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ON p—COLORING OF CENTRAL GRAPH OF SOME GRAPHS
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ABSTRACT. The b—chromatic number of G, denoted by ¢(G), is the maximum
k for which G has a b—coloring by k colors. A b—coloring of G by k colors is a
proper k-coloring of the vertices of G such that in each color class ¢ there exists
a vertex x; having neighbors in all the other k — 1 color classes. Such a vertex
z; is called a b—dominating vertex, and the set of vertices {z1,x2... 2} is
called a b—dominating system. In this paper, we are going to investigate on
the b—chromatic number of Central graph of Triangular Snake graph, Sunlet
graph, Helm Graph, Double Triangular Snake graph, Gear graph, and Closed
Helm graph are denoted as C(Ty), C(Sn), C(Hrn), C(DTn), C(Grn), C(CHy)
respectively.

1. INTRODUCTION

Graph theory is the theory of graphs dealing with nodes and connections or
vertices and edges. This subject has experienced explosive growth, due in large
measure to its role as an essential structure underpinning modern applied mathe-
matics. Configurations of nodes and connections has great diversity of applications.
They may represented physical networks, such as electrical circuits, roadways, or
organic molecules. They are also used in representing less tangible interactions
as might occur in ecosystem, sociological relationships, database, or in the flow of
control in a computer program. It is a fastest growing field in Mathematics mainly
because of its applications in distinct areas. There are plenty of works have been
done in different topics, like decomposition, domination, factoring, orienting, col-
oring etc., in the past decades. A graph G = (V, E) is an ordered pair of two sets
called V and E. Here elements of V' are called vertices and elements of E are called
edges. We consider the graphs here as undirected, finite and neither have multiple
edges nor loops. The order of G is denoted by n and the size is denoted by m. All
graph terminologies are referred from J.A. Bondy and U.S.R. Murty [1].
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In Graph theory, Graph coloring is a well known area which is widely studied
by many researchers. Various types of graph coloring and many open problems
were discussed in the wonderful books [2,7]. Graph coloring deals with the general
and widely applicable concept of partitioning the underlying set of a structure into
parts, each of which satisfies a given requirement. Here coloring means a vertex
coloring of a graph. A k—coloring of a graph G = (V, E) is a mapping C : V — P
where P is a set of k colors; thus k—coloring is an assignment of k£ colors to the
vertices of G. Usually, the set P of colors is taken to be {1,2,...k}. A coloring
C is proper if no two adjacent vertices are assigned the same color. Only loop less
graphs admits proper coloring. The minimum k for which a graph G is k—colorable
is called its chromatic number, and denoted x (G). If x (G) = k, the graph G is
said to be k—chromatic.

The b—chromatic number of G, denoted by ¢(G), is the maximum k for which
G has a b—coloring by k colors. A b—coloring of G by k colors is a proper k-
coloring of the vertices of G such that in each color class i there exists a vertex z;
having neighbors in all the other £ — 1 color classes. Such a vertex x; is called a
b—dominating vertex, and the set of vertices {x1, zs ...z} is called a b—dominating
system. The b—coloring was introduced by R.W.Irving and D.F.Manlove in [6].
They proved that determining ¢ (G) is NP-hard in general and polynomial for
trees.

A Triangular Snake [8] is obtained from a path z1,2s,...,z, by joining x; and
zi+1 to a new vertex y; for 1 < ¢ < mn. That is, every edge of a path is replaced by
a triangle C5. The n-Sunlet graph S, is a graph [11] with cycle C,, and each vertex
of the cycle attached to one pendent vertex. Each n-sunlet graph consists 2n nodes
and 2n edges. A Helm H,, n > 3 is the graph [11] obtained from the Wheel W,
by adding a pendent edge at each vertex on the rim of the Wheel W,,. The Central
graph [9] of G, denoted by C (G) is obtained by subdividing each edge of G exactly
once and joining all the non-adjacent vertices of G in C (G).

A Double Triangular Snake [12] is a graph formed by two Triangular Snakes
having a common path. i.e., a Double Triangular Snake with k blocks is obtained
from a path z1,xs,...x, by joining z; and x;41 to two new vertices y; and z; for
i=1,2,...n. A Gear graph[11] is obtained from the Wheel W,, by adding a vertex
between every pair of adjacent vertices of rim of the Wheel W,,. A Closed Helm
CH,, is the graph obtained by taking a Helm H,, and adding edges between the
pendent vertices. In this paper we have used algorithmic approach to prove the
results of C(T,,), C(H,) and C(DTy,).

2. b-CoLorING OF C (T},)
2.1. b-Coloring Algorithm of C (T},).

