1
2

2 −→
5
6 =

1+ 2
3

2 =
1+ 1

2− 1
2

2 −→ 7
8 =

1+ 3
4

2 −→ . . .

For example, for the suborbital graph F1,2, which is self-paired graph, so k = l = 2 from the congruence u2 + ku + 1 ≡
0 (modN) and u2 − lu + 1 ≡ 0 (modN). So, above path give rise to vertices on the path of minimal length to both
direction.

Theorem 2.13 ( [4]). From recurrence relations, if An is the nth numerator of a continued fraction K
(
−1
−3

)
= 1

3− 1
3− 1

3−
...

,

then An = (−1)nF2n, where Fn is the nth Fibonacci number.
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Lemma 2.14. If Fn is the nth Fibonacci number, then(
(−1)n−1F2n−2 (−1)nF2n

(−1)n+1F2n (−1)nF2n+2

)
=

(
0 −1
1 −3

)n

.

Proof. From the matrix relation of the continued fractions, it is known that(
An−1 An

−An −An+1

)
=

(
0 −1
1 −k

)n

.

Also if k = 3 than An = (−1)nF2n, where An is the nth numerator of a continued fraction K
(
−1
−3

)
= 1

3− 1
3− 1

3−
...

.

From the equation An = (−1)nF2n we can write An−1 = (−1)n−1F2n−2, An+1 = (−1)n+1F2n+2,−An = (−1)n+1F2n and
−An+1 = (−1)nF2n+2. Hence,(

An−1 An

−An −An+1

)
=

(
(−1)n−1F2n−2 (−1)nF2n

(−1)n+1F2n (−1)nF2n+2

)
=

(
0 −1
1 −3

)n

.

�

Lemma 2.15 ( [5]). Let us give some lemmas without proof below, where An is the nth numerator of a continued
fraction

K
(
−1
−3

)
=

1
3 − 1

3− 1
3−
...

a) F2n+1 = (−1)n+1(An+1 + An), where n ≥ 0, n ∈ Z.
b) F2nAn+1 + F2n+2An = 0, where n ≥ 1, n ∈ Z.
c) F2n+1 =

(−1)n+1

3 (2An+1 − An−1),where n ≥ 0, n ∈ Z.
d) F2n = 1

3 (F2n+2 + F2n−2), where n ≥ 1, n ∈ Z.
e) F2n−2 = 1

2 (F2n+2 − 3F2n−1), where n ≥ 2, n ∈ Z.
f) F2n−1 = 1

3 (F2n+1 + F2n−3), where n ≥ 2, n ∈ Z.
g) 2F2n − 3F2n−1 = F2n−2 − F2n−3, where n ≥ 2, n ∈ Z.
h) F4n+2 = −A2n+1, where n ≥ 0, n ∈ Z.

Lemma 2.16. Let

P =

 0 0 1
0 1 −3
1 0 −1

 .

Pn =

 (−1)nFn−1 0 (−1)n+1Fn

3[(−1)n+1Fn−2 − 1] 1 3[(−1)nFn−1 − 1]
(−1)n+1Fn 0 (−1)nFn+1


where n > 1, Fn is Fibonacci sequence with F0 = 0, F1 = 1, F2 = 2 initial conditions and Fn = Fn−1 + Fn−2 recurrence
relation.

Proof. Let Pn =

 p11 p12 p13
p21 p22 p23
p31 p32 p33

. Now for p11, we will use the mathematical induction method;

for n = 2, P2 =

 1 0 −1
−3 1 0
−1 0 2

 and p11 = (−1)2F2−1 = 1 holds.

Assume that the statement is true for a particular value n = k ,that is Pk =

 (−1)kFk−1 0 (−1)k+1Fk

3[(−1)k+1Fk−2 − 1] 1 3[(−1)kFk−1 − 1]
(−1)k+1Fk 0 (−1)kFk+1

.
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Prove that the statement is true for n = k + 1;

Pk+1 = PPk =

 0 0 1
0 1 −3
1 0 −1


 (−1)kFk−1 0 (−1)k+1Fk

3[(−1)k+1Fk−2 − 1] 1 3[(−1)kFk−1 − 1]
(−1)k+1Fk 0 (−1)kFk+1

 =

 (−1)k+1Fk 0 ∗

∗ 1 ∗

∗ 0 ∗


Thus, the other elements of the matrix can be found by using a similar method.

�

Lemma 2.17 ( [4]). Let An be K(−1
−3 ) continued fractions nth numerator. Then F2nAn+1 + F2n+2An = 0.

Corollary 2.18. If k = 3 then u2 + 3u + 1 ≡ 0 (mod N). For right direction, since the value of nth vertex on the path of
minimal length in the suborbital graph Fu,N is

⇀
vn =

u + Tn(0)
N

=
u − An

An+1

N
and An = (−1)nF2n then this vertex can be given by

⇀
vn =

u + F2n
F2n+2

N
where v0 = u/N.

Proof. For all n ≥ 0, since bn = −k = −3 and an = −1, from the Theorem 2.13.

An = (−1)nF2n.

