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Rational Economic Decision Making: The Relevance Among The Axioms of
The Theory of Expected Utility

Rasyonel Iktisadi Karar Alma:Beklenen Fayda Teorisi Aksiyomlar
Arasindaki Iliski

Gelengiil KOCASLAN"
Abstract

The theory of expected utility is suggested by John Von Neumann and Oscar Morgenstern in 1944 and has had
great currency until today because of its solid and consistent axiomatic structure. The theory explains economic
behavior, decision making process, economic preferences and economic choices using the axioms. Although it
still prevents its popularity; it has been seriously questioned by several behavioral and experimental research
from 1950 because of the apparent difference between reality and the theory. The huge gap between economic
behavior in real life situations and theory have been revealed and economists’ view has been often criticisized
for falling short of reality.

This paper provides a detailed description of all of the axioms of the theory of expected utility, reveals the
relevance among them and presents a guidance for economic and interdisciplinary research.
Keywords: Expected utility theory, economic decision making, axioms, rationality.

Oz

Beklenen fayda teorisi John Von Neumann ve Oscar Morgenstern tarafindan 1944 yilinda 6nerilmis ve bugiine
kadar saglam ve tutarli aksiyomatik yapisi nedeniyle bilyiik ragbet gormis, gecerlilik kazanmistir. Bu teori
iktisadi davranisi, karar alma siireglerini, iktisadi tercihleri ve se¢imleri aksiyomlar1 kullanarak agiklamaktadir.
Her ne kadar popiilaritesini korusa da; realite ve teori arasindaki bariz farklilik nedeniyle 1950 yilindan sonra
cesitli davranigsal ve deneysel arastirmalarla ciddi bicimde sorgulanmistir. Gergek hayattaki iktisadi davranig ve
teori arasindaki bilyiik bosluk agiklanmig ve iktisatgilarn gorisii siklikla gerceklikten uzak olmakla
elestirilmistir.

Bu makale beklenen fayda teorisinin aksiyomlarinin tamammin detayli tanimini saglamakta, aralarindaki iliskiyi
ortaya ¢ikarmakta ve iktisadi ve disiplinlerarasi arastirmalar i¢in bir kilavuz sunmaktadir.
Anahtar Kelimeler: Beklenen fayda teorisi, iktisadi karar alma, aksiyomlar, rasyonalite.

Introduction

The theory of expected utility is introduced to the literature by John Von Neumann
who is a mathematician and Oscar Morgenstern who is an economist in 1944. The theory
indeed arises as a finale of a process beginning with mathematician Luca Pacioli, physician,
mathematician and astrologer Gerolamo Cardano (“the book on games of chance’ published
posthumously in 1663), mathematicians Blaise Pascal and Pierre de Fermat and proceeding
with physicist, mathematician and astronomer Christiaan Huygens, mathematician Nikolaus
Bernoulli, mathematician Pierre Reymon De Montmort, mathematician Gabriel Cramer and
physicist, mathematician Daniel Bernoulli, mathematician Georges Louis Leclerc Comte de
Buffon, mathematician Isaac Todhunter, mathematician and priest William Allen Whitworth,
economist John Maynard Keynes and economist Carl Menger (Pacioli, 1494; Ore, 1953;
Pascal and de Fermat, 1654; Huygens, 1656; De Montmort, 1713; Cramer, 1728; Bernoulli,
1738; Buffon, 1777; Todhunter, 1865; Whitworth, 1901; Keynes, 1921; Menger, 1934;
Bassett, 1987; Dehling, 1997; Stigler, 1999; Székely and Richards, 2004; Pickover, 2009;
Peters, 2011; Mukhopadhyay, 2012; Shlesinger, 2012; Garcia, 2013; Salov, 2014; CMU;
Britannica).
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The theory of expected utility examines economic decision making between risky
prospects with single or multidimensional outcomes and has been the major paradigm in
economic theory referring to economic behavior under risk since the Second World War and
used prescriptively, predictively and descriptively in management science, finance and
psychology respectively due to its convenience of mathematical applicability to any type of
outcomes besides money (Schoemaker, 1982, p. 530, 531).

