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Keywords Abstract: In this present investigation, a new class of bi-univalent functions
Analytic functions associated with quasi-subordination is defined and the bounds on the first two
Bi-univalent Taylor-Maclaurin coefficients |a2| and |a3| for functions belonging to this class are
functions

derived. Furthermore, several related classes of functions are also indicated.

1. Introduction

Let A be the class of functions f of the form:
f(z)=z+a,z® +asz® +--, (1)
which are analytic in the open unit disc A= {z €C {z|<1} normalized by

f(0)=0,
£/(0) =1.

Further, by S we shall denote the class of all functions in A which are univalent in A. Let
h(z) bean analytic function in A |h(z)| <1, such that

h(z) =hy +hyz+h,z% +---, )
where all coefficients are real. Also, let the function ¢ be an analytic and univalent function
with
positive real part in A with ¢#(0)=1, ¢'(0) >0and ¢ maps the unit disc A onto a region

starlike with
respect to ¢(0) =1and symmetric with respect to the real axis. Taylor’s series expansion for

such a
function is of the form

#(z)=1+Bz+B,z* +---, (3)
where all coefficients are real and B; > 0.

For two analytic functions, f and g, such that f(0) = g(0), we say that f is subordinate to
g in Aand write f(z) <g(z), z< A, if there exists a Schwarz function w(z) with w(0) =0



and |w(z)| <|z|, ze A suchthat f(z)=g(w(z)), ze A. Furthermore, if the function g is
univalent in A, then we have the following equivalence;
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f(z2) <g(z2)<= f(0)=g(0) and f(A) = g(A).
The definition can be found in (Nehari 1952).

In the year 1970, Robertson [18] introduced the concept of quasi-subordination. For two
analytic

functions f and g, the function f is said to be quasi-subordinate to g in A and written as
f(2)<q9(2) (zeA)
f(2)

if there exists an analytic function |h(z)| <1, z e A such that m analytic in A and
z

f(2)
W<g(z), Ze A

that is, there exists a Schwarz function w(z) with w(0) =0 and |w(z)| <|z|such that

f(z)=h(2)gwW(2)), ze A.

Observe that if h(z) =1, then f(z) = g(w(z)), so that f(z) <g(z) in A. Also notice that if
w(z) =z, then f(z)=h(2)g(z), and it is said that f is majorized by g and written
f(z)<<g(z) in A. Hence it is obvious that quasi-subordination is a generalization of

subordination as well as majorization (see, e.g. [1], [8], [11], [15], [17], [18] for works related
to quasi-subordination and subordination).

The Koebe-one quarter theorem [10] ensures that the image of A under every univalent
function f € A contains a disc of radius %. Thus every univalent function f has an inverse

f 1 satisfying f 2(f(2))=2z zeA and f(f 1(w)=w, (W <ro(f), ro(f)=1/4). Indeed,
the inverse function f ! is given by

f1(w) = w—a,w? + (2a5 —ag)W® — (523 —5a,as +a, )W’ +---. (4)
A function f e A is said to be bi-univalent in A if both f and f ! are univalentin A. Let

>. denote the class of bi-univalent functions defined in A .

Many researchers have recently introduced and investigated several interesting subclasses of
bi-univalent function class . and they have found non-sharp estimates on the first two

Taylor-Maclaurin coefficients [a,| and |as| ([3], [4], [7], [9], [20], [21], [22], [24]). However,

there are only a few works determining the general coefficient bounds |an| for the analytic bi-
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univalent functions in the literature ([5], [6], [13], [14]). The coefficient estimate problem for
each of

lag, neN-{1,2,3} (N={123,...})

is still an open problem.

Ma and Minda [14] defined a class of starlike functions by using the method of subordination,
and studied a class S™ (¢) which is defined by

vt on 2@ _
S (¢)_{f A: Q) <¢(2), z A}.

A function f is bi-starlike of Ma-Minda type if both f and f are respectively Ma-Minda
starlike. This class is denoted by Sy (¢) (see [2]).

We now define the following:
Definition 1.1. A function f € 2. given by (1) is said to belong to the class
Sqla9) (O<a<l z,weA)
if the following quasi-subordination holds:

1

j“ ~1| =4 (#(2) 1)

1 zf’(z)+ zf'(2)
2| f(2) f(2)
and

1

)“ ~1|<q (#(w)-1)

1 wg'(w){wg'(w)
2| ow) (o)

where the function g is the extension of f ™ to A.

