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Beta Kesirli Tirevli Kesirli Mertebeden Sinir Deger Problemlerinin
Yaklasik Coziimleri

Approximate Solutions of Fractional Boundary Value Problems Based on Beta Fractional
Derivative
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! Yildiz Teknik Universitesi, Fen-Edebiyat Fakiiltesi, Matematik Boliimii, 34220, Istanbul, Tiirkiye

Oz

Bu ¢alismada, farkli sinir kosullari igin kesirli mertebeden bir diferansiyel denklem sinifini ele aldik. Bu kesirli mertebeden smir deger
problemlerinin(KSDP) yaklasik ¢oziimlerini elde etmek i¢in Sinc Siralama Y 6ntemi (SSY) uygulanmistir. Kesirli tiirevler i¢in Beta tiirevi
alinmistir. Ayrica, bir takim test 6rnekleri sayisal simulasyonlarla birlikte verilmistir. Yakinsaklik analizi SSY ’nin tutarli ve etkin bir yon-
tem oldugunu gostermistir.

Anahtar Kelimeler: Sinc Siralama Yo6ntemi, Beta Tiirevi, Kesirli Sinir Deger Problemleri

Abstract

In this work, we deal with a class of fractional differential equations with different boundary conditions. Sinc-collocation method (SCM)
has been employed to obtain the approximate solution for these fractional boundary value problems (FBVPs). Beta-derivative is taken for
the fractional derivatives. Intercalarity, several test samples with numerical simulations are handled. Convergence analysis shows that SCM
is a consistent and effective method.
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I. INTRODUCTION

Fractional differential equations (FDEs) have been quite popular and attractive for many researchers owing to their prac-
tical applications in miscellaneous areas of engineering, science, etc. The reason is that mathematical modelling constructed
on fractional derivatives either in compliance with time or space or both are more reliable and efficiently describe diversity
of natural phenomena. For detailed information on fractional calculus, we refer to reader the monographs [1-6].

After the identification of the FDEs, various numerical methods are developed to work on the approximate solutions of
FDEs by many authors. Some of these known numerical methods are Finite Difference Method[7], Variational Iteration Met-
hod[8-9], Adomian Decomposition Method[10-11], Homotopy Perturbation Method[12], Homotopy Analysis Method[13],
Wavelets[14-15], Spectral Methods[16] and Sinc-Collocation Method[17-20]. If we take a brief look at the applications of
these methods: In [7], Li and Zeng investigated the stability and convergence of some FDEs using the fractional Euler, fra-
ctional Adams and high order methods which are related to Finite Difference Method. In [8], Wu and Lee handled the frac-
tional variational iteration method considering the modified Riemann-Liouville derivative to find the approximate solution
of some FDEs. In [9], Singh and Kumar dealt with time fractional partial differential equations. By the use of the fractional
variational iteration method, three test samples are taken to see the efficiency and accuracy of the solutions. Caputo sense is
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considered in this work. In the work of Gejji and Jafari [10], for converting a multi-order FDE to a system of FDE containing
Caputo fractional derivatives, a new algorithm is enhanced. Moreover, some illustrative examples are presented. In [11], Wa-
kil, Elhanbaly and Abdou worked on three different models with fractional-time derivative. Adomian Decomposition Met-
hod is applied to these models and then behaviours of the solutions are investigated. In [12], A new algorithm is developed
for the solution of some second-order boundary value problems with two-point boundary conditions. In the algorithm, firstly
an ordinary differential equation is transformed to an integral equation which has already satisfied the boundary conditions.
Then Homotopy Analysis Method is considered to obtain the solution of the equation. In the work of Ghazanfari and Veisi
[13], an extended Homotopy Analysis Method is considered to investigate the nonlinear fractional wave equation. Results
approve the accurancy and efficiency of the method. In [14], A few kinds of FBVPs’s solutions are tried to determine using
by the Haar wavelet operational matrices of integration. By this method, FDE is transformed to a system which consist of
algebraic equations. Numerical results are given by tables and graphs. In the paper [15], Haar wavelet collocation method
is applied to the multi-term FDEs. Comparisons between other numerical methods are made and these results are illustrated
with tables and graphs. Baleanu, Bhrawy and Taha [16] dealed with modified generalized Laguerre spectral tau and colloca-
tion methods for the solution of linear and nonlinear multi-term FDEs. A new algorithm is derived for expressing the modi-
fied generalized Laguerre polynomials. An effective technique is developed for solving the linear multi-term FDEs using a
modified generalized Laguerre tau method.

