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APPROXIMATE CONTROLLABILITY OF NEUTRAL
INTEGRODIFFERENTIAL INCLUSIONS VIA RESOLVENT
OPERATORS

M. TAMILSELVAN

ABSTRACT. In this work, a set of sufficient conditions are established for the
approximate controllability for neutral integrodifferential inclusions in Banach
spaces. The theory of fractional power and a-norm is used because of the
spatial derivatives in the nonlinear term of the system. Bohnenblust-Karlin’s
fixed point theorem is used to prove our main results. Further, this result
is extended to study the approximate controllability for nonlinear functional
control system with nonlocal conditions. An example is also given to illustrate
our main results.

1. INTRODUCTION

This paper is mainly focused on the approximate controllability for neutral in-
tegrodifferential inclusions in Banach spaces of the form

%[w(t) _ Gt 2l (1)) € —Az(t) /0 QUt — s)2(s)ds + F(t, 2(ha(t))) + Bul(t),

)

(1.1)

z(0) =z9, te€J=][0,0], (1.2)
where — A is the infinitesimal generator of an analytic semigroup on a Banach space
X. Q) : Xy — X,,t € Jis a closed linear operator and B is a bounded linear
operator from a Banach space U into X. The function F : J x X, — 2%\ {0} is a
nonempty, bounded, closed and convex multivalued map and the functions G, h1, hs

are specified later. Here 0 = tg <t; <ty < .. <t, <t,+1=0.
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Control theory is an important branch of engineering and mathematics that deals
with the behavior of dynamical systems. Controllability is one of the basic con-
cepts in mathematical control theory and it is classified as exact and approximate
controllability. Exact controllability enables to drive the system to arbitrary final
state while approximate controllability means that the system can be steered to
arbitrary small neighborhood of the final state. For the past two decades, authors
in [1, 12, 08, 27, 29, 30, 311 32 [35, [36, 39, 40, 38] investigated the controllability
problem for abstract linear control systems in infinite dimensional spaces. Integrod-
ifferential equations can be used to model the various existing problems in the field
of electronics, fluid dynamics, biological models and chemical kinetics. Because of
such enormous applications, it has been extensively used by the mathematicians.

Initially, in [I9], Grimmer et al. proved the existence of solution of the integrod-
ifferential evolution equations by the use of resolvent operator. Since then, many
authors studied the existence of solution using resolvent operators which is an al-
ternative for the semigroup operator in the case of integrodifferential equations, see
[9, 151, 221 26, 30]. The impulsive differential equation is a suitable one to model the
evolutionary processes from different fields subject to certain perturbations whose
duration is negligible when compared to the duration of the whole process. For
more detail on these concepts, refer [3| [4 [24] 28] and the references therein.

In many real world problems, the nonlinear terms involve spatial derivatives. In
such occasions, we cannot discuss the problem in the whole Banach space X since
we normally take X = L?([0, nr]) and hence the third variable in the nonlinear terms
are defined on X 1 So, we restrict the equation in a Banach space X, C X instead
of X. We use the fractional power operators and a- norm to show the results, which
were used in the papers [I7, B3} [10]. Fu et al. [I7] studied the existence of solutions
for neutral integrodifferential equations with nonlocal conditions. Recently in [33],
Mokkedem et al. investigated the approximate controllability of semi-linear neutral
integrodifferential systems with infinite delay. Inspired by the above works, in this
paper, we establish a set of sufficient conditions for the approximate controllability
for neutral impulsive integrodifferential inclusions of the form —.

This paper is organized as follows. In section [2] some necessary concepts and
important definitions about the resolvent operators, multivaled map are given. In
section[3] a set of sufficient conditions for the approximate controllability for neutral
integrodifferential inclusions in Banach spaces are established. In section [ the
approximate controllability for neutral integrodifferential inclusions with nonlocal
conditions in Banach spaces is studied. An example is also given in section [§ to
illustrate the theory of the abstract main result.

2. PRELIMINARIES

In this section, we introduce some important notations and lemmas concerning
the fractional operator and the multi-valued map required in order to prove our
results.
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Let X be a Banach space with norm || - || and here we assume that —A : D(A) C
X — X is the infinitesimal generator of a compact analytic semigroup (7'(t))>o-
We denote Y as the Banach space formed from D(A) with the graph norm ||y||y =
lAy|l + |ly||, for y € D(A). Let £(X) is the Banach space of all linear bounded
operators L from X into X with norm ||L|lz(x) = sup{|[L(y)| : |ly]l = 1}. By
p(A), we denote the resolvent set of a linear operator A and let 0 € p(A). Now
we define the fractional power A% for 0 < a < 1 as a closed linear operator on
its domain D(A®). Also, the subspace D(A%) is dense in X and the expression
lz]la = [|[A%z|], = € D(A%), defines a norm on D(A%*). We denote the space
D(A%) as X, with the norm | - ||o. For each 0 < o < 1, X,, is a Banach space,
Xo — Xp for 0 < 8 < a <1 and the imbedding is compact whenever R(\, A), the
resolvent operator of A is compact. Let |A7?|| < M*, with M* a positive constant.
We denote by C, the Banach space C(J, X) endowed with supnorm given by

lz]|c = sup [|[A%x(t)]|, for = € C.
teJ

The reader may refer [34] for the concepts of semigroup operators. With the help
of [19] 20} 21], we now give some essential properties about the resolvent operators.