The theory of expected utility states that decision makers choose between risky
prospects by comparing the expected utility values which are the weighted sums obtained by
adding the utility values of outcomes multiplied by their respective probabilities (Mongin,
1998, p. 171). In other words if an outcome X is suggested with the probability value of py and
an outcome y is suggested with the probability value of py. then the expected utility of an
event Q is demonstrated as:

EU(Q)= X px+ Y py

Similarly; the expected utility for two-outcome lottery L=(P, A, B) is:
E[U(L)]=PU(A)+(1-P)U(B)

where the outcomes and their probabilities are denoted by A, B and P, (1-P) respectively
(Henderson and Quandt 1980, p. 54 ).

The utility function U : P — R has an expected utility form and it is called von
Neumann-Morgenstern (VN-M) expected utility function if there are numbers (uy, ..., u,) for
each of the N outcomes (Xy, ..., Xn) such that for every p € P, U (p) =X"i=1 piui (Mas-Colell et.
al., 1995, p. 173; Mufoz-Garcia, 2017, p. 337; Dierks, 2005, p. 17; Herfert, 2006, p. 18;
Levin, 2006, p. 6, 8, 29; Slantchev, 2005, p. 9). Mas-Colell et. al stated expected utility
property as a cardinal property of utility functions defined on the space of lotteries and
showed that the form of expected utility is preserved only by increasing linear transformations
(Mas-Colell et. al. , 1995, p. 173). Von-Neumann-Morgenstern utility function “u” with
objective probabilities is considered strictly increasing, concave, has at least two continuous
derivatives (Kreps, 1990, p. 70, 84) and represents a consistent ranking of lotteries (Mobius,
2008, p. 5; Yanoff, 2012, p. 501).

A utility function is the reflection of individual preferences. Accordingly if b < athen
it means that u (b) < u (a). In a few words; if a is preferred to b; this means that the utility
attached to a is higher than the utility attached to b. Thus;

u:A-> R (Ax)ifforalla,b eA —a=bifandonlyifu (a) <u (b) (Moschandreas,
2000, p. 110, 112; Alchian, 1953; Chakravarty, 2002, p. 32; Friedman and Savage, 1948;
Mobius, 2008, p. 4).

The relationship between preferences and the utility function is basically viewed in
three concepts;

1- if a consumer prefers ¢, to ¢, this means that the utility of c; is higher than the utility
of ¢, for the mentioned consumer

2- if a consumer prefers c, to c; this means that the utility of c, is higher than the utility
of ¢, for the mentioned consumer

3- if a consumer is indifferent between two consumption bundles this means that the
utility of c; is equal to the utility of ¢, for the mentioned consumer.
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If the preference relations are viewed as strong/strict, weak/nonstrict and indifference
then (Shon, 2008, p. 1; Galaabataar and Karni, 2010; Schmeidler, 1971; Dubra, 2011; Karni,
2011, p. 2; Fishburn, 1986, p. 336):

-strong preference relation between risky prospects (x; and xz) is denoted by x; > X»
leads to U(x1) > U(xz) where an option/alternative/event/prospect is evaluated more probable
than the other.

-weak preference relation includes its symmetric complement “~” between risky
prospects (x; and x;) is denoted by X; = X; leads to U(x;) > U(x2) where an
option/alternative/event/prospect is evaluated as at least as probable as the other and if A = B
then either A> B or A ~ B.

-indifference preference relation refers to noncomparability between risky prospects
(xa and x2) is denoted by X3 ~ X leads to U(x;)) = U(x)) where
options/alternatives/events/prospects are evaluated equally probable means that there is no
significant difference sense between the options thus;

-if neither A x B nor B = A then A and B are identified as noncomparable as
suggested by Keynes (1929).

-if A ~ B then neither A> BnorB > A
-A~BifAxBandB x A,
-A>Bif AxBandnotB < A.

When the preference relation is denoted by “>"; then characteristics of the preferences are
summarized below (Fishburn, 1986, p. 336):

e asymmetry; if A> B thennot B > A
ecompleteness; AxBorBx A
easymmetry; If A> B thennot B > A
enontriviality; S > @
enonnegativity; A x @
emonotonicity; If A > Bthen A x B
einclusion monotonicity; IfA>B, B> CorA>B,B2>CthenA>C
etransitivity; IfA>Band B> Cthen A> C
eadditivity; If AN C=2=B N Cthen A> B <A AUC > BUC
ecomplementarity; If A > B then not A° > B°
*A and B are events , @and S are empty and universal events respectively and @cAcS.