Input: C(Ty,), n > 2.
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Vo — {x1,@2, . Ty Y1,Y2, - - - Yny A1, 02, - - Ay b1, Doy o by 1, 0,0 )
fori=1ton

T < 1

end for

fori=1ton

Yi — 1+ n;

end for

fori=1ton

a; — 1+ mn;

end for

fori=1ton

b; «— 1;

end for

fori=1ton

ci—1+n+1;

end for

end procedure

Output: vertex colored C(T},).

Theorem 1. For a Triangular Snake graph T,,, n > 2, the b - chromatic number
of Central Graph of Triangular Snake graph is 2n+1.

i.e.,p[C(T,)] =2n+1.
Proof. Let the vertex set of Triangular Snake graph as
V(T) ={z;:1<i<n}U{y;:1<i<n+1}

By the definition of Central graph, the edge joining x; and ;1 has been subdivided
by the newly introduced vertex a;(1 <i < n) and the edge joining y; and y;+1 has
been subdivided by the newly introduced vertex b;(1 <4 < n).Denote the newly
added vertex on the edge joining y; and x; as ¢;(1 <4 < n). Then the vertex set of
central graph of Triangular Snake graph is

VIC(T,)] = {z;:1<i<n}U{y;:1<i<n+1}U{a;:1<i<n}
U{b;:1<i<n}U{¢:1<i<n}
The vertices of C (T;,) are colored as given in the algorithm 2.1.
By algorithm > (2n 4 1) vertices {z; : 1 <i<n}U{y; : 1 <i <n—+ 1} with color
class
C={i:1<i<2n+1}.
By algorithm the set of vertices {z; : 1 <i<n}U{y;: 1 <i<n+1} with cardi-

nality 2n+1 has the color classes

CHzi:1<i<n}U{y;:1<i<n+1}={i:1<i<2n+1}
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Since
Hz;:1<i<n}U{y;:1<i<n+1l}=2n+1=[{i:1<i<2n+1},

the vertices of {x; : 1 <4 < n}U{y,; : 1 <i <n+ 1} receive distinct colors. C [N(z;)]
and C [N(y;)] have 2n distinct colors for each 4. It implies that the coloring is
b—coloring. To prove it is maximum, let us suppose that ©[C(T},)] > 2n + 1. Then
there exists at least 2n + 2 vertices of degree 2n + 1. The C[T,,] has 2n + 1 ver-
tices of degree 2n, and other vertices are of degree 2. i.e., 3 no vertex of degree
2n + 2, which is a contradiction to the fact that ¢[C(T,)] > 2n + 1. Therefore
¢ [C(T,)] < 2n+ 1. Hence ¢ [C (T},)] = 2n + 1.

O

3. b—COLORING OF C (Sy,)

Theorem 2. For a Sunlet graph S,, n > 3, the b - chromatic number of Central
Graph of Sunlet graph is (3n — 1)/2 for odd n and n + (n/2) for even n.

(B3n—1)/2, formn is odd
t.e., o[C(Sn)] = ¢ n+ (n/2), forn is even.

Proof. Let
V(Sy)=A{x;:1<i<n}U{y;:1<i<n}.
By the definition of Central graph, the edge joining z; and x;11(1 < i < n) has
been subdivided by the newly introduced vertex a;(1 <i < mn — 1), the remaining
edge x,z1 has been subdivided by the vertex a,, and the edge joining x; and y; has
been subdivided by the newly introduced vertex b;(1 < < n). Then the vertex set
of central graph of Sunlet graph is
VIC(S,)] = {zi:1<i<n}U{y;:1<i<n}U{a;:1<i<n}
U{b;:1<i<n}
Now let us assign the b-coloring to the vertex set of [C (S,,)] by using the following
function,
f:VC(Sy)—Ci:1<i<n.
Case (i): When n is odd
f@) = [f(@it1) =Cppi, 1<i<n =3,
f (xn—2) = f(xn—l) = f (xn) = C(Snfl)/% n—2<1i<n.
Next consider the vertex set of y; (1 < ¢ < n). The coloring functions of y; are,
The coloring functions of newly introduced vertex set a; (1 < i < n) are,

fla;)=C; 1<i<n.
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and b; (1 <i <n) are,
Then the vertices of C(S,,) are colored by the above coloring process. By the above
coloring 3 (3n—1)/2 vertices of {z; : 1 <i <n}U{y; : 1 <i < n} with cardinality
2n has the color class

C = {i:1<i<(3n—-1)/2}.

