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OUTPUT STABILIZATION OF SEMILINEAR PARABOLIC
SYSTEMS WITH BOUNDED FEEDBACK

ABDESSAMAD EL ALAMI, ALI BOUTOULOUT, AND RADOUANE YAFIA

ABSTRACT. In this paper, we will study the output feedback stabilization of
infinite-semilinear parabolic systems evolving on a spatial domain € and in a
subregion w of Q (interior to Q or on its boundary 9€). We consider the con-
dition of admissibility and the decomposition methods technique of the state
space via the spectral properties of the system. Then we apply this approach
to a regional exponential stabilization problem using bounded feedback. Ap-
plications are presented.

1. INTRODUCTION

In this work, we study the stabilization of the system described by the equation:

d%(tt) = Ay(t) + Ny(t) + v(t)By(t), y(0) = yo, (1)

where 2 is an open bounded subset of R™ with smooth boundary 0€2. The state
space H endowed with the inner product (.,.), and the corresponding norm ||.||.
A is the dynamic unbounded operator with domain D(A) C H and generates a
semigroup of contractions (S(¢)):>0 on H, and N is a nonlinear operator such that
N(0) = 0. B is a linear operator from H to H. The valued function ¢t — v(t)
represents the control. Let w be an open and positive Lebesgue measurable subset
of 2, and I' C 9. The operator x,. is define by

X, H — H,
yo— X.Y =Y/ (2)

where x7 the adjoint operator of x . and set i, = x7x,..
Taking H = L2(09Q) then Hr = L?(T"). We define the stability of the semilinear
system on I' as:
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Definition 1.1. The system is T'— weakly (resp.I'— strongly, exponentially)
stabilizable if there exists a feedback control v(t) = f(y(t)),t >0, f: H — K :=
R,C such that the corresponding mild solution y(t) of the system satisfies the
properties:
(1)
(2) For each initial state y, of the system there exists a unique mild solution
defined for allt € R* of the system
(3) {0} is an equilibrium state of the system (I]).
(4) x,.y(t) — 0, weakly (resp. strongly, ewxponentially), as t — +oo, for all
Y, € H.

1.1. Motivation. The following system gives the motivation behind our study

y2($17 x2at)

dy(z1,x2,1t)
1+ y2%(x1, 22, 1)

dt = Ay(ml,mg,t) +
y(O) =Y € Z,

+u(t), on]0,2[?x]0, +oc],

1 3)
1 o)t
where u(t) = 6(%_12)t(% —xy —t* - %)
tet2 o

and the state space Z := {y € H}(Q)/y = 0on Ty = {0} x [0,1]} (Z is a Hilbert
space), that is a closed subspace of H!() endowed with its natural inner product.

Proposition 1.2. The system (@ is not stable on any subregion w C 1, but it is
stable on T' C Ow, where I' = {0} x [0, 2].

Proof : The system is not stable on any subregion w C €2, indeed the solution
of systems is y(t) = e(2772)t which does not tend to zero as t — 400 on any
subregion w C €, but for I' = {0} x [0, 2], we have

e y@llL2ry < ey, llrzr) vt > 0.
Definition 1.3. (see [12]) Let us consider (S(t))>0 linear semigroup, we say that
I is called an admissible subregion for (S(t))i>o, if:
[ ]
o The mapping x,. : D(A) — D(x,.) is continuous, when D(A) is equipped
with the graph norm ||.|| ,
e there is some v > 0 such that

o0
/ 1%, S (190220t < loll?, Forallys € D(A). (4)
0

Remark 1.4.
(1)

(2) The first condition of admissiblity implies,in particular, that D(A) C D(x,.).
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(3) It follows from that the mapping yo — X,.S(-)yo has a continuous exten-
sion from D(A) to L?(0,00; L?(T")) for everyt >0 .

(4) If (S(t))i>0 is exponentially stable, then the notion of finite-time admissi-
bility and infinite-time admissibility are equivalent.

We present some results showing how to obtain the boundary stabilization. Much
work has been done in this direction, both for linear and bilinear problems, see for
instance about:

In [3], the quadratic control

o(t) = —(y(t),i. By(t)), (5)
was proposed to study the feedback stabilization of with N = 0, and a weak
stabilization result was established under the condition

(BS(t)y, S(t)y) =0, V¥t > 0= x,.y=0. (6)

In [6], it has been proved that under @, the same quadratic control( [5|) ensures
the strong stabilization for a class of semilinear systems.

Recently, the regional exponential stabilization problem of distributed semilinear
systems has been resolved (see [2]). Then it has been proved that under the as-
sumption:

T
/ i BS()y, S(y)ldt > 8l|xyl?, ¥y € H, ¥T,56 > 0, (1)
0
the feedback defined by

vi(t) = Tt (5 =1,2),

where Ry (ivy) = 1+ || B*iuyllu,

and, Ra(iuy) = sup(l,||B*iuy|lv), guarantees the

regional exponential stabilization. The bilinear finite-dimensional case has been
treated in ([2]).