Unsurprisingly the assumptions of the theory of expected utility, the mathematical
structure behind and the theory itself are harmonized with each other. For this reason the
utility function is usually mentioned as “von Neumann- Morgenstern utility function” in some
of the source books.

If the decision problem is assumed to consist of the set of outcomes, then the
preference relation is expected to satisfy the axioms below to be consistent with the theory of
expected utility and to be labeled as rational behavior/decision:
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-Invariance

-Completeness (Complete-Ordering)

-Transitivity

-Continuity

-Independence

-Complete-Ordering

-Unequal-Probability

-Archimedean

-Monotonicity

-Substitution (Independence of Irrelevant Alternatives)

This paper is organized as follows. In section 2 the axioms of the theory of expected
utility are explained in detail. Section 3 presents the relevance among them and section 4
concludes considering the concept of economic rationality.

Axioms Of The Theory Of Expected Utility
The axioms of the theory of expected utility are explained in detail in this section.
Invariance

According to invariance axiom preference between alternatives is independent of how
they are framed. In other words; a rational decision maker’s preferences are not affected by
the framing of the prospects.

On the other hand there are revealed situations where framing matters. It is prooved
that framing of a choice problem affects preferences (Tversky and Kahneman, 1981;
Kahneman and Tversky, 1984; Tversky and Kahneman, 1986; Kahneman, 2003).

Completeness

Completeness axiom is also known as “the complete-ordering” axiom. If an individual
can make a comparison between alternatives when he/she is asked to make a choice, his/her
preferences are said to be complete (Board, 2009, p. 2). According to the completeness any
two outcomes, goods or consumption bundles can be ranked or judged by the consumer as
C1xCy, C13Cp, C1~C2 OF (X1, X2) > (Y1, V2), (Y1, Y2) > (X1, X2), (X1, X2) ~ (Y1, Y2) ensuring that all
choices can be ordered in a single chain without gaps pairwising the comparability of all
prospects (Shon, 2008, p. 2; Dean, 2009, p. 6; Abdellaoui, 2002, p.3).

On the other hand; completeness is diffucult to be satisfied if both alternatives are
considered good along different dimensions, if they are complicated or very emotional and if
there is an addiction to a substance (Dean, 2009, p. 7).

Transitivity

Outcomes, goods, prospects or consumption bundles can be ordered in a single chain
without cycles and can be ranked consistently by the rational consumer according to the
transitivity axiom (Abdellaoui, 2002, p. 3). Internally consistent preferences are stated as
transitive (Board, 2009, p. 2). Transitivity axiom also implies that the indifference curves
don’t intersect.

If a, b, ¢ are outcomes, goods or consumption bundles; if a is preferred to b and b is
preferred to c then a is preferred to c:
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a=h, b>c = a>c

On the other hand; preferences between similar alternatives leads to failure of
transitivity (Dean, 2009, p. 8). Violations of transitivity axiom is revealed by several research
(Tversky, 1969; Loomes et. al. , 1991; Tversky, 2004; Birnbaum and Schmidt, 2008; Day and
Loomes, 2010).

Continuity

Continuity axiom is sometimes called as the Archimedean axiom (Follmer et. al. |
2016, p. 58, Slantchev, 2005, p. 8; Levin, 2006, p. 5). According to the continuity axiom if
A>B>C then there is some probability P (0<P<1) such that the consumer is indifferent
between outcome B with certainty and and a lottery that suggests the outcome A with the
probability value of P and the outcome C with the probability value of 1-P (Henderson and
Quandt, 1980, p. 53):

if A~B>C =B~(P, A, C)

When the preference relation between lotteries p, p’ and p" is p =p’ = p"’, then ap + (1
—a)p’’ ~ p’ means that if p is preferred to p’, a lottery close to p will still be preferred to p’
(Levin, 2006, p. 5).