So by (2.1), the nth vertex on the path of the minimal length of Fu,N for the right direction is

⇀
vn =

An+1u − An

An+1N
=

(−1)n+1F2n+2u − (−1)nF2n

(−1)n+1F2n+2N
=

u + F2n
F2n+2

N
.

�

Corollary 2.19. If l = 3 then u2 − 3u + 1 ≡ 0 (mod N). For left direction, since the value of nth vertex on the path of
minimal length in the suborbital graph Fu,N is

↼
vn =

u − Tn(0)
N

=
u + An

An+1

N
and An = (−1)nF2n then this vertex can be given by

↼
vn =

u − F2n
F2n+2

N
where v0 = u/N.

Proof. For all n ≥ 0, since bn = −l = −3 and an = −1, from the Theorem 2.13.

An = (−1)nF2n.

So by (2.2), the nth vertex on the path of the minimal length of Fu,N for the left direction is

↼
vn =

An+1u + An

An+1N
=

(−1)n+1F2n+2u + (−1)nF2n

(−1)n+1F2n+2N
=

u − F2n
F2n+2

N
.

�

Example 2.20. Let u := 1 and N := 5. Then minimal positive integers are k = 3 and l = 2, where for the congruences
u2 + ku + 1 ≡ 0 (mod N) and u2 − lu + 1 ≡ 0 (mod N) respectively. So, for the suborbital graph F1,5, for right and left

direction, the farthest vertices which can be joined with the vertex v0 = 1/5 are
⇀
v1 =

1+ 1
3

5 = 4
15 and

↼
v1 =

1− 1
2

5 = 1
10

respectively ( See Figure 3). Similarly for right and left direction, the farthest vertices which can be joined with vertices
⇀
v1 = 4

15 and
↼
v1 = 1

10 are
⇀
v2 =

1+ 1
3− 1

3
5 =

1+ 3
8

5 = 11
40 and

↼
v2 =

1− 1
2− 1

2
5 =

1− 2
3

5 = 1
15 respectively.
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Figure 3. Some vertices in the suborbital graph F1,5

Also, we know that for right and left direction the nth vertices are
⇀
vn =

u− F2n
F2n+2
N and

↼
vn =

1− n
n+1
5 , respectively. For the

value n = 4, since
(

(−1)n−1F2n−2 (−1)nF2n

(−1)n+1F2n (−1)nF2n+2

)
=

(
0 −1
1 −3

)n

, then
(
−F6 F8
−F8 F10

)
=

(
0 −1
1 −3

)4

=

(
−8 21
−21 55

)
.

So by using these equations, 3th and 4th vertices to right direction are

⇀
v3 =

1 + 1
3− 1

3− 1
3

5
=

1 + T3(0)
5

=
1 +

F6
F8

5
=

1 + 8
21

5
=

29
105

and

⇀
v4 =

1 + 1
3− 1

3− 1
3− 1

3

5
=

1 + T4(0)
5

=
1 +

F8
F10

5
=

1 + 21
55

5
=

76
275

,

Similarly, 3th and 4th vertices to left direction are
↼
v3 =

1− 3
4

5 and
↼
v4 =

1− 4
5

5 = 1
25

Lemma 2.21. Let An be K(−1
−3 ) continued fractions nth numerator. Then An

2(L4n+4 − 2) − A2
n+1(L4n − 2) = 0.

Proof. From Lemma 2.17. we can write F2nAn+1 + F2n+2An = 0. So, here F2n
F2n+2

= − An
An+1

. If we use that identity in [8];

L4n = 5F2n
2 + 2, F2n =

√
L4n−2

5 is obtained. Therefore we have that

F2n

F2n+2
=

√
L4n − 2

√
L4n+4 − 2

= −
An

An+1

and so An
2(L4n+4 − 2) − A2

n+1(L4n − 2) = 0. �

Definition 2.22 ( [6]). The Fibonacci numbers defined by

Fn : F0 = 0, F1 = 1, Fn+1 = Fn + Fn−1 (n ≥ 1).

Then, the continued fraction expansion of Fn/Fn+1 is given by
Fn

Fn+1
= [0, 1, · · · , 1︸   ︷︷   ︸

n−2

, 2]

By this definition also we get the continued fraction expansion of F2n/F2n+2 by following corollary.
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Corollary 2.23. The continued fraction expansion of F2n/F2n+2 is
F2n

F2n+2
= [0, 2, 1, · · · , 1︸   ︷︷   ︸

2n−3

, 2].

3. An Example of Algorithm for F1,3- Continued Fraction

In this section, we have established a connection between an algorithm for obtaining the F1,3- continued fraction
and a formula for obtaining the corresponding vertex for the suborbital graph F1,3.

Suppose u,N ∈ N such that 1 ≤ u ≤ N and (u,N) = 1. Then Fu,N is the graph whose set of vertices is

XN =

{
x
y

: x, y ∈ Z, y > 0, (x, y) = 1 and N |y
}
∪ {∞}.