In our work, we consider the following FBVP

w2 ()" () + sy () ¥ () + g ()3 () + o () y(x) = f () (1.1)
with the boundary conditions

y(@)=0,y(b)=0 (1.2)

where ¥ ) is the Beta-derivative for 0 = B = 1 Beta derivative is a relatively new defined fractional derivative [28]
which has applications especially in biology and medicine [29-30] . For instance, A. Atangana and B.S.T Alkahtani constru-
cted a model for supporting the spread of the Rubella virus with the help of beta derivative in [31]. After that, they made the
stability and uniqueness analysis of the model. In [32] A. Atangana observed the spread of the Ebola virus in pregnant wo-
men to set up a mathematical model.

We tackle the SCM for the solution of the equation. Method is extensively applied in the examination of the models en-
countered in physics and engineering applications. For instance, SCM is used to obtain numerical solutions to BVPs for se-
cond-order Fredholm integro-differential equations in [17]. In [18], SCM is used to solve the Lane-Emden equation which
is a nonlinear ordinary differential equation. Blasius equation which comes from boundary layer equations is solved via the
SCM in [19]. In [20], the solution of Multi-Point BVPs is presented by means of SCM. For more work for SCM, see [21]-
[27].

This paper is consisted of four main sections. In section 2, definition of Beta-derivative, important definitions and theo-
rems related to the Sinc-collocation method are introduced. In section 3, the SCM is implemented to the equation (1.1) for
the boundary conditions (1.2). In section 4, the convergence analysis of the sinc approximation is presented. In section 5, the
comparison of the solutions for certain test examples are shown in both tables and in graphs. In section 6, the obtained re-
sults are interpreted.

II. PRELIMINARIES

In this section, Beta-derivative of a function is defined. Then, significant definitions and theorems which are used in SCM
are given. For more information see [28]-[37].

Definition 1. /38] Let fx) be a function which is given as
flx):[a, o) = R

PR
f(x+s{x+%sj} J—f{x}

DE(f(x)) =lim,_q - , Vx = a,fe(0,1]

: @.1)

479



Marmara Fen Bilimleri Dergisi 2018, 4: 478-486

Kesirli Denk. Cézimu

provided the limit exists.

Theorem 1. Assume that Let f [a, mj - R be a function both differentiable and beta-differentiable; & be a differen-

tiable function defined on ]R. Then,

1-g
Di((g°H@)=(x+75) F (D9 (F)

[38].
Definition 2. /36/ The function

LRI

sinc(x) = { e
1

. x=10

x=0

is called the Sinc function.

2.2)

2.3)

Definition 3. /36] The translated sinc function with space points are defined by

..—r{i"

sznwf
..—rc } l

1 ,

S(k,h)(x) = sinc (

x—kh) _

h>0,,4k=0+1,+2,..

where

x=kh

x = kh

2.4)

To establish the approximation on the interval (a. b], the conformal map is defined as

¢(z) = (:3)
2= (w) =2

is the inverse map of W' =
ven as

5,(2) = 5(k,h)(2) ° p(2) = sinc (22E)
ze(a,b) ;D

The sinc grid points

2.5)

(2.6)

¢(z) . Here the basis functions are attained using the composite translated Sinc functions gi-

2.7)

E are real numbers, so that they can denoted by *&. For the evenly spaced points

{kh}k =—o , the image corresponding to these points is defined by

atbe™
14a rkh

x, = ¢ Hkh) = ,k=0,4+1,42,.