Definition 2.1. A family of bounded linear operators R(t) € L(X) fort € [0,b] is
called a resolvent operators for

b
—z(t) = — Az(t) + / Q(t — s)z(s)ds, (2.1)
0
z(0) =z € X, (2.2)
if
(i) R(0) =1 and ||R(t)|| < N1e*t for some N1 > 0,w € R,
(ii) for all z € X, R(t)x is continuous for t € [0, b],
(iii) R(t) € L(Y), fort € [0,b]. Forz €Y, R(t)z € C*([0,b], X) N C([0,b],Y)
and for t > 0 such that
d

SRz == AR(t)o + /0 Q(t — s)R(s)xds

=—R(t)Ax + /0 R(t — s)Q(s)zds.

By [21], the operators A and Q(-) satisfies the following conditions:

(A1) A generates an analytic semigroup on X. Q(¢) is a closed operator on X
with domain at least D(A) a.e t > 0 with Q(¢)z strongly measurable for
each x € D(A) and ||Q(¢)|l1,0 < q(t), ¢ € L*(0,00) with ¢*(\) absolutely
convergent for ReX > 0, where b*(\) denotes the Laplace transform of ¢(t).

(A3) p(A) :== (Al — Ag — Q*(\))~! exists as a bounded operator on X which
is analytic for A in the region A = {A € C : |argA| < T 4 6}, where
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0<d<F. InAif |\ >¢e >0, there exists a constant M = M(e) > 0 so
that [|p(\)]| < 2%

(As) Ap(N) € L(X) for A € A and are analytic on A into £(X). B*(\) € L(Y, X)
and Q*(A\)p(A\) € L(Y, X) for A € A. Given e > 0, there exists M = M(g) >
0 so that for A € A with [A| > &, [|[Ap(N)[[1,0 + |Q*(N)p(N) |10 < &, and
1Q*(M)]l1,0 — 0 as |A\| — oo in A. In addition, ||[Ap(N)|| < % for some
n>0,\ € A with |A\| < e. Further, there exists D C D(A?) which is dense
in Y such that Ag(D) and Q*(\)(D) are contained in Y and ||Q*(\)z||; is
bounded for each z € D, A€ A, |[A\| > €.

With the help of above conditions, there exists a resolvent operator R(t) for the

linear system ([2.1)-(2.2)) given by
RO)=1T
and

Rt = —— / ML — A — Q*(\)Lzd), &> 0,
I

T 2w

By the assumption (As),

1
R(t)xz = 5 ). p(N)zdA, t >0,

where I' is a contour of the type used to obtain an analytic semigroup. We can
select contour T', included in the region A, consisting of 'y, 'z, andI's, where

Ty :{rei¢:r21}, I‘gz{ew:—qﬁgﬂgd)},
Ly ={re 721}, 2 <6 < 240,

oriented so that Im(\) is increasing on I'; and I';. Moreover, R(t) is also analytic
and there exist N, C, > 0 such that

Co
IR®)|| < N and ||A*R(t)| < Ta 0<t<b 0<a<l
Lemma 2.2. [I7]. AR(t) is continuous for t > 0 in the uniform operator topology
of L(X).

In this work, we resquire that A® be commutative with R(¢) for any 0 < a < 1,
that is, for any z € D(A%),

ARtz = R(t) A%z (2.3)

Even though in some references [23], [I1] have used it, this commutation is not always
valid. But this commutation can be proved in many cases. Take Q(t—s) = q(t—s)A
with b(t) a scalar function defined on (0,+00), then the linear system (2.1))-(2.2)
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becomes

b
%x(t) =— Az(t) + /0 q(t — s)Az(s)ds, (2.4)

Q?(O) =x9 € X, (2'5)

Now we apply the following conditions on (2.4)-(2.5)) from [21],

(A]) A generates an analytic semigroup on X. In particular,

71'

2
is contained in the resolvent set of A and |[(AM — A)~Y|| < M/|A| on Ay
for some constant M > 0. The scalar function ¢(-) is in L'(0,00) with
g*(\) absolutely convergent for ReA > 0, where ¢*(\)denotes the Laplace
transform of ¢(¢).

(A5) There exists A = {\ € C: |arg\| < (§) + 2}, 0 < d2 < 5, s0o that A € A
implies g1(\) = 1 + ¢*(\) exists and is not zero. Further Ag; ' (\) € A; for
AeA

(A5) In A,g*(A) — 0 as |A\| — oo.

With the help of above conditions, the resolvent operator R(t) is analytic. Hence
holds in this case.

Now we introduce some basic definitions and results of multivalued maps. For
more details on multivalued maps, see the books of [37, [13].

