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ABSTRACT

Antiplane shear vibrations of three-layered strongly vertically inhomogeneous laminates are considered. Polynomial long
wave low frequency approximations of the exact dispersion relation are derived and further simplified for the two setups of
material and geometric problem parameters corresponding, particularly, to laminated glass plates as well as photovoltaic
panels. The associated 1D shortened equations of motion are also established using the conventional asymptotic procedure
earlier developed for thin homogeneous structures.
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1. INTRODUCTION

The manufacturing of multi-layered structures, particularly plates and shells composed of three layers,
also known as sandwich plates, with geometrical symmetry and high contrast in material properties
has long been in demand. An immediate example of such application is the manufacturing of
windscreens in automotive industry as well as glazing of structures in civil engineering. The choice of
lightweight materials coated with elements of strong flexural rigidity is one of the necessities required
by modern aerospace, automotive, and civil engineering industries, e.g. see [1]. The high contrast of
layer thicknesses, stiffness or densities is common in many industries, for example photovoltaic panels
[2, 3], meta-materials [4]. Most of the structures like the ones just mentioned above are composed of
very strong outer coatings with much softer inner layers. There are, however, structures composed of
soft outer coatings with stiff inner layer such as precipitator plates found in gas filters to reduce air
pollution [5]. There are numerous publications investigating the mechanics of multilayered structures
involving sandwich plates and beams with a particular emphasis on high contrast problems, see [6, 7,
8]. To the best of author’s knowledge, the number of publications investigating strongly
inhomogeneous structures are scarce. We mention here only the asymptotic investigations on the
subject carried out in [2, 9, 10, 11, 12].

This paper extends the results obtained in [13] to two more different configurations, namely,
investigates the strongly inhomogeneous three-layered plate with thick stiff outer layers with soft inner
layer and thin soft outer layers with stiff thick inner layer. The paper is organized as follows: in
Section 2 the problem statement is formulated and the geometry of the problem investigated is
presented. The dispersion relation is obtained for both cases. In Section 3, the equations derived in the
previous section are nondimensionalised and the dispersion relation is presented as a Taylor series in
the dimensionless variables. Section 4 considers the first configuration and reduces the dispersion
relation to a more convenient form. Later, taking into account the orders of the problem parameters, a
shortened dispersion relation is obtained. Section 5 repeats the analysis for the second configuration.
Again, a shortened polynomial dispersion is presented. In both sections, the obtained results are
compared with the exact dispersion relation given in Section 2. In Section 6, the asymptotic forms of
the equations of motions presented in Section 2 are derived. It is demonstrated that the dispersion
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relations obtained from the approximate formulas of equations of motion coincide with the shortened
dispersion relations derived in Sections 4 and 5. Finally, the results obtained and possible extensions
are discussed in the conclusions.

2. STATEMENT OF THE PROBLEM
Let us consider the anti-plane shear of three-layered elastic plate with inner layer of thickness 2k, and
outer layers of thickness h, represented in Figure 1. Both inner and outer layers are assumed isotropic

and the plate is symmetric with respect to its midplane.

Ty

I

Figure 1. The geometry of the three-layered elastic layer.

The equations of motion, in terms of the cartesian coordinates x,,, n = 1,2,3 can be written as (see,
[14])
ac® 60‘52 92u®

13 —_n. —
6x1 + aX2 pl at? ’

i=1,2, (1)

where ¢ denotes time and o are the shear stresses related to the displacement components u®

3
through the relation
@ _  ou®

Oj3° = Wi axj ’

iﬁj = 1; 2) (2)

with y; denoting the Lamé constants, and p; the mass densities of the layers. Since, only the antiplane
motions are considered, the displacement vector employed above is taken as u = (O, 0,u; (xl,xz)) =

u® and hence there is no reference to the coordinate x5 in the remaining of the paper. In what
follows, the indices i = 1,2 will correspond to the inner and outer layers, respectively. Along the
interfaces of the layers we impose the continuity of stresses and displacements, i.e.

oD =02 and  u®=u® at x,= +h, 3)
together with the traction free outer faces given as
oP =0 at x,=+(h +hy). (4)

It is a straightforward matter to reduce equation (1) to a couple of wave equations for the
displacements given by (see, for example, [15])

1 0%u®
Au®® — —— — =, i =1,2, 5
u ¢z, Ot? ! ®)
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with the wave velocities ¢,; = \/u;/pi, i = 1,2, corresponding, respectively, to inner and outer
layers.

