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On Some Connections Between Suborbital Graphs and Special Sequences
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ABSTRACT. In this work, we used the terms of identity alternate sequence and also the even terms of alternate
sequences of Fibonacci and Lucas, the famous number sequences, to establish connections with the special vertex
values of the paths of minimal length in the suborbital graphs. These types of vertices also give rise to special
continued fractions, hence from recurrence relations for continued fractions, values of these vertices and values of
these special sequences were associated.
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1. INTRODUCTION

In 1967, Sims described the suborbital graphs by the charecteristics of a permutation group action on a set [10]. In
1991, Jones, Singerman and Wicks worked on the special suborbital graphs F,, y by using Sims’s ideas [7]. They used
the modular group I" and it’s congruence subgroup I'o(V). The action is on the extended rational set Q = QU {oo}.

These suborbital graphs are I-invariant directed graphs with vertex set Q and their edge-sets being the orbits of I’
on the cartesian square QZ. For details see [1, 3, 7].

The simplest example of such a graph is F; |, known as Farey graph shown in the Figure 1. The graph has extended
rational set Q as its vertex set; it is self-paired, so we can regard it as an undirected graph. Also vertices r/s and x/y
are adjacent if and only if ry — sx = +1; for instance, the vertices adjacent to co are the integers.

For the suborbital graph F, y we can give edge conditions as above Theorem:

Theorem 1.1. *© — ‘5 € Fyn if and only if x = Fur (mod N), ry — sx = ¥N.

So, there is an obvious edge co = é — € F,y by this Theorem.

Thus, with this edge conditions, the following question comes to mind as "What is the farthest vertex, where the
vertex u/N can be connected and create an edge in the graph F, y for both direction right and left?”

Answer of this problem was given in [4]. See Figure 2.

It turns out that these graphs give rise to a special continued fraction which is a special case of very famous fraction

coming out from the following Pringsheim’s theorem.
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Figure 1. Farey graph F)
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Ficure 2. The farthest vertices on the path of minimal length in the suborbital graph F,, y

Theorem 1.2. If|b,| > 1 + |a,,| for all m, the continued fraction k_+ convergent to some value v with |v| < 1.
1

k-

=

In previous works, suborbital graphs for congruence subgroup I'g(V) of the modular group I' to have vertices of the
graph F, y and hyperbolic paths of minimal length with recurrence relations give rise to a special continued fraction.
Let us give the definitions used in our paper;

Definition 1.3. (a) Let vy, vy,

...,y be a sequence of different vertices of the graph F,, . If m > 2 then the configu-
ration vop — v; — ..

. = v, — vg is called a directed circuit (closed path). If at least one arrow (not all) is reversed in
this configuration, it is called an undirected (anti-directed) circuit. If m = 2 then the circuit, directed or not, is called a
triangle. If m = 1 then we will call the configuration vo — v — vq a self paired edge.

(b) The configurations vg — v{ — ... = v, and vg — v; — ... are called a path and an infinite path in F, y,
respectively.

< < . .
(o) If :f — f € Fun (or§ — f € F,,,N), the farthest vertex means that there is no vertex which has greater (or

smaller) value than § joined with the vertex % in the suborbital graph F, y by the conditions from Theorem 1.1.
(d) The pathvyg = vi — ... > Vi > viyg = ... =2 v; > ... = vy, is called of minimal length if and only if v; <» v},

wherei < j—1,i€{0,1,2,3,...,m—2},j € {2,3,...,m} and v;;; must be the farthest vertex which can be joined with
the vertex v; in F,, y.
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(e) If F, y does not contain any circuits it is called a forest. If F, iy is a connected non-empty graph without circuits
it is called a tree.

1.1. Continued Fractions With Recurrence Relations. We know any continued fraction can be expressed as the
symbol by + K;_, (a,,/b,,) by [2]. Using the terminology in [2], the n'™ numerator A, and the n”” denominator B, of a
continued fraction by + K (a,,/b,,) are defined by the recurrence relations (second order linear difference equations)

An - b Anfl Aan

Bn o Bn—] Bn—2 ’
where n = 1,2,3, ... with initial conditions A_; := 1,B_; := 0,A¢ := bg, By := 1. The modified approximant 7,(z,)
can then be written as T,(z,) = %"::?, where n = 0,1,2,3,... and hence for the n' approximant f, we have

fo = Ta(0) = 2, fu1 = Ty(eo) = 3L,
In the present study, the action of a congruence group of SL(2,Z) on Q is examined.From this action and its
properties, vertices of paths of minimal length on the suborbital graph F, y give rise to some special sequences values,

that are alternate sequences such as identity, Fibonacci and Lucas sequences.