Alz{/\E(C:|arg)\|<(g)+51}, 0<d <

Definition 2.3. [9]. 4 multivalued map F satisfies the following conditions:

(i) A multivalued map F : X — 2%\ {0} is convex (closed) valued if F(x) is
convex (closed) for all x € X. F is bounded on bounded sets if F(C) =

Usec F(2) is bounded in X for any bounded set C of X , i.e., sup,e¢ { sup{|y|| :
y € G(;v)}} < o00.

(i) F is called upper semicontinuous (u.s.c. for short) on X if for each xg € X,
the set F(xo) is a nonempty closed subset of X, and if for each open set
C of X containing F(xy), there exists an open neighborhood V' of xo such
that F(V) C C.

(iii) F is called completely continuous if F(C) is relatively compact for every
bounded subset C of X.

() If the multivalued map F is completely continuous with nonempty values,
then F is u.s.c., if and only if F' has a closed graph, i.e., T, — Ty, Yn — Y,
Yn € Fxy imply y. € Fx.. F has a fized point if there is a © € X such that
x € F(x).

Remark 2.4. In this paper, BCC(X) denotes the set of all nonempty bounded,
closed and convex subset of X.
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Definition 2.5. A function x € C is said to be a mild solution of system (1.1])-(1.2))
if z(0) = z0, and there exists f € L*(J, X) such that f(t) € F(t,z(ha(t))) ont € J
and the integral equation

2(t) =R (&) [0 — G(t, 2(h (0)))] + C(t, x(ha (1) / R(t — 8)AG(s, #(ha(5)))ds

t

R(t —5) Q(s —1)G(7,2(h1(7)))drds + /0 R(t—s)f(s)ds

/Rt—sBu (s)ds

1s satisfied.
Now, it is convenient to introduce two appropriate operators and basic assump-
tions on these operators:
b
rb = / R(b—s)BB*R*(b—s)ds : X — X,
0
R(a,T}) = (al +T§) ™' : X — X,

where B* denotes the adjoint of B and R*(t) is the adjoint of R(t). It is clear that
the operator I'} is a linear bounded operator.

To study the approximate controllability of system —, we impose the
following condition:

(Ho) aR(a,T%) — 0 as a — 0% in the strong operator topology.
In view of [30], Hypothesis (Hg) holds if and only if the linear system

t) 4+ Ax(t / Q(t — s)z(s)ds + Bu(t), te€][0,b], (2.6)
z(0) =xq (2.7)

is approximately controllable on [0, b].
We use the following well known results to prove our results.

Lemma 2.6. |25, Lasota and Opial] Let J be a compact real interval, BCC(X)
be the set of all nonempty, bounded, closed and convexr subset of X and F be a
multivalued map satisfying F : J x X — BCC(X) is measurable to t for each fized
x € X, us.c. tox for eacht e J, and for each x € C the set

Sp.={f€L*J,X): f(t) € F(t,z(t), t € J}
is nonempty. Let .F be a linear continuous from L1(J, X) to C, then the operator
FoSp:C—BCC(C), x — (F oSr)(x) =F(Ska),

is a closed graph operator in C x C.
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Lemma 2.7. [5) Bohnenblust and Karlin]. Let D be a nonempty subset of X,
which is bounded, closed, and convex. Suppose G : D — 2% \ {0} is u.s.c. with
closed, convex values, and such that G(D) C D and G(D) is compact. Then G has
a fixed point.

3. APPROXIMATE CONTROLLABILITY RESULTS

In this section, first the existence of mild solutions for system — is proved
by using Bohnenblust-Karlin fixed point theorem. And then, we show under certain
assumptions, the approximate controllability of — implies the approximate
controllability of —. To prove the results, we need the following hypotheses
and let @ € (0,1).

(Hy) R(t) is a compact operator for each ¢ > 0.
(H2) (Q(t))ie is afamily of operators from Y to X such that Q(t) € L(Xq15, X)
for each t € J. Then, there exists a constant M; > 0 such that

1Q()latp0 < M.

(H3) There exist a constant 8 € (0,1) with o + 8 = 1, such that G : J x X, —
Xy satisfies the Lipschitz condition, i.e., there exists a constant Ly, > 0
such that

G, 21) = G(t2, 2)lars < Ly([ts — 2| + |21 — 72[la)
for any 0 < t1,t3 < b, x1,22 € X,, and the inequality
1G(E 2 lats < Ly([[z]a +1)

holds for any (¢,x) € [0,b] x X4.
(H4) The multivalued map F : J x X, — BCC(X,) satisfies the following
conditions.
(i) For each t € J, the function F(t, ) : X, — BCC(X,) is u.s.c; and for
each © € X,, the function F(-,z) is measurable.
(ii) For each = € C, the set

Spe={f€L'(J,Xa): f(t) € F(t,z(ha(t)),t € J}
is non-empty.
(Hs) For each positive number r and = € C with ||z||¢c < r, there exists Ly () €
LY(J,R*) such that
sup ||F(t,2)||a < Lyfr(s)ds, foraeteJ
lzl<r

where [[F'(t, z)|| = sup{[|f]| : f(£) € F(t,z(h2(t)))}-
(Hg) The function s — Ly,,(s) € L'([0,t],R") and there exists a § > 0 such that

¢
i fo Ly (s)ds

7—00 T

(H7) h; € C(J, J)7 1=1,2.