Definition 3.1 ( [9]). A finite continued fraction of the form

1
0+

3
b+

ε1

a1+

ε2

a2+
· · ·

εn

an
(n ≥ 0)

or an infinite continued fraction of the form
1

0+

3
b+

ε1

a1+

ε2

a2+
· · ·

εn

an
· · ·

where b is an integer co-prime to 3, a1, a2, · · · are positive integers, and ε1, ε2, · · · ∈ {±1}, such that for i ≥ 1, ai+εi+1 ≥ 1
and (pi, qi) = 1 with piai pi−1 + εi pi−2, gi = aiqi−1 + εiqi−2, (p−1, q−1 = (1, 0) and (p0, q0) = (b, 3), is called an F1,3-
continued fraction.

For i ≥ 1, the expression
1

0+

3
b+

ε1

a1+

ε2

a2+
· · ·

εi

ai
is called the i − th F1,3-convergent of the continued fraction. The continued fraction

εi

ai+

εi + 1
ai+1+

· · ·
εn

εn
· · ·

is referred to as the i − th fin of the F1,3- continued fraction. The rational number pi/qi is the i − th convergent of the
continued fraction. The sequence { pi

qi
}
i≥1

is called the sequence of F1,3-convergents corresponding to the given F1,3-
continued fraction.

Theorem 3.2 ( [9]). Given any x ∈ X3, the F1,3-continued fraction expansion

x =
1

0+

3
b+

ε1

a1+

ε2

a2+
· · ·

εn

an
,

of x is obtained as follows:

b =

{
3bxc + 1, bxc < x < bxc + 1

2 ,

3bxc + 2, bxc + 1
2 < x < bxc + 1

Set y1 = 3x − b. Then

(1) εi = sign(yi),
(2) ai =

⌊
( 1
|yi |

+ 1)
⌋

or
⌈
( 1
|yi |
− 1)

⌉
or 1
|yi |

, such that ai . −εi pi−1 pi−2 mod 3 and ai + εi ≥ 1,
(3) yi+1 = 1

|yi |
− ai.

In fact, n is the smallest non-negative integer for which yn+1 = 0.

Example 3.3. Let x = 1
27 ∈ X3. By Theorem 3.2.

b = 3bxc + 1 = 1
y1 = 3x − b = 3 1

30 − 1 = − 8
9

ε1 = sign(y1) = −1

a1 = d

(
1
|− 8

9 |
+ 1

)
e = 2, 2 . −(−1) · 1 · 1 mod 3 and 2 + (−1) ≥ 1
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y2 = 1
|− 8

9 |
− 2 = − 7

8

ε2 = sign(y2) = −1

a2 = d

(
1
|− 7

8 |
+ 1

)
e = 2, 2 . −(−1) · 1 · 1 mod 3 and 2 + (−1) ≥ 1

y3 = 1
|− 7

8 |
− 2 = − 6

7

ε3 = sign(y3) = −1

a3 = d

(
1
|− 6

7 |
+ 1

)
e25, 2 . −(−1) · 1 · 1 mod 3 and 2 + (−1) ≥ 1

y4 = 1
|− 6

7 |
− 2 = − 5

6

ε4 = sign(y4) = −1

a4 = d

(
1
|− 5

6 |
+ 1

)
e = 2, 2 . −(−1) · 1 · 1 mod 3 and 2 + (−1) ≥ 1

y5 = 1
|− 5

6 |
− 2 = −−4

5

ε5 = sign(y5) = −1

a5 = d

(
1
|− 4

5 |
+ 1

)
e = 2, 2 . −(−1) · 1 · 1 mod 3 and 2 + (−1) ≥ 1

y6 = 1
|− 4

5 |
− 2 = − 3

4

ε6 = sign(y6) = −1

a6 = d

(
1
|− 3

4 |
+ 1

)
e = 2, 2 . −(−1) · 1 · 1 mod 3 and 2 + (−1) ≥ 1

y7 = 1
| 34 |
− 2 = − 2

3

ε7 = sign(y7) = −1

a7 = d

(
1
|− 2

3 |
+ 1

)
e = 2,2 . −(−1) · 1 · 1 mod 3 and 2 + (−1) ≥ 1

y8 = 1
|− 2

3 |
− 2 = − 1

2

ε8 = sign(y8) = −1
a8 = 1

|y8 |
= 2,2 . −(−1) · 1 · 1 mod 3 and 2 + (−1) ≥ 1

y9 = 1
|− 1

2 |
− 2 = 0

is obtained. So we can write , the F1,3-continued fraction expansion of x is as follows;

x =
1

27
=

1
0+

3
1+

−1
2+

−1
2+

−1
2+

−1
2+

−1
2+

−1
2+

−1
2+

−1
2
.

From this continued fraction, we can write the vertices of the minimal length path of suborbital graph F1,3 ;

· · · ←
1

27
←

1
24
←

1
21
←

1
18
←

1
15
←

1
12
←

1
9
←

1
6
←

1
3
←

1
0
.

On the other hand from (2.2); for left direction, we can write 8th vertex of the minimal length path of suborbital graph
F1,3 as,

↼
v8 =

(n + 1)u − n
(n + 1)N

=
u − n

n+1

N
=

1 − 8
9

3
=

1
27

is obtained.
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