+a,

2. SpeciAL VERTICES OF F, y AND SOME SEQUENCES
Lemma 2.1 ([4]). If (u,N) = 1, then exist an integer k such that u> + ku + 1 = 0 (mod N).
Corollary 2.2 ([4]). If (u,N) = 1, then exist an integer [ such that w* —lu+1=0(@nodN).

Corollary 2.3 ([4]). Let u* + ku+ 1 = 0 (mod N) and u®> — lu + 1 = 0 (mod N) with 1 < k,1 < N. IfF,y is self-paired,
then k = 1 = N and otherwise | = N — k.
Corollary 2.4. Let w = (__1‘\‘, w _;“_J’ll)/N) e To(N)(= (§ Z) € I : ¢ = 0(mod N)). Hence, for left direction, lfl% is

U5

the vertex on the path of minimal length in ¥, y, then the farthest vertex which can be joined with it is ——, where

_ X -y -
w (u N y) = ( A;y‘x) So, for positive integers q,v, = ¢4(vo), where vo = .
Corollary 2.5 ([4]). Ifu*> + ku+1 = 0(mod N) and 1 < k < N, then there is an infinite path of the minimal length to

right direction in ¥, 5 as

whose vertices are in the set

T ut T B _ -1
M = H{ N T =ttty .. by, 10(2) = 2,t,(2) = 1(2) = —k+z} U {oo}.

Corollary 2.6 ( [4]). Ifu?> —lu+ 1 = 0(mod N) and 1 < | < N, then there is an infinite path of the minimal length to
left direction in F, y as

whose vertices are in the set

P = U {%m(()) 2Ty =totitr .. by, 10(2) = 2,t0(2) 1= H(2) = —l_i Z} U {oo0}.

m=0

Corollary 2.7. Let ¢ = (:}L\t] ? +;@i}r€1)/’v) e o= ( Z) €' : ¢ = 0(mod N)). Hence, for right direction, lflfu%
u+k“—_A

is the vertex on the path of minimal length in ¥, y, then the farthest vertex which can be joined with it is —:—, where

Uty u+ kyy; - o -, .
") N= N So, for positive integers q, vy = ¢?(vo), where vy = 1.
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Since a, := —1 and b,, := —k, for all n > 1, then from recurrence relations we get B, = —A,+; and so for the right
directional path of minimal length in suborbital graph F, v, " vertex is given by

An
- u+Tn(O)_u+B_l An+1u_An

= n . 2.1
" N N AN 1)
Similarly for left direction n”* vertex is
Ay
— -T,000 4U—3F  Anu+A,
v = u 0) _ B, _ +1U 2.2)
N N AN

where a,, := —1 and b,, := -1, forall n > 1.

Corollary 2.8 ( [4]). From recurrence relations we have kA,+1 + A2 + A, = 0.

Corollary 2.9 ( [4]). From solving the characteristic equationA, = —kA,—1 — A, ifk = 2 then A,, = (—1)"n and if
k > 2 then

A, = (—l)ﬂzl—n Z(k + \/kz _ 4)n—t(k _ \/m),_].
=1

For left direction in the suborbital graph F, y, this is exactly same if we change & to [.

Corollary 2.10. Ifk = 2 then for the right direction the n' vertex on the path of minimal length starting with the vertex
u/N in the suborbital graph ¥, y is

~ (n+Du+n _u+5

"I Ty DN TN

Proof. For all n > 0, since b, = —k = -2 and a, = —1, then A, = (—1)"n. So, n™" vertex on the path of minimal length
to right direction is
Apu—A, D" m+ Du = (=1)" _(n+Du+n

AniN D"+ DN (n+ DN

O

Corollary 2.11. Ifl = 2 then for the right direction the n'" vertex on the path of minimal length starting with the vertex
u/N in the suborbital graph F, y is