2. STABILIZATION RESULTS

In this paper we need some assumptions:

o A;— Assume that i. A is dissipative and:

X S@y @)l L2y < Ixey @)z,
e A,— The nonlinear operator NV is dissipative on w,
(i.e, (ir Ny, y) L2(r) < 0,Vy € H),
such that:
I Nyl 2 ey < [Ixpy(Ollz2 o),
o A3— A generates a Cy-semigroup (S(t));>o on Hilbert H, and N(-) : H —

H is a locally Lipschitz, that is, there exists a positive constant K such
that

IN(y) = N(2)llz2 (@) < Klly = zll22(2), Y(y, 2) € H,
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and we can show that
N(y)— N
KOV — sup N0 = NGz
y#z ly — Z||L2(Q)

e Assume that the operator B satisfies:

T
[ 1t BS @ S@ludt > oyl vy e H, (T6>0 (8)
0

with 6§ <4§(B) = Hy%arlllf:l (i BS(8)y, Sy} L2 (0,7,71)-
e A I'—weak stabilization result was obtained under the weak observability
condition:

(BS(t)y,S(t)y) =0, Vvt >0 = x,.y = 0. (9)

2.1. Regional Boundary exponential stabilization. The first result concerns
the Regional Boundary exponential stability of the system using properties of
the spectrum o(A) of A. For this we will assume that the operator A satisfies the
following condition:

(H) : A is self-adjoint with compact resolvent, so that A possesses a sequence
(An)n>10f real eigenvalues, which can be numbered in decreasing order in such
away that A — —oo. Moreover, there are at most finitely many nonnegative eigen-
values ¢ = {A1, A2, ..., Ay }(which can be empty) of A, each with finite-dimensional
eigenspace. The eigenvectors (¢, ),1 < j < m,, associated with A, (m, is the
multiplicity of \,,) compose a complete system in H (see [3]).

Proposition 2.1. let T is an admissible subregion for (S(t))i>0 Then the following
properties are equivalents:
0 |
(2) The system is Regionally exponentially stable On T by the control
o(t) = — plir By(t), y(t))
L+ (i By(t), y(£)|’

(3) VA € 0(A), Re()) > 0 = Vg € N(A— AI), x, ¢ = 0.

p, t>0. (10)

Proof: First we show that (1) = (2) note that from the assumption (H), we
have S(t)yo € D(A),Vyo € H and ¢ > 0. we have

+oo Mp
S®yo =D exp(Ant) D (Y0, n,) ¢,
n=1 Jj=1

Then
My M,

+oo
Ixp S@®wollZ2my = D7 exp(An + Am)) D D (W0, @, ) (U0: @y )P+ o) 20
n=1

j=1k=1
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taking yo = ¢,,,;, we obtained

1S )yollZ2r) = exP((200)E) X, rgo |72

Furthermore
A S@yollzz ) = 0 <= Aag < 0,07 [0y, [[22r) =0,
if [y, l[z2(r) # 0, we deduce that
i xeS@yollzzry =0 = An; <0,
using the variation of constant formula with yy as the initial state, we get:
y(t) = S(t — s)yo + /Ot v(5)S(t — s)By(s) + S(t — s)Ny(s)ds, Vt € [0, T, (11)

which give
X, S@yollg2ry < A+ PIBI+ Lyyo)TlIxpy(S) g2y, V: 0 <s <t
Or
exp((2Ang) Xy Prgio T2 () = X SB0l 72 r) = xSt = 9)S($)yoll 72 r)-
Then if there exist A € 0(A), and ¢, ;; € N(A — A) such that Re(\) > 0 and
XrPnojo 7 0, which give
exP((2An0 ) IX 1 Prgjo I72(r) < L+ PUBI + Ly DX y() | 20y, ¥ : 0 < s < ¢

and we deduce that the system is not regionally stable on I'. Suppose that (2),
and taking yo = yo1 + yo2 € H where

N my,

Yor = Y (Y0, Pn, )P,

n=1j=1

and

My,

+oo
Yo2 = Z Z<y0750n]->‘§0n]-7

n=N+1 j=1
From (2), we have v, S(t)uo = x, S()yoe. and [[S(6)yos ]| < exp(2An+1)0)[oa]l- I
follows that S(¢)yp2 — 0 exponentially as t — ~+o00. If yo2 € D(A), then S(t)yo2 €
D(A),: Vt > 0 and AS(t)yo2 = S(t)Ayo2 — 0 exponentially as ¢ — o0, which
give ||S(H)yozlla = (IS®)yo2ll + 1S(t)Ayoz])2 — 0 exponentially as ¢ — ~+oo.
Using the continuity of x. : (D(A),|.[la) — L*(T), we deduce x_ S(t)yo2 — 0
exponentially as ¢t — 400, or

(1= (pIIBI + Lyjyo DXyl 220y < X SEyoll L2y, ¥ = £ > 0.

Then if 0 < p < Tgﬁ%L we have x,.y(t) — 0 exponentially as t — +o0,
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2.2. Regional Boundary Strong stabilization. The next result concerns the
regional Boundary strong stabilization of on I

Theorem 2.2. Let us consider the following assumptions:

1)

(2) A generate a linear Co-contraction semigroup (S(t))i>o0 on H such that (8)
holds.