Niz;] = A{z1,22,...,Tpn-2,Tpn_1,Tn}
C[Nz]] = {n+14,...,3n—-1)/2}
Nly] = {yi:1<i<n}.
C[N[y]] = {i:1<i<n}

Then
C [Nlz]] U C [Nyl = Bn —1)/2.
It implies the b—coloring. To prove it is maximum. Let us assume that, ¢[C(S,,)] >
(3n—1)/2. The (3n)/2 color does not have neighbors of other colors. Then it does
not satisfying b—coloring, which is a contradiction to the fact that ¢[C(S,)] >
(3n)/2. Therefore, p[C(Sy)] < (3n + 1)/2. Hence ¢[C(S,)] = (3n+1)/2.
Case (ii): When n is even
fle) = f
flana) = f
Next consider the vertex set of y; (1 < i
fly)=0Ci, 1<i<n.
The coloring functions of newly introduced vertex set a; (1 < i < n) are,

f(ai):Ci, 1§z§n

n). The coloring functions of y; are,

and b; (1 <14 <n) are,
Then the vertices of C(S,,) are colored by the above coloring process. By the above
coloring 3 n+ (n/2) vertices of {z; : 1 <i<n}U{y; : 1 <i<n} with cardinality
2n has the color class

C = {i:1<i<n+(n/2)}

Nlz;] = {x1,22,...,Zn_1,Zn}.

C (N[z;])) = {n+i,...,n+(n/2)}
Nyl = {yi:1<i<n}.
C(Ny)) = {i:1<i<n)

Then C (Nlz;]) U C (Nly;]) = n+ (n/2). It implies the b-coloring. To prove it is
maximum. Let us assume that, ¢[C(S,)] > n + (n/2). The n+ (n/2) + 1 color
is not adjacent to all other colors. Then it does not satisfy b—coloring, which is
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a contradiction to the fact that ¢[C(S,)] > n + (n/2). Therefore, p[C(S,)] <
n+ (n/2). Hence ¢[C(S,)] =n+ (n/2). O

4. b—COLORING OF C (H,)
4.1. b-Coloring Algorithm of C (H,).

Input: C (H,),n > 3.
V—{z,x1,29, .. Tp,Y1,Y2, - - - Y, @1, 02, . . . Ay, b1, b2, .. . by, C1,Coy 0. Cp}
T —n—+1;
fori=1ton
ifi=1,2)n

T; —n—+2;

else

T < 1

end for

fori=1ton

Yi — 14

end for

fori=1ton

if1 =1,

a; < 1;

else

a; —n+1;

end for

fori=1ton

b; —n—+1;

end for

fori=1ton
ifi=1,2,n

C; < Nj

else

ci — n+ 2;

end for

end procedure
Output: vertex colored C (H,,) .

Theorem 3. For a Helm graph H,, n > 3, the b-chromatic number of Central
Graph of Helm graph is n+2.

i.e,p[C(H,)]=n+2.
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Proof. Let us consider the vertex set of helm graph
V(H,)=2U{z;:1<i<n}U{y;:1<i<n}.

By the definition of Central graph, the edge joining x; and ;1 has been subdivided
by the newly introduced vertex a; (1 < m < n — 1), the remaining edge z,x; has
been subdivided by the vertex a,, and the edge joining x; and y; has been subdivided
by the new vertex b; (1 <4 < n). Denote the newly added vertex on the edge joining
x; and x as ¢; (1 < i < n). Then the vertex set of central graph of Helm graph is

VIC(Hy)] = 2zU{r;:1<i<n}U{y;:1<i<n}U{a;:1<i<n}
U{bi:1<i<n}U{¢:1<i<n}.

The vertices of C(H,,) are colored as given in the algorithm 4.1. By algorithm > n+2
vertices {z} U {x1} U{y; : 1 <4 < n} with color class C = (i : 1 <i < n+2). By
algorithm the set of vertices {z} U {z1}U{y; : 1 <i < n} with cardinality n+2 has
the color class

ClzUz1Uy;:1<i<n]=(:1<i<n+2)

and the vertices of z Uz; Uy; : 1 < 7 < n receive distinct colors. This implies
the fact that, the coloring is b-coloring. To prove it is maximum. Let us suppose
that ¢[C(H,,)] > n + 2. Then there must be at least n + 3 vertices having degree
n+ 2 in C (H,), with distinct colors and also adjacent to all other colors. Then
only we can assign n + 3 colors to the vertex set of ¢ [C (H,)]. Here the vertex
set {y;:1<i<n} and z in C(H,) forms a clique of order n. If we assign the
n + 3 color, then it does not satisfy the b—coloring condition. Therefore we can
assign n+1 colors to the clique and n + 2 color to the vertex x;. Which produce
b—coloring. Therefore ¢ [C (H,)] < n+ 2. Hence ¢ [C (Hy)] =n + 2. O

5. b—CoLORING OF C (DT,)
5.1. b—Coloring Algorithm of C (DT,).

Input: C (DT,,),n > 1.