~ (m+Du-n _ M—ﬁ

"TTm DN TN

Proof. For all n > 0, since b, = —[ = =2 and a,, = —1, then A4, = (—1)"n. So, n'" vertex on the path of minimal length
to left direction is
Apiu+A, D™ m+ Du+ (=1 _(n+Du-n

AN D" m+ DN (n+ DN
O
Example 2.12.
(o]
1 1-3 1 1-2 l_ﬁ 1 1-4 1 3 1+1 5 1+2 1+ﬁ 7 1+3
— L= . 1 _--3__-2 ., _2 ., 1_ /5 _"72__,5_ 73 _ S AN A §
8~ 2 6~ 2 T 2 1~ 72 2 4~ 72 6 2 ~ 2 8~ 2

For example, for the suborbital graph F, », which is self-paired graph, so k = [ = 2 from the congruence u> + ku + 1 =
0 (modN) and u?> — lu + 1 = 0 (modN). So, above path give rise to vertices on the path of minimal length to both
direction.

Theorem 2.13 ( [4]). From recurrence relations, if A, is the n'™ numerator of a continued fraction K (:—;) = —F

then A, = (=1)"F»,, where F, is the n'™ Fibonacci number.
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Lemma 2.14. If F, is the n'" Fibonacci number, then

(—1""Fap  (=1)'F2 \_{0 -1Y
D™ Fy (F1'Faa )\ 1 =3 )

Proof. From the matrix relation of the continued fractions, it is known that
Apr A, Y (0 -1
_An _An+l a I -k ’

Also if k = 3 than A,, = (—1)"F,,, where A, is the n™ numerator of a continued fraction K (:—%) = L

3—
1
k=

From the equation A, = (—1)"F,, we can write A,_; = (=1)""'Fy,_5,Aps1 = (=1 Fpi2,—A, = (=1)""'F,, and
—Aps1 = (=1)"Fa,42. Hence,

At Ay [ CDT'Fyn (R1Y'Fa N\ (0 -1
A, A )\ DMy (<1 )1 =3
O

Lemma 2.15 ( [5]). Let us give some lemmas without proof below, where A, is the n'™ numerator of a continued
fraction

3=

a) Fope1 = ()" Y(A,41 + A,), wheren > 0,n € Z.

b) Fp,Api1 + FouA, =0, wheren > 1,n € Z.

¢) Foner = S Q4,01 = Ay1)where n > 0,n € Z.
d) Fa, = 3(Fanz + Fouog), wheren > 1,n € Z.

8) an_z = %(F2n+2 - 3F2n—1)’ where n > 2,1’! € 7.

f) Fr1 = %(F2n+1 + Fp,_3), wheren > 2,n € Z.

g) 2F2n - 3F2n—l = an_z - F2n_3, where n > 2,1’1 € Z.
h) Fanspr = —Aouiq, wheren > 0,n € Z.

Lemma 2.16. Let

0 0 1
1 0 -1
(=1)"F,-y 0 (-D)™'F,
W=[m4WWH—H lﬂewn4—u]
(-1)™'F, 0 (=1)"F 1

where n > 1, F,, is Fibonacci sequence with Fy = 0, F| = 1, F, = 2 initial conditions and F,, = F,_| + F,_, recurrence
relation.

Pt P12 pi3
Proof. Let P" =

P21 P2 P23 ] Now for pq;, we will use the mathematical induction method;

P31 P32 P33
1 0 -1

forn=2,P>=| -3 1 0 |andp; = (~1)*F,_; = 1 holds.
-1 0 2

(=1 Fis 0 (D"F
Assume that the statement is true for a particular value n = k ,thatis P* = | 3[(— D' F =11 1 3[(-DFFey = 1]
=D Fy 0 (=D'Fu
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Prove that the statement is true forn = k + 1;

00 1 (-D*Fr 0 (-D*Fy DM'Fe 0
PHrl=pPi=l 0 1 =3 ||3[-D""Fn—-11 1 3[(-D‘Fiei—1] |= * 1 =
1 0 -1 (- Fy 0 (=D Frar * 0 =

Thus, the other elements of the matrix can be found by using a similar method.

Lemma 2.17 ( [4]). Let A, be K(:—;) continued fractions n'™ numerator. Then Fo,Api1 + FapinA, = 0.