=0 < +o0.
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It will be shown that the system (1.1))-(1.2) is approximately controllable, if for
all @ > 0, there exists a continuous function z(-) such that

2(t) =R(t) w0 — Gt 2(h(0)))] + G(t, 2 (1 / R(t — $)AG (s, 2( (s)))ds

+ /0 R(t—s) /0 Q(s — 7)G(r,z(h1(71)))drds + /0 R(t—s)f(s)ds

+ /tR(t —s)Bu(s,z)ds, teJ, f€Sp,, (3.1)
0
u(t,z) =B*R*(b — t)R(a, TH)p(z(")), (3.2)

where

b
p(x()) =2 — R(b)[wo — G(b, 2(71(0)))] = G(b, 2(h1 (b)) — /O R(b — 5)AG(s, x(hi(s)))ds
b

b

R(b—s) /08 Q(s — 7)G(7,z(h1(7)))drds — R(b—s)f(s)ds

0 0

Theorem 3.1. Suppose that the hypotheses (Ho)-(Hy) are satisfied. Assume also

1 b by
(1+-N2ago) [NM*LngM*Lng %ﬁLg — Ca
a

where Mp = ||B||, then the system (L.I)-(L2) has a solution on J.

ML L, +N7} <1, (3.3)

Proof. The main aim of this theorem is to find conditions for solvability of system
(1.1)-(1.2) for a > 0. We show that, using the control u(t, ), the operator I : C —
defined by

T(@) = {¢ €C: o(t) = RWIwo — Gt 2(m (0)] + Gt 2 (1))
/ R(t — 8)AG(s, o(h (5)))ds
/Rt—s/Qs—T (1,2(h1(7)))dTds
+/O R(t— 5)f(s)ds +/O R(t — s)Bu(s, x)ds, t € J},
has a fixed point z, which is a mild solution of system (L.1))-(1.2).
We now show that T satisfies all the conditions of Lemma [2.7] To simplify the

result, we subdivide the proof into five steps.
Step 1. I is convex for each = € C.
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In fact, if ¢, @y belong to Y(x), then there exist f1, fo € Sp, such that for
each t € [0,b], we have

pi(t) =R(t)[zo — G(t, x(h1(0)))] + G(t, z(ha (t) / R(t — s)AG(s, x(h1(s)))ds
—|—/0 R(t— s)/0 Q(s —1)G(7,z(hi(1))) des—l—/O R(t—s)fi(s)ds
+/0 R(t —n)BB*R*(b—t)R(a,T'}) x [xb — R(b)[xo — G(b, 2(h1(0)))]
— G(b, (b (b) / R(b— $)AG(s, o(hi (5)))ds
/ R(Ob—s / Q(s —7)G(r,z(hi (T )))des—/O R(b — s)fi(s)ds|(n)dn
Let A € [0,1]. Then for each t € J, we get

Ap(t) + (1= Mo (t) = R(t)[xo — G(t, 2(h1(0)))] + G(t, z(ha (1))

/ R(t —s)AG(s,z(h1(s)))ds+ [ R(t—s) 08 Q(s — 1)G(r,z(hi(7)))drds

/ R(t — s)[Afi(s) + (1 — \) fa(s)]ds +/0 R(t —n)BB*R*(b— t)R(a,T})

x [0 = RO)zo — Glo, 201 (0))] ~ G, 2001 ()
/ R(b— $)AG(s, z(hi(s)))ds
/ R(b— s) / Q(s — 7)G(r, (hy(7)))drds

- [ RO 96 + 0N 6] o

It is easy to see that Sp, is convex since F' has convex values. So, A\fi+(1—X)f2 €
SF,gc- Thus,

Apr + (L= Ny € T(x).
Step 2. For r > 0, let B, = {z € C : ||z|]|c < r}. Certainly, B, is a bounded,

closed and convex set of C. We claim that there exists a positive number r such
that Y(B,) C B,.
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If this is not true, then for each positive number r, there exists a function z” € B,.,
but Y(z") # B,, i.e., ||Y(2")||c = sup {||g0’“Hc RGNS (Tx’")} > r and

@"(t) =R(t)[zo — G(t, 2" (h1(0)))] + G (¢, 2" (ha(2)))
/ R(t — s)AG(s,z" (h1(s)))ds
/Rt—s/Qs—T (t,2"(h1(7)))drds
—|—/0 R(t—s)f"(s ds+/0 R(t — s)Bu" (s, x)ds,
for some f" € Sp,r. Using (Hy)-(Hz), we have

r <[[T(")(®)la

gHR (7o — G(t, 2" (h1(0)))] (ha(t)))