Assuming that the displacements have a time-harmonic dependence, the dispersion relation of the
antisymmetric modes corresponding to the formulated problem turn out to be the same as equation (6)
of [13], and it is produced here for ease of reference:

ua, cosh(ay) cosh(a,h) + a, sinh(a;) sinh(a,h) =0 (6)
where
a1=m, a, = KZ_%QZ, (7)

and the dimensionless frequency Q and the wavenumber K are introduced through the transverse wave
speeds and the thickness of the inner layer as

a=2M" K =kh,. ®)

C21

with w denoting the angular frequency and k is the wavenumber. The remaining principal problem
parameters are defined by the equations

h 251 P1
hy’ H u2’ P P2 (9)

The related stress and displacement components, on separating the time-harmonic factor e!(k ¥1=®@ ),
are found to be totally in agreement with equation (10) of [13] and are given by:

sinh(a
u(l) — h1 ( 1 521) ’

o = iulsm}l(jA, (10)
1
Gz(é) = py cosh(a;&51),
and
u® = h, B (cosh[a,(hé,, + 1)] — tanh[a,(h + 1)]sinh[a,(hé,, + D)),
02 = i, KP (cosh[a,(hé,, + 1)] — tanh[a, (h + 1)]sinh[a, (hE,, + 1)), 1)
032 = ppay 8 (sinh[ay (h,, + 1)] — tanh[a, (h + 1)]cosh[ay (hEy, + 1)]),
where
sinh a;
(12)

b= @, (cosh a, — sinh a,tanh[a,(h + 1)])

It should be remarked here that the parameters (9) are vital to the investigation of the dispersion
equation (6) and it is only possible, on the basis of the choices of the orders of magnitudes of these
parameters in advance, that a solution may be obtained. Below, we consider two layouts of contrasts,
namely, stiff, thick outer layers with light, thin inner layer and soft, thin outer layers with stiff, thick
inner layer. These configurations may be represented by the problem parameters (cf. egn. (9)), as (see,
also, [11])
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Figure 2. Configurations of different problem parameters: (a) stiff, thick outer layer with soft, thin inner layer; (b) soft, thin
outer layers with stiff, thick inner layer.

3. ASYMPTOTIC APPROACH

Consider, first, setting K = 0 in dispersion relation (6), resulting in the cut-off equation

tan(Q) tan (h\/%) = \/ﬁ (13)

which coincides with equation (15) of [13]. It follows from equation (13) that the low frequency range

IS
Q<1+hj%> &1 (14)

predicting a single cut-off frequency given by

P
Q~ (E) (15)
provided that
p<Lhkut (16)
Let us examine the long-wave motions for which
K(1+h) <1, 17)

over low-frequency range (14). Next, by expanding all trigonometric functions in (6) in Taylor series
for small Q and K in the ranges given above, we derive a polynomial dispersion relation written as

U+ y1K? +y,K* + y3K20% + 1,02 + ysQ* + - = 0. (18)

The coefficients of the polynomial expansion (18) are given by

y1=E(1+h2)+h,
2
=K (1+6h2+h4)+h(1+h2) (49
]/2_24 6 )
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Py oy
3= 712 6 12p KV =g, TR

2 Mh< uh>
=———— (14—
po ph u?h?
=—+—(2+3uh 4 + ph).
Ys 24+12p( + u)+24p2( + uh)

Dispersion curves for the exact dispersion relation (6) were plotted in Figs. 2 and 3 of [13] for contrast
and non-contrast configurations and will be omitted here. Below, shortened forms of the polynomial
dispersion relation will be obtained for configurations (a) and (b), i.e., for the different settings of the
contrasts as well as the thicknesses of the layers and the obtained results will be compared with the
exact dispersion curves which will be computed from equation (6).

4. STIFF OUTER LAYERS WITH THIN LIGHT INNER LAYER

For parameter setup (a) (see Figure 2), the coefficients of the polynomial dispersion relation (18) may
1 1
be written, considering the problem parameters u << 1, h~u 2, p~uz, together with formulae (19), as

1 3 1
Vi~B T2 Vo 7 Vel vl ysn e (20)

The leading order behaviour of each coefficient is thus given by

h
yl__ﬂ'
\/ﬁ
ah,
Y2 =HU 2?'
1 h3
Y3=___Hi (21)
3upy
hy
Ya=—"7,
4 P
_Lh
Vs = Jipz

where h, = hy/u~1and p, = p//u~1. Consequently, equation (18) may conveniently be shortened
as

hy o Py
M+\/ﬁK pﬂn 0. (22)
Let us employ the scaling Q2 = %02 and K% = ufK?2, in equation (22), where the starred quantities
are order of unity, i.e., Q,~K,~1. Takinga = 1, and 8 = 3/2 in the last equation, we obtain relation
(22). On the other hand, when 0 < a < 1and 8 > a + 1/2, these intervals of parameters cover the
whole long—wave low—frequency band, which means that the shortened dispersion relation is satisfied
incase Q «< 1,and K « 1, see (14) and (16).