2.8)

Lemma 1. If @ is the conformal 1-1 mapping which simply connects the domain D onto Ps. Then

.u} (1, j=k
= [5G,k 2 9 lemr, =g * 12
o, j=k
I:I_:I il _ _1 k—j
h [SU h) e @‘J(xj] =4(=1) .
— . jFk
=xp k—j
52 =p2 2 D
Jk riti!"“ =y, 20 1}K_J ]
(k=" P JEE (2.9)
[40].
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III. THE SINC-COLLOCATION METHOD
Let

Vulx) = Loy Sp(®) . n=M+N+1 G.1)

be the solution form of (1.1). Selx) is the composite function of S(k,h) and ¢ (x] The unknown coefficients “k €k
in (3.1) are determined with the help of the SCM.

Theorem 2. The first and the second derivatives of (3.1) are given by

27 () = e 60 (1) 5 5 () (3.2)

2 =T (S WSS G FESW)

Theorem 3. The Beta derivative of (3.1) for 0<f=10<fF=1 is presented by

(&) n =F . d
v @) =T va(rt5) ¢SS

Proof. The Beta derivative of (3.1) is written as

(3.4)

V() = L=y &S I\E}[x] ) (3.5)

with the help of Theorem 1, we can write

5P = (x+75) S

rigl
When we write (3.6) in (3.5), we obtain (3.4).

(3.6)

-

: ()
By replacing each term of (1.1) with the approach defined in (3.1)-(3.4) and the producting with ¢'/ | we determine

= [Ck{ i= Dgr(x:]wl 5"}] ( [xj( 'x})) (3.7)

where

olx) = py(x) (ﬁ)z

g:(x) = [(ﬂlixj + pp(x) {x T rng})l_g T Hex )( ux})f)}

g2(x) = py(x) (3.8)
From [37], it is known that
(w _ (0 (1 _ i1 2 _ o02)
50 =6, 68 ==67 , 6. =6 39)
Theorem 4. Let us consider the BVP (1.1)-(1.2). Then the Discrete Sinc-Collocation system for determining the unknown

N
coefficients {Ck }k= —M of the approximate solution is given as

Vo [T, B 50 ( £0) (3 })) = =M N

D(y) andILi:I pe X7

(3.10)

Some notations are defined to rewrite (3.10) in the matrix form. Let matrices as follows
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y(x_,, ) 0 0
0 0
b= V) N 0 (.11)
0 0 e V()

1 = [é*f:“'}] , ik =012
ik (3.12)

If we write (3.11) and (3.12) in (3.10), we can represent it as

Ac=B (3.13)
where
- 1 (i
A=Y ,~D(g)1"¥
—plL\pio
B=D (é,)l
€= (eoprCoppags s C)7 (3.14)

Finally, we can reach the approximate solution of (3.1) after finding the unknown coefficients ¢ in the sys-
tem (3.10).
IV. CONVERGENCE ANALYSIS

D

Let H° (Dg) be a class of analytic functions fin = E and satisfies the following condition:

r={ig:lql < d =2} | N D
where 2J. Also f'satisfies the following equation on the boundary of ='E :

' 2
Theorem 5. Assume that ¢ eH (DEJ ; then, for all Z€ (D’l:],

E(f.h)(z) = If(z) — Ei=_. F(ER)S(k.h)op(z)| = N(re') <2 Nife) o~ Td/h

Zdmeinh (md /R) — med (4.3)
— "—
Additionally, let us take * = +/Td/aN = 2md/In2
If
If(2)| < cem=I#= | zer (4.4)

for some positive constants C and @ then
If(2) - =y F(kR)S (K, h)od(2)| < KNe o (45)

Here K only depends on f; d and ®. As a result, the convergence rate of Sinc approximation is exponential [39].
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V. NUMERICAL RESULTS

T

" 2 and M=N. For the appli-
cation of the method we use Mathematical0. It is seen that the method is an effective method when the numerical results are
examined.

Example 1. Let us take the following FBVP

¥+ 05y (D) +y@ = F) , ¥(©=0 , ¥(1)=0

In this section, SCM is applied to various test examples. In each example, we take that

1
rinsl

0.7
(xj=x2[x5—x2+20x—12]+0.5(x+ ) 23 (5x— 4)

where

—_——
This FBVP has an exact solution in the form of ¥ (x) ==x (x — 1:]. The approximate solution obtained with the aid of
SCM of this problem is shown in Table 1. In addition to, the comparisons of the solutions of the example are shown graphi-
cally for different NV values in Figure 1.