[e3

+ / R(t — s)AG(s,z"(h1(s dSH

+ /Rt—s/Qs—T (r, 2" (hi(T )))des

+ / R(t— 8)f"(s)ds 1) BB*R*(b — t)R(a, rg)[xb
0 «

= R(b)[zo = G(b, 2" (h1(0)))] = G(b, 2" (ha (b))

b b s
— / R(b—s)AG(s,z" (h1(s)))ds — / R(b— s)/ Q(s — 17)G(7,2"(hi(7)))dTds
0 0 0

b
= [ RO s)57()ds] e
0 «
<N{||zol|la + M*Ly(1 +7)]+ M*Ly(1+ 1) —|—/0 ||A1_ﬁ72(t— s)AﬁG(s,xr(hl(s)))Hads
/ |A“R(t — s) ||/S 1Q(s — )G (1,z" (h1(7)))||drds
+N/ Ly, (s)ds+ NQMBbx{ Nzolla + M*Ly(1+7)] 4+ M*Ly(1 +7)
/ JAT PRt — $)APG(s, 2" (ha (5)) | adls

+/O JA°R(t — 5) ||/O ||Q(s—T)G(T,mr(hl(r)))udms+N/O Ly (s)ds]
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1
< |1+ V2| (Nllwolla + M7 Ly(1 +7)]

bC, (.,
FM*Ly(1+7) + 51 BL,(147)+ : MyLy(1+7)

—

+N /0 g’ £r(s)ds)

Dividing both sides of the above inequality by r and taking the limit as r — oo,

using Hg, we get

bCy b2—C,
/6’1 Sry+

This contradicts with the condition (3.3)). Hence, for some r > 0, T(B,.) C B,.
Step 3. T sends bounded sets into equicontinuous sets of C. For each = € B,
¢ € T(x), there exists a f € Sp, such that for € > 0 and 0 < t; < ¢t < b, then

le(t1) = p(t)[| =[R(t1) = R(t2)[[[w0 — G(t, 2(h1(0)))lla
+G(t, 2(h (1)) = Gtz z(ha (1)) o

(1+ %N2M]23b) [NM*Ly+ M* Ly + MiLy+Ny| > 1

11—«

[0}

+ / 1_6[73(751 —5) — R(ta — s)|AG(s,z(h1(s)))ds
0

+ /t _ [R(t — 5) — R(ts — $)|AG(s, 2(ha(s)))ds
+ 2 R(ta — s)AG(s, z(h1(s)))ds

t1

+ /0 [R(t1 —s) — R(t2 — s)]/o Q(s — 7)G(7,z(h1(7)))drds

(63

[0}

+ /t _ (Rt — 5) — Rits — 5)] /0 " Qs — )G, a(hn (7)) drds

[0

[R(t1 —s) — R(t2 — s)|f(s)ds

t1—¢ @

/
N /0 "R — 5) = R(ta — s)](s)ds
/

|

/ Rits — 5)f(s)ds

«

[R(t1 —n) — R(ta — )] Bu(n, z)dn

(0%

Lt H /ttz Rty — n)BU(n,x)dnHa

R[(t1 —n) — R(ta —n)|Bu(n, z)dn

[e3%

[e3
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<[[R(t1) = R(t2)ll[[xo — Gt 2(h1(0))]lla + M*Lg[tr — t2| + [2(ha(t)) — 2(ha(t))]lla

+ Lg/o B 1A 2[R (81 = 5) = R(t2 = )L + [[2(s)]la)ds

Ly [ AR = 9) = Rt = )1+ el + L [ S

_ . (t—s) P (L4 llz(s)[la)ds

coanty [ AR~ 9) < Rita = 9]0+ (o))

+ leLg/ ARt - )~ Rita — )1+ [[o(s)a)ds

tlfﬁ

+ oML, /tl2 i fc;)a (14 ||z(8)allds + /0 1_6[R(t1 —5) —R(ta — s)|Lsr(s)ds

t1 to
+ / [R(t — ) — Rits — )| Lyds + N / Ly (s)ds
t1—e t1

iy [ "R - ) = Rits - n)lu(n, @)]|adn

t1

ta
+Ma [ RI(t =) = Rt = p)lutr2)odn + NMs [ [u(n.2)]ads
t1

t—e

The right-hand side of the above inequality tends to zero independently of = € B,
as (t; — ta) — 0 and e sufficiently small, since the compactness of the resolvent
operator R(t) implies the continuity in the uniform operator topology. Thus T (z")
sends B, into equicontinuous family of functions.

Step 4. The set II(¢) = {p(t) : ¢ € T(B,)} is relatively compact in X,.

