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1. INTRODUCTION

In differential geometry, special curves have an important role. One of these curves Smarandache curves.
Smarandache curves was firstly defined by M. Turgut and S. Yilmaz in 2008 [5]. Let @ = a(s) be a regular unit
speed curve in E3. This curves Frenet frame and Alternative frame are {T, N, B} and {N, C, W}, respectively. In there,
N is normal vector, W is unit Darboux vector and C = W A N [1].

In this paper, we created the Smarandache curves according to the alternative frame of the unit speed curve. Firstly,
we introduced Frenet frame, Alternative frame and its properties. After that we mentioned the relationship with
Alternative frame and Frenet frame. Then we defined two curves. And we calculated curvature, torsion, Frenet frame
and Alternative frame of this curves.

2. PRELIMINARIES

Let @ = a(s) be a regular curve with unit speed. Then the Frenet apparatus of the curve («) [4]

() = @, N == Bs) = T(s) A N(S) @1
(sl
W = TGN s = @@ ()
(Il (1) A 2" (D))
T’ = KN, N, = —KT +TB, B’ = _TN
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In Euclidean 3-space any regular curve a(s) depending on the Frenet vectors moves around the axis of Darboux vector
and the Darboux vector and defining a unit vector field are given as [2]

T + kB
w=2FK  cowaN

Vid + 72
So build another orthonormal moving frame along the curve a(s). This frame defined as Alternative frame and is
represented by {N, C, W}. The derivative formulae of the Alternative frame is given by [3]

2

N = BC. C=-pN+yW. W=—C B=Vl+2, y=——().
K2+ 12 \k

The relationship between the Frenet frame and Alternative frame is
C = kT+7B, W=7T+kB or T=-kC+7W, B=7C+kW
where
-k _ T
K= 5 T= B

Principal normal vector N is common both frames.

3. SMARANDACHE CURVES OF ALTERNATIVE FRAME

Definition 3.1. Let a(s) be a regular curve with unit speed in E* and {N,C, W} is Alternative frame. Then
apyc-Smarandache curve can be identified as

1
V2
Theorem 3.2. Let a(s) be a regular curve with unit speed in E* and {N,C, W} is Alternative frame. The Frenet frame
of ayc-Smarandache curve is {Tnc, Nyc, Bnc)-
—BN + BC + yW

)(1N+V1C+/11W
(Bur = yvN + (Buy + yx1)C + (= Bvi = By1)W
VO 93 + i) +77)

anc (N+0O). 3.1)

Tne =

Nyc =

Bye =

where

X1 =B+ —y(B =BY)., vi=-BB+3V) =y’ =B +BY). i =By(2B +v*) - 2B(y8 - BY).

Proof. 1f we take the derivative of the equation (3.1),

;o dsve _ BNABCHyW  dswe _ [282 + 52 32)
NTas NG ’ ds 2 '

From equations (3.2) tangent vector of ay¢ curve is

—BN + BC +yW
Tye = BN +BC+yW (3.3)
\26% + 2
If we take the derivative of the equation (3.3), we can write
, V2
TNC = —2(X1N+V1C +/,l]W) (34)
(28 +7%)

where the coefficients are,

X1 =B+ —y(B -BY). vi=-B2B+3V) =y’ B +BY). i =By(2B +v*) - 28(y8 - BY).
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If we take norm of equation (3.4), we can write

V2 i+ v+

1Tyl 05+ 72)2 (3.5)
From equations (2.1), (3.4) and (3.5) principal normal vector of ayc is
NNC=XIN+V]C+'“IW. (3.6)
Binormal vector of ayc is
Bne = Tnc A Nnc
Bye = Lo yIN+ B +y)C+ (v —fr)W
VO3 + 7 +12)2B% +?)
m|

Theorem 3.3. Let a(s) be a regular curve with unit speed in E3. The curvature and torsion according to
anc-Smarandache curve of Alternative Frame are, respectively,

V2 i+ v+

Kne = 2
(28% +v%)
_ \/E(ﬂz +y% = B)Bii +yx1) + BBy + ¥ - x1) + (B2 + BBy — y1)
TNC - 2 2 2
(298> + v + By = By) + By - By) + (2B - )
where
X1 =B +BQRy 3B -B, =B -pY+3B)-3yy +B", m=-By-v +2B +BY +7¥".

Proof. From equations (2.1) and (3.5) the curvature according to ayc-Smarandache curve kyc is

B V2 2 +02 +

Kne =

(28 + %)’
If we take second and third differential of equation (3.1) are, respectively
” _ _(ﬁz +ﬂ,)N + (ﬂ, _Bz - ,}/2)C + (187 + yl)W
aye = , 3.7
V2
" )(_IN+V_]C+/J_1W
a = .
NC \/E

From equations (2.1) and (3.7) the torsion according to @yc-Smarandache curve Ty¢ is
\/z(ﬂz +y2 = BB +yx1) + BBy +¥) i — x1) + (B + BBty — i)
3 .
(2087 + 73 + By = By) + By =By + (28 - By’

NG =
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Theorem 3.4. Let a(s) be a regular curve with unit speed in E? and {N,C, W} is Alternative frame. The Alternative
frame of anc-Smarandache curve is {Nyc, Cne, Wnel