TABLE 1. Errors between the solutions for Example 1

x N=4 N=8 N=16 N=32 N=64

0.1 1.516 X 10™% 3.804x107* 3.806x 10> 1.860x10"% 2409x1077
0.2 4294 %1077 3142x 107 2542x107° 1.334x10°°® 2.850x107°
0.3 8.097 x 107 6276 x 107 1535x10™° 1.143x10°° 1.625x107°
0.4 1.000 X 1072  1.027x107? 6105x10™° 8.423x 1077 3733x 107
0.5 1148 x 107% 9558x107% 3122x10°° 2510x1077 2422x 107
0.6 1.256 X 1072 8046 x10™* 7.081x10™° 5791x10°7 1.179x 107
0.7 1.098x 1072 25850x10™* 1294x10™° 5201x1077 5853x 107
0.8 3517 %107 7.066x107% 6782x107° 2145x107% 1187 x107°
0.9 5140x107% 4722x107% 2381x10°° 1.759x 1077 4.693x 107

(@) N=4

(b) N =16

(e) N =64

FIGURE 1. The comparison of the solutions for Example 1
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Example 2. Let us assume the following FBVP

-

y"() = xy' () + 2309 = f) L ¥(©)=0 , (1) =0

. )c-.s
rio.s)

The exact solution of this problem is ¥ (x) = (1 — x)sinxy (x) = (1— x]sinx. The numerical solutions deter-

flx) = (x* — x — 2)cosx + (2x — 1)sinx + x*((1 — x)cosx — sinx) {x +

where

mined by SCM of the problem are presented in Table 2. Furthermore, the comparisons of the solutions are given graphically

in Figure 2.
X N=4 N=8 N=16 N=32 N=64
01 2285x107% 1919x107% 4847 x107° 1.642x107% 1.024x 10710
02 5516x107% 2133 x107% 1.221x1077 5819x10°°% 4910x 1074
03 3.158x107% 3412x10°° 4745x10™° 2505x 10°° 2693x 1074
04 4322x107% 1519x10™% 2026x10™° 5520x 107 2503 x 1074
05 5283x107% 3163x107% 7.191x107° 4342x10°% 3852x10™ 1
06 6.144x107% 4545x107% 1379x107° 8.204x 107 5076x 107
07 5616x107% 2435x10™% 7.034x10™° 1.605x 1077 1461x 10710
08 1.834x107% 3217x107% 7.769x10™° 2.010x 1077 2663 x10°1°
09 2764x107% 2.023x107% 1.026x107° 5.843x 1077 2610x 1071
025 e 025 |-
0.20 : 020
0.15 05
= Exact = Exact
010 010
0.05 Eir s 00s - The .
:J.IE [:;1 C-jﬁ Cl.IB 1.0 C-j2 :I.I4 :JjE cje 1.0
(a) N=4 (b) N =16
025
0.20
0.15 - ——
o110
- 5C
0.05
E'.I2 :].I4 ETE E-TE. 1.0
(c) N =64

FIGURE 2. The comparison of the solutions for Example 2
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VI. CONCLUSION

In this work we deal with the approximate solution of a
class of FBVP which is given by (1.1)-(1.2). Beta derivative
is considered as the fractional derivative. For the numerical
results, SCM is used. This method gives accurate results for
the (1.1) as presented in the previous section. As the result, we
can say that Sinc Collocation algorithm is an effective tool for
the determination of the approximate solution of (1.1).

VII. REFERENCES

[1] S.G. Samko, A.A. Kilbas, O.I. Marichev, “Fractional Integ-
rals and Derivatives”, Gordon and Breach, Yverdon, 1993.

[2] K. Miller, B. Ross, “An introduction to the fractional calculus
and fractional differential equations”, NewYork: Wiley, 1993.