Satisfaction of continuity axiom that is accompanied by a continuous utility function,
refers to infinity of choices (Mobius, 2008, p. 5; Board, 2009, p. 9):

Continuity Axiom
\!
Continuous Preferences (no gaps)
\!
Continuous Utility Function
\!
Continuous Indifference Curves
2
Infinity of Choices

On the other hand if a consumer is asked to make a choice between two consumption
bundles with the goods x; and x»; he/she prefers the bundle with the most x; and if the two
bundles have the same x; then he/she prefers the bundle with the most x, which is consistent
with the lexicographic preferences but contradicts with the continuity axiom (Board, 2009, p.
5, 6).

Archimedean

According to Archimedean axiom for the outcomes peserving the preference relation a
<b<cthereisalottery L ={(a, ), (c, 1 — o)} such that the individual is indifferent between
the lottery L and the outcome b (Mobius, 2008, p. 6):

a<b<c;L={(a a),(c,1 —a)}«<L~Db

Archimedean axiom is related to infinite sensitivity of preference judgment
(Abdellaoui, 2002, p.3):

(P>Q>R)—>aP+ (1 —a)R> Q> PP+ (1 —P)R for some a, B € ]0, 1]
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Monotonicity

The monotonicity axiom verifies that higher utility is preferred and refers to the basic
principle of economics “more is better than less”. According to monotonicity axiom more
pleasure is derived by consuming more commodities (Shon, 2008, p. 2):

if ¢c; and ¢, are consumption bundles and
if ¢, contains more of each commaodity than ¢, does — ¢; > ¢,
then ¢, is preferred to c,— ¢; > Co.

Monotonocity reveals the relevance between lottery preference and probability values
(Mobius 2008:6):

if lottery L, is preferred to lottery L, and if a>p then {(Li, o) ; (Lz; 1 - o)} IS
preferred to {(L1,B ), (L2, 1 -B)}.

By the ultimate aim of utility maximization and by monotonicity axiom a
homoeconomicus prefers to consume more and if there were no budget limits or diminishing
marginal utility; he/she would prefer to continue consuming. As the utility is fixed along an
indifference curve and an indifference curve is the representation of different consumption
bundle combinations with the same total utility; monotonicity axiom clarifies why
indifference curves don’t intersect (Board, 2009, p. 7, 9, 13):

-convex indifference curves means that marginal rate of substitution is positive and is
decreasing along the indifference curve

-if x = ythentx + (1 - t)y = y for all t € [0, 1] and similarly u(tx + (1 - t)y) > u(y) for
all t €[0, 1] then preferences are convex

- indifference between x and y means preference of the average tx + (1- t)y to either x
ory leads to preference of averages to extremes

-one indifference curve must always lie to the northeast of the other
-an individual will always spend his/her budget

-monotonicity and thus convexity are essential to analyze utility maximization and to
solve first order conditions and inflexion points

-if u(tx + (1 - t)y) > u(y) for all t [0, 1] then the utility function is quasi-concave.
The quasi-concave shape of the utility function means convex preferences (Dean, 2009, p.
22).

On the other hand; indifference curves don’t intersect because of the transtiviy axiom
as well even if the monotonicity axiom is never assumed.

Substitution

Substitution axiom is also known as the “independence of irrelevant alternatives”.
According to substitution axiom if lottery L is preferred to lottery L, then any mixture of
these lotteries with any other lottery Lz preserves the same preference order (Mobius, 2008, p.
6):

{Ly, o), (Ls, 1 - o)} = {(L2, o), (L3, 1 — o)}
Compound Lottery

A lottery L which is demonstrated as L= {( Li, p1) , (L2, 1 — p1)} or L= (L4, L1, p1)
called as a compound lottersy as it includes another lottery or lotteries in it.
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If L= {( L1, p1), (L2, 1 — p1)} or L= (L1, Lo, p1) is a given compound lottery. The
lottery L suggests the lottery L; with the probability value of p; and lottery L, with the
probability value of 1 — p;.

It is important that each compound lottery is equivalent to a simple lottery with the
same probability distribution over final outcomes (Mobius, 2008, p. 6) consistent with the
basic inference of the theory ignoring the difference between the valuation of monetary gains
and losses and only focuses on the final asset position.