(3) The nonlinear operator N satisfies As.

Then the system is I'— strongly stabilizable by the feedback
oft) = — plir By(1), y(t))
1+ [(ir By(t), y(1))]

Proof : Let y(t) denote the corresponding solution of . For t > 0 we define
the function

. p, t>0. (12)

T— 2(T) = /tT v(s)S(T — s)By(s) + S(7 — s)Ny(s)ds

Applying the variation of constant formula with y(t) as the initial state, we get
y(r) = S(r — t)y(t) + 2(7), V7 € [t,t + T, (13)

we obtain
X (DI < [Ix.S(r =)y @) + [[x,.2(7)|| Then we have

Iy (I < ey @O+ ezl

Furthermore:
Iy < I u @I+ GBI+ Kiyo) / I y(s)llds,

where || B|| is the norm of B. The Gronwall inequality then yields
Iy < [y (@) | eIEIFFI0T vr e [t + 77, (14)

we have the relation (i, BS(r — t)y(t), S(r — t)y(t)) = (ip B(y(r) — 2(7)), S(+ — t)y(¢))
= —(ip Bz(7), S(t — t)y(t)) — {ip By(7), 2(7))
+ {ip By(7), y(1)).
It follows that:

[(in BS(T = t)y(t), S(T — t)y(¢))
< BllIxcy@Ollxez(ml
+ 1Bl Ix 2 (MIxpy (I + [ By(r), y(7))]-
Therefore

i BS(m = t)y(t), S(r — )y < IBlllIxp (™) Uxp vy O + lIxpy (I

+I(ip By (), y(7))1- ,

Using we deduce that:

|<irBS(TQ— ty(t), S(r — t)y(t)>\2

< (plIBI" + BllEjyo )T || X, y (@)

(1 e@IBI Ko D) CIB R 10T 4| By(r), y(r))]
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By integrating this inequality over [¢,¢ + T we obtain the estimate
T

/0 (i BS(r — t)y(t), S(r — tyy(t))|dr
< (plIBI? + (1Bl ko) T2 PIBITFIm00T ||y ()]

+ (P BIP| + Bllkeyyo )T (e PIEITF15)0T)2 |y y(2)|1?

t+T
[ Vi By, y(o)lar.
¢
We have
t+T
/ |(i. By(7),y(7))|dr — 0,as : t — +o0.
¢
Taking p > K > 0 such that:
(PIBI + [ Bllk o )T2(1 + eI Klug 10T PIEIF Ry DT 5,
and using we deduce that [|x y(t)[| — 0,as : t — 4o0.
Remark 2.3.

(1) Note that the feedback is a bounded function in time and is uniformly
bounded with respect to initial states,

lv(@®)| < pllBll, Vt=0, Vyo € H.

(2) Since ||ly(t)|| decreases, then we have Ity > 0; y(tg) = 0 < y(t) =0, Vi >
tg. In this case we have v(t) =0, Vt > tg.
3. APPLICATIONS

3.1. Example. Let us consider the following semilinear heat equation, and
Q =)0, 1[2%:

0 t
M :Ay<x1a$2a7t)+Ny($1;x27t)+U(t)By($17$2at)7 m Q7

=0, on 0Q,

(15)
where y(t) is the temperature profile at time ¢, and Q@ = Qx]0, +o00[. We suppose
that the system is controlled via the flow of a liquid v(t). Here we take the state

2 2
space H = L?(0,1) and the operator A is defined by Ay = % + %,Vy € D(A)
1 2
with )
t
D(A) = {y € H*(0,1)] % =0,0n: 9Q}.

The domain of A gives the homogeneous Neumann boundary. Here we take the state
space H = U = L?(0,1). The spectrum of A is given by the simple eigenvalues
Akj = —m2(j + k)%, 4,k € N* and eigenfunctions ¢, ;) (21, 22) = ex(x1)e;(z2),



OUTPUT STABILIZATION OF SEMILINEAR PARABOLIC SYSTEMS 1121

where ey (1) = V2 cos(kmx1) if k # 0 and eg(z1) = 1. The operator of control B,
is defined by : By = (y, ¥(1,0))-(1,0)» B is linear operator, and we have

< By,y >= [y, 00,0
and
___<yw%Ln)@uJ)
L+ Ky, o,1))1
which is nonlinear operator, dissipative and locally Lipschitz. Let us show that
the subregion I' = {3} x [0,1]. From the Green formula and using the Schwartz
inequality, we have

“+o0
/ I, 9(s)|[2ds < +oc,
0

and thus I' is admissible for S(¢) Then the systems is I'-exponentially stabiliz-
able by the control:

27%(iry(8), o0,00)
1+ |<i1“y(t)7 80(1,0)>|2 ’

Conclusion. In this work we have considered the problem of regional boundary

exponential stabilization with output of a constrained parabolic semilinear system

under the condition of admissibility for semigroup linear. Also the question of the
regional boundary strong stabilizing controls is discussed.

1t > 0.

v(t) =
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