[3] K. B. Oldham, J. Spanier, “The fractional calculus”, Acade-
mic Press, NewYork and London, 1974.

[4] 1. Podlubny, “Fractional differential equations”, Academic
Press, San Diego, 1999.

[5] R. Herrmann, “Fractional Calculus: An Introduction for Phy-
sicists”, World Scientific, Singapore, 2014.

[6] J. Sabatier, O. P. Agrawal, J. A. T. Machado, “Advances in
Fractional Calculus: Theoretical Developments and Applica-
tions in Physics and Engineering”, Springer, 2007.

[71 C. Li,, F. Zeng, “The finite difference methods for fracti-
onal ordinary differential equations”, Numerical Functional
Analysis and Optimization, Vol.34(2), pp:149-179, 2013.

[8] G. Wu, E. W. M. Lee, “Fractional variational iteration met-
hod and its application”, Physics Letter A, Vol.374, pp:2506-
2509, 2010.

[9] B. Kumar Singh , P. Kumar, “Fractional Variational Iteration
Method for Solving Fractional Partial Differential Equations
with Proportional Delay”, International Journal of Differen-
tial Equations, Article ID. 5206380, 2017.

[10] V. Daftardar-Gejji, H. Jafari, “Solving a multi-order fracti-
onal differential equation using adomian decomposition”,
Applied Mathematics and Computation, Vol.189, pp:541-
548, 2007.

[11] S.A.El-Wakil, A.Elhanbaly, M.A.Abdou, “Adomian decom-
position method for solving fractional nonlinear differen-
tial equations”, Applied Mathematics and Computation, Vol.
182(1) , 313-324, 2006.

[12] Y. Wang, H. Song, D. Li, “Solving two-point boundary va-
lue problems using combined homotopy perturbation met-
hod and Greens function method”, Appled Mathematics and
Computation, Vol.212(2), pp:366-376, 2009.

[13] B. Ghazanfari, F.Veisi, “Homotopy analysis method for the
fractional nonlinear equations”, Journal of King Saud Uni-
versity-Science, Vol. 23(4), pp:389-393, 2011.

[14] M. U. Rehman, R. A. Khan, “A numerical method for sol-
ving boundary value problems for fractional differential

485

[15]

[16]

[17]

(18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

28]

equations”, Applied Mathematics Modelling, Vol.36(3),
pp:894-907, 2012.

S.C.Shiralashetti, A.B.Deshi, “An efficient Haar wavelet col-
location method for the numerical solution of multi-term frac-
tional differential equations”, Nonlinear Dynamics, Vol.83(1-
2), pp:293-303, 2016.

D.Baleanu, A.H.Bhrawy, T.M.Taha, “A Modified Genera-
lized Laguerre Spectral Method for Fractional Differential
Equations on the Half Line”, Abstract and Applied Analysis,
Article ID 413529, 2013.

A. Mohsen and M. El-Gamel, “A Sinc-Collocation Method
for the Linear Fredholm Integro-Differential Equations” , Ze-
itschrift fAur angewandte Mathematik und Physik, Vol.58,
pp:380-390, 2007.

K. Parand and A. Prikhedri, “Sinc-Collocation Method for
Solving Astrophysics Equations”, New Astronomy, Vol.15,
pp:533-537, 2010.

K. Parand, M Dehghan and A. Pirkhedri, “Sinc-Collocation
Method for Solving the Blasius Equation”, Physics Letters A,
Vol.373, pp:4060-4065, 20009.

A. Saadatmandi and M. Dehghan, “The use of Sinc-Colloca-
tion Method for Solving Multi-Point Boundary Value Prob-
lems”, Communications in Nonlinear Science and Numerical
Simulation, Vol.17, pp:593-601, 2012.

J. Rashidinia and M. Nabati, < Sinc-Galerkin and Sinc-Collo-
cation Methods in the Solution of Nonlinear Two-point Boun-
dary Value Problems”, Computational and Applied Mathema-
tics, Vol.32, pp:315-330, 2013.