Let t € (0,b] be fixed and ¢ a real number satisfying 0 < ¢ < ¢. For z € B,., we

define

@ (t) =R(t)[ro — G(t,2(h1(0)))] + G(t,x(h1(t))) + /0 h R(t — 5)AG(s,x(hi(s)))ds
[ RE—s) /SQ(s G alhy (r))drds + [ R(E— ) f(s)ds
0 0 0

t—e
—|—/ R(t — s)Bu(s,z)ds,t € J.
0

Since R(t) is a compact operator, the set I, (t) = {¢.(t) : ¢. € T(B,)} is relatively
compact in X, for each ¢, 0 < € < t. Moreover, for each 0 < € < t, we have

/ti R(t — s)AG(s,z(h1(s)))ds

lo(t) — ¢ (0)] < |

[
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+H t;. R(t—s) /OS Q(s — 7)G(7,xz(hi(7)))drds

[

+H ' R(t —s)f(s)ds . + H t R(t — s)Bu(s,x)ds

[e3%

Ci_ Cq ¢
< 1TBEBLg(l +7r)+ ﬁgQ_O‘Mng(l +7)+ Ny + NMB/ lu(s,n)]|adn.
- t—e

Hence there exist relatively compact sets arbitrarily close to the set II(t) = {¢(¢) :
¢ € T(B,)}, and the set II(t) is relatively compact in X, for all ¢ € [0,b]. Since it
is compact at ¢ = 0, hence II(¢) is relatively compact in X, for all ¢ € [0, b].
Step 5. T has a closed graph.

Let z,, = 2. as n — 00, ¢, € Y(z,), and ¢, — ¢, as n — co. We will show
that ¢, € T(z.). Since ¢,, € Y(z,,), there exists a f,, € Sp,,, such that

@, (t) =R(t)[xo — G(t, 2n(h1(0)))] + G(t, n(ha(t)))
/ Rt — 5)AG (5, 2 (ha(s)))ds
/Rt—s / Qs — T)G(r, za(ha (7)) des+/0tR(t—s)fn(s)ds
+/0 R(t —n)BB*R*(b — t)R(a,TY)
% |25 = R() w0 = G (b, (k1 (0)))] = G(b,a (R (b))
/ R(b— 5)AG(s, 2n (h1(5)))ds
/R s / Qls — 7)G(r, 2 (ha (7)))drds

- [ RO (5)is]
0

We must prove that there exists a f. € Sp g, such that

@.(t) =R(t)[xo — G(t, 2.(h1(0)))] + G(t, 2+ (71 (1))

n /0 R(t — $)AG(s, 2, (h1(s)))ds



APPROXIMATE CONTROLLABILITY 1219

—&—/0 R(t—s) /OS Q(s — 7)G(1,z4(h1(7)))d7ds + /0 R(t — s)f«(s)ds
+ [ R = m)BBR (b= R0, [21 = R(B)zo ~ G, (1 0)]
b
—G(b,z.(h1(b))) — ; R(b—s)AG(s,x«(h1(s)))ds
b s b
7/0 R(b— s)/o Q(s — 1)G(1,z4(h1(7)))drds — /0 R(b— s)f*(s)ds] (n)dn.

Clearly, we have

H(gon(t) “RB)[xo — Gt, 20 (71 (0)))] — G(t, 20 (hr () / R(t — 8)AG(s, 20 (h1 (5)))ds
—/ R(t—s) /SQ(S—T)G(T,xn(hl(T)))des—/ R(t - n)BB*R* (b — t)R(a, T%)

0 0 0

b
x [a:b —R(B)[zo — Gb, 20 (71 (0)))] — G(b, 2 (h1 (b)) — /0 R(b — 8)AG(s, 0 (h1(s)))ds
b
/ R(b—s / Q(s — 7)G(7,xn(h1(7))) d’rds—/ R( b—s)fn(s)ds}( )dn ) — (cp*(t)

—R(t)[xo — G(t,z(h1(0)))] — G(t, 2« (h1(?) / R(t — 8)AG(s,x4(h1(8)))ds
—/ R(t—s) /S Q(s — 7)G(7, zx(h1(7)))dTds — / R(t —n)BB*R*(b—t)R(a,TY)

0 0 0

b
X [fvb — R(B)[xo — G(b, 2:(h1(0)))] = G(b, 2. (ha (b)) — /0 R(b—5)AG(s, z.(h1(s)))ds

b s b
- [ RO=9) [ Q=G ma)irds - [ RO 5)£.is] yan) |

— 0 asn — oo.

Consider the operator # : L'(J, X) — C,
/Rtfs — BB R*bft / R(b —t)f(n)dn)(s)}ds

We can see that the operator # is linear and continuous. From Lemma
again, it follows that # o Sp is a closed graph operator. Moreover,
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(0n(t) = R0 = Glt, 20 (i (0)))] = Glt,a(a (1))
-/ Rt — $)AG(s, (s (5)))ds
— /Ot R(t—s) /OS Q(s — 17)G(7,zn(hi(7)))dTds
— /Ot R(t —n)BB*R*(b—t)R(a,T})
x [, — R(B) o — Gb,a(a (0)))] — Glb, (I (8)))
/ R(b— 5)AG(s, 2n (h(5)))ds
/ R(b—s) / Qs — )G(r, 2 (ha (7)))drds
/ R(b — 5)fu(s)ds| (n)dn) € Sz, )

In view of x, — x. as n — oo, it follows again from Lemma that
<90*(t) — R(t)[zo — G(t, 2. (h1(0)))] — G(t, 2 (ha(2)))
—/0 R(t — s)AG(s,z«(hi(s)))ds
_ / R(t—s) / T Qs — )G (s s (ha (7)) )drds