V—{1,@a, .. T, Y1,Y25 - Yny 21 225« + - Zny A1, A2, « . - Gy b1, bay oDy
V — {61,(32,...Cn,d1,d2,...dn,el,eg,...en.}
fori=1

x1 — 2(n+1);

end for

fori=2

To — 2n+1;

end for

fori=3ton

x; —2k,k=1,2,...,n;

end for



1236

fori=1ton
Yi 1

end for
fori=1ton
Zi —1+mn;
end for
fori=1ton

ai<—k, ]{):1,3,

end for
fori=1to2
b; «— i+ 2n;
end for
fori=3ton
b; < 2n+1;
end for
fori=1to 2
ifi=1
ci —2(n+1);
else

ci —2n+1;
end for
fori=3ton
¢ —2(n+1);
end for
fori=1to2
ifi=1
else
di —2(n+1);
end for
fori=3ton
end for
fori=1to 2
ifi=1
e; —2(n+1);
else
e; «— 2n+1;
end for
fori=3ton
e; — 2(n+1);
end for

M.KALPANA AND D.VIJAYALAKSHMI
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end procedure
Output: vertex colored C (DT,,) .

Theorem 4. For a Double Triangular Snake graph DT,,, n > 2, the b - chromatic
number of Central Graph of Double Triangular Snake graph is 2(n+1).

i.e.,p[C(DTy)] = 2(n + 1).

Proof. Let DT, be a Double Triangular Snake with ¢ blocks on n vertices. Let

i = {z;:1<i<n+1}
Vo = {y;:1<i<n}
Vs = {zi:1<i<n}

The vertex set of Double Triangular Snake is

V(DT,) = ViUVaUVa.
B, = {zzip1:1<i<n}
Ey, = {yiz;:1<i<n}
Es = {yiwiq1:1<i<n}
E, = {zz;:1<i<n}
By = {zz;11:1<i<n}

The edge set of Double Triangular Snake is
E(DT,) = E1UEyUE3UE4U Ej.

By using central graph definition, let us subdivide each edge of DT,, by introducing
a new vertex between each edge. The edge z;z;+1(1 < i < n), has been subdivided
by the vertex a;(1 < i < n). The edges y;z; and y;x;41 are subdivided by the
vertex b;(1 < i < n) and ¢;(1 < i < n) respectively. Denote the newly introduced
vertex of z;x; and z;z; 41 as d;(1 <i < n) and e;(1 < i < n). Then the vertex set
of C(DT,) is
VIC(DT,)] = {z;:1<i<n+1}U{y;:1<i<n}U{z:1<i<n}
Ufa;:1<i<n}U{b:1<i<n}U{¢:1<i<n}
U{d;:1<i<n}U{e:1<i<n}
The vertices of C(DT,,) are colored as given in the algorithm 5.1.
By algorithm > 2(n + 1) vertices
{z;:1<i<n+1}U{y;:1<i<n}U{z:1<i<n}U{a;:1<i<n}
U{bi:1<i<n}U{¢:1<i<n}U{d;:1<i<n}U{e:1<i<n}
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with color class C = {1 <i < 2(n+ 1)}. The set of vertices
{£;:1<i<2}U{y;:1<i<n}U{z;:1<i<n}
have cardinality 2(n + 1) with color class
Clzi:1<i<2bU{yis1<i<niU{z:1<i<n}]={i:1<i<2(n+1)}
Since

o :1<i<2}U{y;:1<i<n}U{z;:1<i<n}
=2n+1)={i:1<i<2(n+ 1)}

the vertices of {z; : 1 <i <2} U{y;: 1 <i<n}U{z:1<i<n} receive distinct
colors. C[N(z;)], C[N(y;)] and C[N(z)] have 2(n+ 1) distinct colors for each 4. It
implies that, the coloring is b—coloring. To prove it is maximum. Let us suppose
that ¢[C(DT;,)] > 2(n+1).

For assigning 2(n+2) colors to C(DT,,) we need 2(n+3) vertices of degree 2(n+2),
all are having distinct colors and adjacent to all other colors. Here in C(DT,)
we have a clique formed by the vertex sets {z;: 1 <i<n}U{y;: 1 <i<n}. so
that we can assign 2n colors to the vertex sets of y; and z;. In x; the vertex set
{z;:1 < i< n+ 1} having degree 3n, so we can assign two more colors. Therefore
0[C(DT,)] <2(n+1). Hence p[C(DT,)] =2(n+1). O

6. b—CoLORrING OF C (G,)
Theorem 5. For a Gear graph G,, n > 3, the b - chromatic number of Central

Graph of Gear graph isn+ |(2n —1)/2] forn is 8 and 2(n — 1) for n > 4.

n+|(2n—-1)/2], forn=3
t.e., [C(Gp)] =< 2(n—1), formn > 4.

7. b—COLORING OF C (CH,)
Theorem 6. For a Closed Helm graph CH,,, n > 3, the b - chromatic number of

Central Graph of Closed Helm graph is n + [n/2].

i.e., o[C(CH,)] = {’ﬂ +[n/2], formn is odd.
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