Rewriting dispersion relation (22) in terms of Q, and K,, we arrive at
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Rewriting dispersion relation (22) in terms of Q, and K., we arrive at

1a
2

1
Qf =p, (”h +ufr Kf). (23)
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Figure 3. Comparison of the shortened polynomial equation (22) (red line) with the exact dispersion relation (6) (black
dashed line) for the lowest antisymmetric vibration modes for configuration (a).

Figure 3 illustrates the comparison of the dispersion curve (22) with the original dispersion equation
(6) for the set of parameters u = 0,001, p = 0,01, h = 10. Even though the shortened dispersion
relation is derived for a very short range of (1 and K, a remarkable agreement is observed over a wide
frequency range.

5. SOFT THIN OUTER LAYERS WITH LIGHT INNER LAYER

In the case of configuration (b) (see, Figure 2), first, dividing the dispersion relation (18) by u? and
settingn = 1/u, we find a set of new coefficients #; = y;/u? as

V1~ V2~n, V3~Va~Vs~1. (24)
Taking into account the orders of the expansions of the coefficients y;, j # 4, we realise that, in this

case, a two-term expansion for the coefficient y, is required. Therefore, at leading order, the
expansion of coefficients 7; are represented as

~ :Q

yl 21

~ n

Y2 ﬁ!

. 1hy (25)
P3=—2—,

6 py
)7=_h_’7_ﬁ_ﬁh_727
! Py 2 2py’
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. 1h, N 1h;
Vs=-—+-—,

6p, 6p;

where h,, = h/n? and Py = p/n3. The dispersion relation (18) thus reduces to the polynomial
equation

1h h h? 1/h h3
naK?—-gzgr o (2 D00 g2 ST T ge 2 g 26)
2 6 py Pn 2 2py 6\py Py

We now normalize the wavenumber and the frequency by
K?=nK? and Q2 =nQ2. (27)

Inserting back into equation (26) we arrive at

2 2p h h?2 2(h, h3
n+r]_K*2_n__nK*ZQ$_n _7I+Q+ﬁ_7) Qf+n_ —n-|-—z Qf=0 (28)
2 6 py pn 2 2py 6 \py Py

and suggest a near cut-off asymptotic expansion given in the following form
Q2 = Q3 +nQf+ - (29)

On substituting the latter into (28), we find

05 =py/hy, and Q= S”T"n(xf —hy, — Z—Z) (30)

from which follows the optimal shortened dispersion relation

Pn Py nPpR Py
2 _ 0 g2 277 —_——n—=0. 1
Q n3h,7K +7 3+3h727 nhn 0 (31)
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Figure 4. Comparison of the shortened polynomial equation (31) (red line) with the exact dispersion relation (6) (black
dashed line) for the lowest antisymmetric vibration modes for configuration (a).

Figure 4 demonstrates that, contrary to configuration (a), the shortened dispersion equation (31)
almost immediately approaches its upper bound of long—wave region bifurcating from the exact
dispersion relation (6) for the problem parameters u = 100, p = 0,000001 and h = 0,0001.

6. ASYMPTOTIC DERIVATION OF THE EQUATIONS OF MOTION

In this section, we carry out the derivation of the equations of motion (1) in their approximate forms.
We will omit the configuration (a) as it completely agrees with the first setup of the paper (cf. egn.
(13) of [13]) and perform the analysis only for configuration (b). Let us first scale longitudinal
coordinate and time by

hy hy

x1 - ﬁfl and t = ﬁC21T (32)
and use the scaling of the coordinate variables as
X2
521=h_, OS.XZ Shl,
xp — Iy (33)
622 :h—, hl sz Sh1+h2
2
Also, we normalise displacements and stresses as
u® = hv®, o) = fnsi3, o33 = wSz, =12 (34)

Inserting equations (32)—(34) into the governing equations (1)—(4) in Section 2 we obtain, for the inner

and outer layers, respectively
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95 as{Y

n + =2+ n0Zv® —n2L(vD ) =0,
08 | 0% ™) 35
@ ) (39)
S(l) _ ov D _ ov
Boag 208
and
@ 2
05,3 1 05,5 1 Q2o — 1 L(v®) =0,
0S1  n°hy 052 npy % py (36)
av® ov®
s =5 s =5
a‘fl a‘522
where Q, is a frequency to be found and the operator L is defined as
; 1 n o, 0%2v® :
L(v®) = ;<Q0v(1) +55 ) i=12. (37)

The continuity conditions at the interfaces of the layers together with the boundary conditions on the
outer surfaces take the form