0 0
—/ R(t —n)BB*R*(b— t)R(a,T})
0
X [l’b = R(b)[xo — G(b, 2. (h1(0)))] — G(b, . (h1(b)))
/ R(b— ) AG(s. . (in (s)))ds
/Rb—s/Qs—T (1,24 (h1(7)))d7ds
—/ R(b— s)f*(s)ds] (n)dn) €W (Srz.)-
0

Therefore T has a closed graph.
As a consequence of Steps 1-5 together with the Arzela-Ascoli theorem, we
conclude that T is a compact multivalued map, u.s.c. with convex closed values.
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As a consequence of Lemma [2.7, we can deduce that T has a fixed point z which

is a mild solution of system (1.1})-(1.2). O

Definition 3.2. The control system (1.1)) is said to be approximately controllable
on J if R(b,zo) = X, where R(b,z0) = {xp(zo;u) : u(-) € LY(J,U)} is called the
reachable set of system (1.1) at terminal time b and its closure in X is denoted by

R(b,x0); Let xp(xg,u) be the state value of (L.1) at terminal time b corresponding
to the control u and the initial value o € X.

Frankly speaking, by using the control function u, from any given initial point
xo € X we can move the system with the trajectory as close as possible to any
other final point z; € X.

Theorem 3.3. Suppose that the assumptions (Ho)-(Hy) hold. Assume additionally
that (Ha) G:J X Xy — Xatp and G(t,-) is continuous from the weak topology of
X, to the strong topology of X, and (Hyp) there exists N € L'(J,[0,00)) such that
supgex, [1F(t @) + supyex,,, IGEy)|| < N(t) for a.e. t € J, then the system
— s approzimately controllable on J.

Proof. Let *(-) be a fixed point of " in B,.. By Theorem any fixed point of I'
is a mild solution of (|1.1)-(1.2)) under the control

@ (t) = B*S*(b, t)R(a, T})p(Z%)

and satisfies the following inequality
7(b) =a3 + aR(a,T?) [xb —R(B)[zo — Gb, 2(h1 (0)))] — G(b, z(ha (b))
b b s
_ / R(b— $)AG(s,2(h (5)))ds — / R(b— ) / Qs — 1)G (7, o(hy (7)) drds
0 0 0
b
- /0 R(b— s) f(s)ds]. (3.4)

Also, 2%(b) — T weakly as @ — 01 and by the assumption (H,)
G(b,z(b)) — G(b,7),

strongly as a — 0%. Moreover, because of assumption (Hy,),

b b b
[ s aniPas+ [ 16z < [ N
0 0 0

Consequently, the sequences f(-,z2%), G(-,z%) are bounded. Then there is a subse-
quence still denoted by f(-, 2%), G(-,2*) which weakly converges to, say f(-), g(:) in
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L?(J, X). Define

b b
w =xp — R(b)[xg — G(b,x(h1(0)))] — G(b,T) — /0 R(b— s)Ag(s)ds — /0 R(b—s)

s b
></0 Q(s —T1)g(s)drds —/0 R(b—s)f(s)ds

Now, we have

b
Ip(z®) —wl =160 (0) = G D) + | [ R 9416052 — g(o))is|

+ H /Ob R(b—s) /0 Qs — 7)[G(s5,7%) — g(s)|drds
H] [ R0 - 9z - s

< s 6(5(0) - (17 H+Ogng / Rt — 5)A[G(s,39) -
+()S<liltl<)bH/ R(t—s) / Qs — 1[G )—g(s)}desH
+022bH /O R(t — 8)[F(s,2%(s)) - f(s)]dsH. (3.5)

By using infinite- dimensional Version of the Ascoli-Arzela theorem, one can show
that an operator I(-) — [, S( s: L1(J,X) — C is compact. Therefore, we
obtain that ||p(Z®) — wH —0asa— O“‘. Moreover, from (3.4) we get

12(6) = 2]l <llaR(a, T5)(w)l| + llaR(a, T5)[[|p(E*) — wl|
<llaR(a, 1) (w)] + [|p(E*) — wl.

It follows from assumption Ho and the estimation (3.5) that ||Z%(b) — x| — 0 as
a — 07. This proves the approximate controllability of system (I.1])-(T1.2]. O

4. APPROXIMATE CONTROLLABILITY RESULTS WITH NONLOCAL CONDITIONS

Since the differential equations with nonlocal conditions have better applications
than the initial conditions in fields like Physics and Engineering, this type of equa-
tions have been widely studied by the various authors. First it was initiated by
Byszewski in [0 [7, 8] and then the authors in [2, [I4] 16 27, B0] extended the
concepts of nonlocal conditions with different kinds of problems.