Corollary 2.18. Ifk = 3 then u> + 3u + 1 = 0 (mod N). For right direction, since the value of n'" vertex on the path of
minimal length in the suborbital graph F, y is

Ay

- u+T,(0) U=z
V, = =
' N N
and A, = (=1)"F,, then this vertex can be given by
F2n
‘7 — u+ Fonia
n N

where vo = u/N.

Proof. For all n > 0, since b, = -k = =3 and a, = —1, from the Theorem 2.13.

Ay = (=1)"Fay.
So by (2.1), the n™ vertex on the path of the minimal length of F, y for the right direction is
Fon
= _ Awat= Ay G Foou = (S Fay U T
" ApaiN (=11 Fp,aN N

O

Corollary 2.19. If] = 3 then u*> — 3u + 1 = 0 (mod N). For left direction, since the value of n'" vertex on the path of
minimal length in the suborbital graph F, y is

— _u=-T,(0) “*3;
Vn = =
N N
and A, = (—1)"Fy, then this vertex can be given by

Fou

Fanea

N

— u-—
Vy =

where vy = u/N.

Proof. For all n > 0, since b, = —[ = -3 and a,, = —1, from the Theorem 2.13.

Ay = (=1)"Fa.
So by (2.2), the n™ vertex on the path of the minimal length of F,, y for the left direction is
Fou
= At Ay (G Faou+ ((1'Fa T Ty
" ApiN (=11 Fy0N N

O

Example 2.20. Let u := 1 and N := 5. Then minimal positive integers are k = 3 and / = 2, where for the congruences
u? +ku+1=0(modN) and u*> — lu + 1 = 0 (mod N) respectively. So, for the suborbital graph F; s, for right and left
1

. . . . .. . — 141 — 1-1
direction, the farthest vertices which can be joined with the vertex vop = 1/5 are v, = % = % and vy = =% = %
respectively ( See Figure 3). Similarly for right and left direction, the farthest vertices which can be joined with vertices

L+ tr 3 -t 2
N — N 3-1 1+32 — _1 1-2 .
Vi =t and vy = 1 are v, = ; LR _J,;_S =L andv, = ; 2 = =% = L respectively.
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FiGure 3. Some vertices in the suborbital graph F 5

_ _Fon n

Also, we know that for right and left direction the n" vertices are Vp = ! ?6”*2 and v, = 1—5m , respectively. For the
n 4
o (=1 Fap  (=1)'Fy \ _(0 -1 -Fg Fs \ (0 -1\ ( -8 21
value n = 4, since ( 1Y Fyy (<) Fams | =1 =3 | then ke Fro )= l1 23] T\ 221 ss |
So by using these equations, 3" and 4™ vertices to right direction are

1

1+
LT 1T _ R 1+ 29
V3 = = = = = —
3 5 5 5 5 105

and

1+ —4 .
= TR 14T ltE 1+ H 76
47 5 T 5 T 5 T 5 213

. . o —  1-2 —  1-%
Similarly, 3" and 4™ vertices to left direction are v3 = —=* and vy = —* = 3

-

Lemma 2.21. Let A, be K(:—é) continued fractions n™ numerator. Then Ap2(Lapsa —2) — Ai 1 (Lan—2)=0.

Proof. From Lemma 2.17. we can write F5,A,+1 + F2,2A, = 0. So, here % = —AA—j]. If we use that identity in [8];
Lay, = 5F2,2 +2, Fy, = ,/L“”T_z is obtained. Therefore we have that
F>, _ Ly, —2 __ A,
F2n+2 \/L4n+4 -2 An+1
and 50 A,*(Lynsa —2) — A2, (Lsy —2) = 0. O

Definition 2.22 ( [6]). The Fibonacci numbers defined by
Fo: Fo=0,F =1, Fpy=F,+F,_;(n21).
Then, the continued fraction expansion of F,/F,; is given by

Fy
Fn+l

= [09]‘7.'. 71’2]
—_——
n-2

By this definition also we get the continued fraction expansion of F,/F5,., by following corollary.
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Corollary 2.23. The continued fraction expansion of Fa,[Foy; is
]72n

[0929 19' ) 132]
Fonio —_—

2n-3
3. AN EXAMPLE OF ALGORITHM FOR ¥ 3- CONTINUED FRACTION

In this section, we have established a connection between an algorithm for obtaining the 77 3- continued fraction
and a formula for obtaining the corresponding vertex for the suborbital graph F 3.
Suppose u#, N € N such that 1 <u < N and (4, N) = 1. Then F, y is the graph whose set of vertices is