X. Wu, C. Li and W. Kong “A Sinc-Collocation Method with
Boundary Treatment for Two-Dimensional Elliptic Boundary
Value Problems”, Journal of Computational and applied Mat-
hematics, Vol.196, pp:58-69, 2006.

K. Maleknejad and K. Nedaiasl, “Application of Sinc-Collo-
cation Method for Solving a Class of Nonlinear Fredholm In-
tegral Equations”, Vol.62, pp: 3292-3303, 2011.

R. Mokhtari and M. Mohammadi, “Numerical Solution of
GRLW Equation using Sinc-Collocation Method”, Computer
Physics Communucations, Vol.181, pp: 1266-1274, 2010.

J. Rashidinia and M. Zarebnia, “Numerical Solution of Linear
Integral Equations by Using Sinc-Collocation Method”, Applied
Mathematics and Computation, Vol.168, pp:806-822, 2005.
G.A. Zakeri and M. Navab, “Sinc-Collocation Approxima-
tion of Non-Smooth Solution of a Nonlinear Weakly Singular
Volterra Integral Equation”, Journal of Computational Phy-
sics, Vol.229, pp:6548-6557, 2010.

T. Okayama, T. Matsuo and M. Sugihara, “ Sinc-Collocation
Methods for Weakly Singular Fredholm Integral Equations
of the Second Kind”, Journal of Computational and Applied
Mathematics, Vol.234, pp:1211-1227, 2010.

A. Atangana, E. F. Doungmo Goufo, “Extension of matched
asymptotic method to fractional boundary layers problems”,
Mathematical Problems in Engineering, Article ID 107535,
2014.



Marmara Fen Bilimleri Dergisi 2018, 4: 478-486

Kesirli Denk. Cézimu

[29]

[30]

[31]

132]

[33]

[34]

A.Atangana, S. C. Oukouomi Noutchie, “Model of bre-
ak-bone fever via beta-derivatives”, BioMed research inter-
national, Article ID 523159, 2014.

A. Atangana, E. F. D. Goufo,” On the mathematical analysis
of Ebola hemorrhagic fever: deathly infection disease in West
African countries”, BioMed research international, Article ID
261383, 2014.

A. Atangana, B. S. T. Alkahtani, “Modeling the spread of Ru-
bella disease using the concept of with local derivative with fra-
ctional parameter”, Complexity, Vol.21(6), pp:442-451, 2016.
A. Atangana, “A novel model for the lassa hemorrhagic fever:
deathly disease for pregnant women”, Neural Computing and
Applications, Vol.26(8), pp:1895-1903, 2015.

F. Stenger, “Approximations via Whittaker’s cardinal func-
tion” ,Journal of Approximation Theory, Vol,17(3), pp:222-
240, 1976.

S. Alkan, “A numerical method for solution of integro-dif-
ferential equations of fractional order”, Sakarya University
Journal of Science, Vol.21(2), pp:82-89, 2017.

486

135]

[36]

137]

138]

1391

[40]

E. T. Whittaker, “On the functions which are represented by
the expansions of the interpolation theory”, Proceeding of the
Royal Society of Edinburgh, Vol.35, pp:181-194, 1915.

J. M. Whittaker, “Interpolation Function Theory”, Cambridge
Tracts in Mathematics and Mathematical Physics, Cambridge
University Press, London, 1935.

S. Alkan, “A new solution method for nonlinear fractional in-
tegro-differential equations”, Discrete and Continuous Dyna-
mics Systems-S, Vol.8(6), pp:1065-1077, 2015.

A. Atangana, R. T. Alqahtani, “Modelling the spread of river
blindness disease via the caputo fractional derivative and the
beta-derivative”, Entropy, Vol.18(2), pp:40, 2016.

F. Stenger, “Integration formulae based on the trapezoidal
formula”, IMA Journal of Applied Mathematics, Vol.12(1),
pp:103-114, 1973.

A. Saadatmandi, M. Dehghan, M.R. Azizi, “The Sinc-Le-
gendre collocation method for a class of fractional convec-
tion—diffusion equations with variable coefficients”, Com-
mun. Nonlinear Sci. Numer. Simul. Vol.17, pp: 4125-4136,
2012.