Inspired by the above works, in this section, we discuss the approximate control-
lability for a class of neutral integrodifferential inclusions with nonlocal conditions



APPROXIMATE CONTROLLABILITY 1223

in Banach spaces of the form

L e(t) — Gt 2 ()] + Ax(t) € / Q(t — s)x(s)ds + F(t, x(ha(t)) + Bu(t),

z(0) =z0 + g(x), te J=][0,0],

where g : C — X, is a continuous function which satisfies the following condition:

(Ho) There exists a constant L > 0 such that for any = € C(]0,b], X,),

l9(@)lla < Lallzllc, for z €C
Definition 4.1. A function x € C is said to be a mild solution of system (4.1)) —
if (0) + g(z) = xo and there exists f € L*(J,X) such that f(t) € F(t,z(t)) on
t € J and the integral equation

z(t) =R(t)[xo — G(t, 2(h1(0))) + g(2)] + G(t, 2(ha(1)))

+ ; R(t — s)AG(s,z(h1(s)))ds
+ /0 R(t—s) /OS Q(s —1)G(r,z(hi(7)))drds + /0 R(t—s)f(s)ds
—|—/0 R(t — s)Bu(s)ds,

s satisfied.

Theorem 4.2. Assume that the assumptions of Theorem[3.1] are satisfied. Further,

if the hypothesis (Hg) is satisfied, then the system (4.1)-(4.2) is approximately
controllable on J provided that

%*ﬁLg + bz{jia MiLy+N(v+L)| <1,

(1+ %N2M,23b) [NM*Ly+ MLy + v

where Mp = || B||.

Proof. For each a > 0, we define the operator Y, on X by
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where

2(t) =R(t)[xo — G(t, 2(h1(0))) + g(2)] + G(t, z(ha (1))
/ Rt — s)AG(s,2(hi (5)))ds
/Rt—s / Qs — 7)G(r, 2(hn (7)) deS—k/OtR(t—s)f(s)ds
/Rt—sBu s)ds
v(t) =B*S*(b,t)R(a, Tg)p(z(-)),
p(z(+)) =z — R(b)[zo — G(b, 2(h1(0))) + g(z)] — G(b, z(h1(D)))

- [ RO - 9460
/Rt—s / Q(s — 7)G(7,z(hi(1)))drds

—/ R(b— 5)f(s)ds
0
where f € S .

It can be easily proved that if for all @ > 0, the operator fa has a fixed point
by implementing the technique used in Theorem Then, we can show that the
second order control system — is approximately controllable. The proof of
this theorem is similar to that of Theorem and Theorem and hence it is
omitted. (]

5. APPLICATION

Consider the partial functional integrodifferential equation with control
2

gt[ (t,z)+ /Oﬂ?i(y,x) (z(tsint,y) + sin (% (t, )))dy} (;ZE 2(t,x)

K 0 ~ 0
+ /0 q(t — 5)8 52(s,7)ds + p(t, x) + c(t, z(tcost,x, %z(t,x)>),

(5.1)

for0<z<m 0<t<b, subject to the initial conditions
z(t,0) =2z(t,m) =0, teJ, (5.2)
2(0,z) =z0(z), 0<z<m, (5.3)

where a : [0,1] x [0, 7] x [0,7] — R, ¢(-)is a continuous function such that||g(-)|| <
M*. Here ¢ : [0,1] x R — BCC(R) is a continuous function. Now we define the
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space X = L?([0,7])andzo(z) € X. To rewrite the above equation in the abstract
form, we define the operator A by

Az = —2"
with the domain
D(A)={z(-) € X : 2,2 € X,andz(0) = z(7) = 0}.
Then —A generates a strongly continuous semigroup (7'(t)):>o which is compact,

analytic and self-adjoint. Also, A has a discrete spectrum, the eigenvalues are

n?,n € N, with the corresponding normalized eigenvectors e,, (z) = \/g sin(nx), n =
1,2,--- . And,

(i) If z € D(A), then Az =377 n?(z,e,) €.

(ii) For each z € X, A=1/22 =%  L(z ¢,)e,. In particular, ||A~Y/2|| = 1.

(iii) The operator A2 is given by

oo

A2, = Z n{z,e,)en

n=1

on the space
oo
D(A1/2) = {Z() S X,Zn(z,e”)en = X} )
n=1

We take o = 8 = 1, Q(t) = q(t)A, and put z(t) = z(t,-), that is 2(t)(7) = 2(t, 7),
teJ,ze€[0,n] and u(t) = pu(t,-), here p: I x [0,7] — [0, 7] is continuous. Define
the functions G : [0,0] x X1 — D(A), F:[0,b] x X1 — 2™} respectively by
G(t, z)(x) :E(t z(t,x) 3z(t x))
) ) ) 78:17 ) )
Fit.2)(e) = [y, 0)le(t,y) + sin(' (¢, )]y,
0

and the bounded linear operator B : U — X by

Bu(t)(r) = p(t, 7).

Assume these functions satisfy the requirement of hypotheses. From the above
choices of the functions and evolution operator A(t) with B = J , the system (5.1)-
(5.2) can be formulated as the system — in X. Since all hypotheses of
Theorem are satisfied, approximate controllability of system — on J
follows from Theorem 3.3
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