Xy = {)—C tX,y€Z,y>0,(x,y) = 1a”dN|y} U {oo}.
y

Definition 3.1 ( [9]). A finite continued fraction of the form

0+ b+ a;+ ar+ a,
or an infinite continued fraction of the form
1 3 ¢ & €,

0+ b+ a;+ ar+ a,
where b is an integer co-prime to 3, ay, a,, - - - are positive integers, and €, &, - - - € {1}, such thatfori > 1, a;+€, > 1
and (p;,q;) = 1 with p;a;p; | + €pi2, & = aiqi-1 + €qi—2, (p-1,9-1 = (1,0) and (po, go) = (b, 3), is called an 7 3-
continued fraction.
For i > 1, the expression
Ot btartart @
is called the i — th ¥ 3-convergent of the continued fraction. The continued fraction

€ ei+1 €,

a;+ a1+ €,

is referred to as the i — th fin of the ¥ 3- continued fraction. The rational number p;/g; is the i — th convergent of the

continued fraction. The sequence {’qif}>] is called the sequence of 7 3-convergents corresponding to the given ¥ 3-
iJis

continued fraction.

Theorem 3.2 ( [9]). Given any x € X5, the 1 3-continued fraction expansion

0+ b+ aj+ ar+ a,

of x is obtained as follows:
b_{ Blxf+ 1, [x] < x < |x) + 4,
- 3LxJ+2,LxJ+%<x<LxJ+1
Sety; =3x—b. Then

(D) & = sign(yy),
2)a; = l(bil + I)J or [(\)LI - 1)-‘ or ﬁ such that a; # —€;pi-1pi—» mod 3anda; + € > 1,

3) yir1 = |ylj - a;.

In fact, n is the smallest non-negative integer for which y,+; = 0.

Example 3.3. Let x = 3> € X3. By Theorem 3.2.
b=3lxj+1=1

y1=3x—b=3%—l=—(§)

€ = sign(yy) = —1
a1=d§?+Q1=12;—en-L11mﬁ3mm2+emzl
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y2=+§|—2=—%
9
€ = sign(y;) = -1
agzl'(ﬁ+l)'|=2,2$—(—l)~l~l mod 3and 2 + (—1) > 1
8
_ _ 6
3= =2=-7
€ = sign(ys) = —1

az = I'(ﬁ + 1)]25,2 #—(-1)-1-1 mod3and2+(-1)>1

=L _2_-_3
YTy 6

€, = sign(yy) = —1
as = I'(%l+ 1)] =2,2%—=(-1)-1-1 mod3and2+(-1) > 1

-3

y5:q— :—?
&
a5=|'(ﬁ+1)'|=2,252—(—1)'1~1 mod 3and2 +(-1) > 1

1]
2
o
S
—
~
w
~
|
|
—

€ = ) 1
a6:|'(ﬁ+l)'|:2,2$—(—1)~1-1 mod 3and 2+ (—1) > 1
1

|
2
oQ
S
—
~
=)}
~
I
|

y1=+-2=-%

Il
2
o)
S
—
~
~
~
Il
|
—_—

&
a; = f(é+l)] =22%—(=1)-1-1 mod3and2+(-1)> 1
_ _1 _ 1
Y8 = =i 2=-3
e = sign(ys) = —1
ag = bfﬁ =22%—(-1)-1-1 mod3and2+(-1)>1
Y9 = @ -2=0
is obtained. So we can write , the ¥ 3-continued fraction expansion of x is as follows;
1 _ 1 3 -1-1-1-1-1-1-1-1

T 27 T 04 1424 24 24 24 24 24 2+ 2
From this continued fraction, we can write the vertices of the minimal length path of suborbital graph F 3 ;

1 1 1 1 1 1 1 1 1 1
e e e e e —— e —— e — e — e — — —,
27 24 21 18 15 12 9 6 3 0
On the other hand from (2.2); for left direction, we can write 8" vertex of the minimal length path of suborbital graph
Fy; as,

__(n+1)u—n_u—#_l—g_ 1
8~ "m+ON N 3 27
is obtained.
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