Reflexivity

For any consumption bundles, goods or prospects; one is at least as good as itself.
According to the reflexivity axiom, if c;is a consumption bundle then:

Ci = Cj
Independence

According to independence axiom a rational decision maker’s preference shouldn’t
depend on the “common consequence” R; when he/she is asked to make a choice between
aP + (1 —a)R and aQ + (1 — a)R (Abdellaoui, 2002, p. 3):

P>Q,ae[0,1]) > (@P+(1-o)R>aQ+ (1 —a)R

The independence axiom is mentioned as the key axiom and the heart of the expected
utility theory. According to the independence axiom individuals ignore the common parts
when they are making a choice:

if a, b, c are different outcomes and the preference between a and b is:
a>b

then when the individual is asked to make a choice between these two outcomes presented
with the outcome ¢ in common; the preference order preserves the previous preference
relation as:

a+c >b+c.
In other demonstration where probability values are included:

if an individual is asked to make a choice between ax + (1 — a)y and az+(1 — )y,
the common part (1 — a)y is ignored and the individual considers ax and az. Therefore the
independence axiom is usually confused with the substitution axiom.

The independence axiom is also equivalent to having indifference curves that are
parallel straight lines leading to preferences representable by a vN-M expected utility function
(Levin, 2006, p. 9, 29):

e if p ~ p’, then by independence p ~ ap + (1 — a)p’ ~ p’, means that indifference curves must
be straight lines.

oif indifference curves are not parallel, thenp’ ~pand but 1/2 p’ + 1/2 p” > 1/2 p+ 1/2 p".

On the other hand; there is a huge literature reveals the systematic violations of the
independence axiom (Kahneman and Tversky, 1979; Holt, 1986; Machina, 1987; Loomes,
1991; Carlin, 1992; Day and Loomes, 2010).

Unequal-Probability Axiom

According to unequal-probability axiom if the consumer prefers the outcome A to the
outcome B and L; and L, are the lotteries that suggest the outcome A with the probability
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value of P; and the outcome B with the probability value of 1-P; and the outcome A with the
probability value of P, and the outcome B with the probability value of 1-P, respectively then
L, is preferred to lottery L, if and only if the probability value of P, is higher than the
probability value of P;.

If A>~B and Li=( P1, A, B) and L,=( P2, A, B) then L, >L; if and only if P, >P;
(Henderson and Quandt, 1980, p. 53).

The Relevance Among The Axioms

Von Neumann and Morgenstern (1947) suggested that a complete and transitive
preference relation = on P satisfies continuity and independence if and only if it admits a
expected utility representation U : P — R (Levin, 2006, p. 6, 8, 29). It is also stated that the
axioms; completeness, transitivity, independence and Archimedean are necessary and
sufficient for a real-valued utility function that is linear in the probabilities, unique up to a
positive affine transformation and represensts a ranking of exogenously determined
preferences to exist (Abdellaoui, 2002, p. 3, 4).

Von Neumann-Morgenstern utility function is unique up to positive linear
transformations where U*(x) preserves the same preferences with U(x) as long as U*(x) =
au(x) + b for a> 0 and b (Schoemaker, 1982, p. 531). Any strictly increasing transform of a
utility function represents the same preferences with the previous one as a monotonic
transformation of a utility function is another strictly increasing utility function thus addition,
subtraction, multiplication or taking its logarithm preserves the original utility function (Dean,
2009, p. 20).

Here there are two terms need to be expressed ‘“non-decreasing” and “strictly
increasing” regarding to the utility function (Shon, 2008, p. 2):

-a utility function U is non-decreasing if ¢; > ¢, implies U(ci1) > U(c,) and vice-versa
for a non- increasing utility function

-a utility function U is strictly increasing if c; > ¢, implies U(c;) > U(c;) and vice-versa
for a strictly decreasing utility function.

In the light of this information, it is concluded that preferences are monotone if and
only if the utility function U is non-decreasing and they are strictly monotone if and only if
the utility function U is strictly increasing.

The connection between continuity and completeness axioms is proved by
representing that a nontrivial preorder on a connected topological space is continuous only if
it is complete (Schmeidler, 1971, Karni, 2007, Karni, 2011, p. 2). On the other hand a
nontrivial preorder on the set of lotteries satisfying the independence and Archimedean
axioms can be incomplete although it is stated if a preorder on the set of lotteries which are
probability distributions on a finite set of prizes is nontrivial and satisfies the independence
axiom then the satisfaction of any two of Archimedean, continuity and completeness imply
the third (Dubra, 2011, Galaabataar and Karni, 2010, Karni, 2011, p. 2).