)(1N+V1C +/11W

Nyc =
AT+
Cve = #1(/\{1C—Hla)—V1(X1Sb—V1fl) u1(vic — b)) — x1(x1b —Vla) Vl(VIC—Hlb) xi(xic — ,Ula) W,
0+ 0+ 03 + 7 + )} 03 + 7+ )
Wye = vic — b Ny _Xic-ma X1b—via
OT+vi+m)? i+ +p)? (g v+ up)?
where
a = (G =BG +vi+u) —xale +vi+m), b= BV -y + v+ ) =i+ v )
¢ = DK+ V) — G+ v+ )

Proof. From equation (3.6) principal normal vector of ay¢ is

X|N+V1C+/J]W

N AR

, a b e
Nye = N+ W. (3.8)

(/Y2+V1+H1)2 (/Y2+V1+#1)2 ()(2+v +,ul)2

Nyc =

If we take derivative of equation (3.6), we can write

where the coeflicients are

) =B +vi+ ) = xi +vi + ), b= B+, —yu)a + v+ pd) = viler + v+ 1),
(yvi + )T + Vi +15) = i er +vi + )

a

c
From equations (3.6) and (3.8) unit darboux vector of ayc is

— b _ b—
Wye = Vi€ — Hi N+ X1€— Mia C+ X1 via W (3.9)

()(2+v1+/,t)2 ()(2+v1+,u)2 (,\/2+v1+,u)2

From equations (3.6) and (3.9) unit vector Cyc is

Cne = Wnc A Nyc
Crve = ﬂl(XlC—/lla)—Vl(le—Vm) #1(V1€—ﬂ1b) Xl(le_Vla) V1(V1€—H1b) X1(xic— /J1a)
()(2+v +,u)7 (X2+v +,u)2 ()(2+v +,u)2

O

Definition 3.5. Let o(s) be a regular curve with unit speed in E* and {N,C, W} is Alternative frame. Then
ayw-Smarandache curve can be identified as

ayw = %(N+ w). (3.10)

Theorem 3.6. Let a(s) be a regular curve with unit speed in E> and {N, C, W} is Alternative frame. The Frenet frame
of ayw-Smarandache curve is {Tyw, Nyw, Bnw}-
—BN +yW B _ YN +pW

Tnw =C, Nyw=
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Proof. If we take derivative of the equation (3.10)

dsyw _ (B=7)C dsnw / B-7)?
T _— = = . 311
M s V2 ds 2 G0

From equations (3.11) tangent vector of ayy-Smarandache curve is

Tyvw = C (3.12)
If we take the derivative of the equation (3.12), we can write ,
) V2

If we take norm of equation (3.13), we can write

)

ITywll = ———=. (3.14)
NW B—y
From equations (2.1), (3.13) and (3.14) principal normal vector of ayw is
—BN +yW
Nyy = PN YW (3.15)

B+
Binormal vector of ayw is
yN + W

Byw = Twnw A Nyw =

O

Theorem 3.7. Let a(s) be a regular curve with unit speed in E* and {N, C, W} is Alternative frame. The curvature and
torsion according to ayw-Smarandache curve of Alternative Frame are, respectively,

P V208> +¥?)
B-v
@(ﬁ% = 282z + By 1ta + Byx2 + VX2 — 2By )

(vB-v?) +(BB-77)

NW =

where

X2 =368 +28Y +By. m=F +yB-BY+y +B -y, =By +2YB-3yy.

Proof. From equations (2.1) and (3.14) the curvature according to ayw-Smarandache curve kyw is

FT)

K =
NW By
If we take second and third differential of equation (3.10) are, respectively
v _ B HYBN+ B —yYIC+ By —yIW
Ayy = , (3.16)
V2
N+ C + W
apy = LT TRT (3.17)
V2

From equations (2.1), (3.16) and (3.17) the torsion according to aw-Smarandache curve Ty is
\/5(13311_2 — 2B%yiin + By + BPyX2 + VX2 — 2BY*X2)
2\2 2\2 ’
(vB8-77) +(BB-»))

™NW =

where the coeflicients are

X2=-368 +28Y +By, =B +y-pY+v +B' ¥, m=py +2/B-3yy.
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Theorem 3.8. Let a(s) be a regular curve with unit speed in E> and {N, C, W} is Alternative frame. The Alternative

frame of ayw-Smarandache curve is {Nyw, Cyw, Wyw}.
BN +yW

Nyw = ,
NW Ji?

By(B* + ¥y - I (B +v)? C+ BB +yHy-y) W

C
" B+ B+ B+
” YB Y BB Y =Y) L BB+
NW 2 2\2 2 2\2 2 22
B +7°) B +v°) B +v9)
Proof. From equation (3.15) principal normal vector of ayw is
—BN +yW
Nyw = ﬂ—y

If we take derivative of equation (3.15), we can write
N o BBy By 2By L B B Y
" (B + 93 (B2 +72)3 (B2 + 92}
From equations (3.15) and (3.18) Darboux vector of ayw is
Wew = XY HD-ByB+2) BV -B)-BY B +7)
NW = 2 4 22 2 4 22
B+ B+
LPBY DA BYE 42
(ﬁz + ,),2)2 :
From equations (3.15) and (3.19) unit vector Cyy is
Cvw = Wyw A Nyw
BY =B =By B+, =V -V By -2y
B +y7) B +y))3
SBV =B -BY B+
B +y2)} '

Cyw =
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