® = @
v |fz1=1 v |522=0 ’
e @ (38)
z3 §21=1 z3 §22=0 '
and
@)
S = 0.
23 lg=1 (39)
The displacements and stresses may be expanded in the asymptotic series as
v(i) = véi) + nvl(i) + ey
S =SS+ Lj=12 (40)
Inserting expansions (40) in formulae (36)—(39), we arrive, at leading order, at
Py EIey s
s _ Yo m _ %% 230 _ (41)
130 0, 23,0 0821 0¢21
and
2
10S,5, 1
L4 —2p® =, (42)
hy 082 py O
(2 (2
<@ _ v, 0vy™ 0 (43)

with the continuity conditions given by
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D — ,® ,
" $21=1 @ $22=0 (44)
S 1 — 2 ’
23,0 £,1=1 23,0 £,,=0
and the boundary condition as
(2
S = 0. 45
2300¢ -1 (45)
We deduce from the last equation of (41) and (43), respectively,
Sszo = P1EuT) and v = wy(§y,7) (46)

and also notice that Q, agrees with the leading order term in the near cut-off expansion in (28).
Consequently, we obtain

1 d 1
51(3,)0 = 521%12 and vé ) = $2101, (47
and
2 d 2
51(3,)0 = % and 52(3,)0 =w,(1—&52). (48)

The near cut-off layout proposes to consider the next asymptotic order. We thus arrive at the equations

1) e
sy, as

23,1 1
— e+ Qi =0,
&1 21
@ D (49)
v ov
s _~1 o _ 7"
13,1 g, 231~ B,
and
@)
1 0S 1 1
= e O (véz)) =0,
n 522 .017 pn (50)
9 (2) 19 @)
s@ _ %" @ , 19" _
13,1 661 ’ 23,0 hTI 6622 ’
with
v(l) _ U(Z)
1) &21=1 @ £22=0 (51)
(1 2
S =S ,
2310 4 231 g o
and
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)
S = 0.
231 §22=1

(52)

The obtained equations are then integrated through thickness and considering (47) and (48), it is
established that w, = p, and also

 _ 521 63W2 Pn aWz 9C;(&1,7)
Si31 = -3 T +é——7—,
08 " hy 0&; 23
0?2
52(;)1 = EZl( e + Py > + C2(§1,7),
0&7
f 0°w p
vl(l) = 21 85 2 + _nWZ + fZlCZ(fllr)J
1
5(2) = aWz £ 9(22 n 0D1(§1,7) (53)
13,1 7I af 227 9&, ’
@ _M hy 3y, M 2
523 1= P —Lwy)(&2 — 1) — ?Wz(l —&55) + 7W2(1 —&32) + D1(§1, (1 — &22),
n
3
vl(Z) = hyw, <€22 ;2> + D161, ),
with the constant C, given by
BZWZ Py
C(§1,7) = 3¢2 + +D;($1,7) (54)
1

and the sought for function w,, satisfies the one—dimensional equation

10%w, | <h’7 g2 > " 1wz = 0 (55)
—+s—|——L(wy)=0.
30z T"\3 T3p,) Ty

The latter equation may easily be written in terms of the original variables and takes the form

lhz ty 0%u? h1h2.02 0%u? n (lhzli% _I_}hzlizm _&) w2 =0
37 pp 0xf p, Ot? 3hip  3hiup, K '

(56)
The associated dispersion relation may be presented in the original variables as
hih 1h 1h
hz ﬂkz 11202 MleP2 o _ ( 2U5 L aH2p1 _ﬂ) —o.
3 7 Uy U2 3hiu3  3hiup, Ky (57)

This, as might be expected, agrees with the shortened dispersion relation (31) obtained in Section 5.

7. CONCLUSION

Two asymptotic formulas governing the antiplane deformation of a three—layered plate of infinite
extent corresponding to two different configurations of contrast problem parameters are constructed. It
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is shown that the first of these is valid over the whole low-frequency range, whereas the second
configuration is valid only in a close neighbourhood of the lowest cut-off frequency. For both cases,
the exact dispersion relation (6) is reduced to polynomial dispersion relations given by (22) and (26)
which, for the second configuration, is further reduced to the so-called shortened dispersion relation
(31). The accuracy of the approximate equations is numerically compared to the transcendental
equation (6) and they are depicted in Figures 3 and 4 demonstrating the validity of the obtained
results. The asymptotic equations of motion are derived only for the second configuration since, in the
first case, the obtained equation agrees fully with the asymptotic formula presented in [13]. It should
also be remarked that the dispersion relations obtained from the asymptotic equations of motion
coincides with the shortened dispersion relations.

The approach employed in the paper may be extended to multi-layered structures as well as
asymmetric geometries and 3D problems. One particular problem of interest is the investigation of St.
Venant principle for a layered semi-infinite elastic structure for which an extra boundary condition
will also result in additional parameters to be taken into account. The asymptotic analysis of a layered
semi-infinite elastic structure will generalise the classical the St. Venant principle for an elastic strip of
semi-infinite extent.
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