If a decision problem consisting of a finite set of outcomes a preference relation on
these outcomes is expected to satisfy completeness and transitivity as two elementary axioms
implying individual preferences without gaps and cycles (Mobius, 2008, p. 4). Completeness
is applicable by transitivity and a preference relation is expected to satisfy completeness and
transitivity axioms at least (Shon, 2008, p. 2). As long as completeness and transitivity are
satisfied all equivalent outcomes can be ordered in a strictly increasing chain (Mobius, 2008,
p. 4). Once preferences satisfy completeness and transitivity axioms, first order stochastic
dominance is implied by independence axiom (Abdellaoui, 2002, p. 3).
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If = is a preference relation satisfies completeness, transitivity and continuity then the
indifference curves are parallel straight lines satisfying the independence axiom as well and is
representable by a linear or affine utility function in probabilities (Ordofiez, 2007, p. 3):

if p < g, by monotonicity U(p) < U(q)
\J
forall ae [0, 1]and allr e L, aU(p) + (1 - 0)U(r) < aU(q) + (1 -a)U(r) then
\J

independence axiom is satisfied

\J

indifference curves are parallel straight lines.

Linearity in the probabilities is that U (ap + (1 — a)p’) = aU (p) + (1 — a)U (p’) holds
for every p, p’ and o means that U must be constant on the line connecting p and p’, then it
must have an expected utility form leading to linear indifference curves (Levin, 2006, p. 6, 8,
29):

the linearity of expected utility
\!
parallel straight lines indifference curves

\J

the preferences are representable by an expected utility function

The representativeness of the axioms of the theory of expected by a linear utility
function means that a nonlinear utility function is incompatible with the axioms of the theory.
Although it is sometimes mentioned that the satisfaction of completeness, transitivity and
continuity or completeness and transitivity or completeness, transitivity, independence and
Archimedean or substitution, Archimedean and monotonicity is sufficient for preferences to
be representable by von Neumann-Morgenstern expected utility function (Board, 2009, p. 8;
Abdellaoui, 2002, p. 4; Levin, 2006, p. 5); all of the assumptions are needed to be satisfied in
order to determine and model the original preference ordering of a rational decision maker
compatible with the theoretical structure of the theory of expected utility

Conclusion

The theory of expected utility has an extremely consistent structure in itself. All of the
axioms are deliberated and designed in a manner to confirm each other. The theme of
“economic rationality” is substantiated by this perfectly working mechanism and the concept
of economic human; “homoeconomicus” was borned. The homoeconomicus is portrayed as a
rational, unemotional, ultimate utility maximizer equipped with perfect and correct
information.

However rationality is found as disorienting due to its theoretical and daily life
perception. The conflict arises when a behavior satisfying axioms and thus labeled as
“rational” comprehended “irrational” (or vice versa) in individual’s mind. Rational means
logical and reasoned. Thus the controversy arises when an economic activity seeming
reasonable and logical in daily life isn’t labeled as rational “theoretically” unless it satisfies
the axioms of the theory of expected utility. Theoretically an economic behavior or a decision
is called as “rational” as long as the axioms of the theory -which are explained in detail
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throughout the paper- of the expected utility theory are satisfied. Likewise decision or
behavior doesn’t meet the axioms is called as “irrational” theoretically. How much or which
of the axioms are needed to be satisfied in order to call a decision or a behavior as rational (or
irrational) is an other questionable issue.

Although theory’s admirable mathematical structure is sometimes attributed to the
mathematicians’ and physicists’ involvement and to the endeavor to substantiate economics
as a science; the theory of expected utility is still the basic reference explaininig consumer
behavior under risk and uncertainy beyond argument. At the same time the theoretical view
needs to be improved in a way to meet the needs, to serve the solution of economic problems
in everyday life rather than merely meeting the mathematical axioms. Thereby the gap
between real life situatons and theory decreases and as a basic criticism directed, falling short
of reality can be overcomed.
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