We note that for h(z) =1 and a =1, we get the class S;(qﬁ) introduced by Ali et al.
[2]
Further, for h(z) =1, we have the class S, (a,#)=S(a,¢) as defined below.
Definition 1.2. A function f € 2. given by (1) is said to belong to the class
S(a,¢) O<a<l z,weA)

if the following subordination holds:
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1

]“ < ¢(2)

1 zf’(z)+ zf'(2)
2| f(2) f(2)

and

1

1 wg'(w){wg'(w)ja o)
2| o) | g(w)

where the function g is the extension of f * to A.
Putting o =1, we have the class S (a,#) =S, (¢) as defined below.
Definition 1.3. [23] A function f €2 given by (1) is said to belong to the class
Sq(@) O<a<l zweAl)

if the following quasi-subordination holds:

zf '(2)
f(2)

—1J <q (#(2)-1)

and

(wg'(w) ~
g(w)

1} <q (#(w)-1)

where the function g is the extension of f ™ to A.

Motivated by the earlier works in Sharma and Raina [19] and Goyal et al. [12], we define and
study a new class of functions by the method of quasi-subordination. The coefficient bounds

of |a,| and [as| for functions in the class S (a,¢) are obtained. Some interesting results are

also pointed out.

2. Coefficient Bounds for Sq (a,9)

In this section, we derive the resulting estimates for the initial coefficients a, and a; of

functions f € S,(c,¢) given by the Taylor-Maclaurin series expansion (1).

Firstly, we state the following theorem.

Theorem 1. Let 0<a <1.If f e A of the form (1) belongs to the class S («, ¢) , then

2a|hO|Bl\/El

|a2| S 2 2 2
JIhoB?(2a? +a+1)~ (B, - B))(a+1)

and
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2
a+1 a+1 a+1 '
Proof. Letf eS,(a,¢). In view of the definition 1.1, there are analytic functions
n,u: A — A with 7(0) =0 = 1(0), satisfying
1

1| zf'(z2) (2f'(2) e
2 T +[ f (Z)] -1/ <h(@)¢(n(2)) -1] ()
and
1
1l wg'(w)  [wg'(w))a
2| g { ) j —1| < h(w)[g(u(w)) -1} (6)

Define the functions

1+n(z) 2
m(z)=—"—-==1+nz Z%+---
(2) 1 p) TR
and
n( )—1+’UE ; l+,u1W+,u2W2+---

or, equivalently,

_ 2
-2t
nw)-1_1 ) o
A= w1 2{ [”Z_TJW *}

Then, m(z) and n(w) analytic in A with m(0) =1=n(0). Since the functions m(z) and
n(w) have a positive real partin A, |r7;| <2 and || < 2. Now,

and

1 1 1 1 1
h@)[#(7(2)) -1k 5 hoBrm {5 By +5h081(n2 —Enf}zho anf}zz e
and
1 1 1 1 ,).1 2 |2
h(W)[¢(ﬂ(W))—1]=§hoBlﬂ1W+ EhlBLul +§h031 Hp =5 M +Zh032ﬂ1 Wi+ (8)
In the light of (5), (6) and (7), (8), we obtain
a+1 1
—a, =—hyB 9
2y 22 =5 MBI (9)
a+l —a 2 1 1 1 2 1 2
——((a;—a —a ==—hByn +=hyB -= +=hyB 10
2a(3 5)+ 1,2 22 = 5 MmBin 201(772 2771)402771 (10)

and
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a+1 1

-——a, =—hyB 11
2y 02 =5 MoBut (11)
a+l 2 l-a 2 1 1 1 2) 1 2
—— (a5 —2a3)+———a5 = =By +=hyB —-= +=hoBouy . 12
2a(2 3) 12 22 =5 mBu 201(#2 oM |+ NeBass (12)
From (9) and (11), it follows that
T =—H (13)
and
2(a +1)?
A0 =B o + ) (14)
Now, by adding (10) and (12), we obtain
a+l l1-«a 1 1
=+ |a3 == hoBy (72 + 1p) + o (B, =B + ). (15)
a 20 2 4
Using (14) in (15), we get
2l2pn3
a2 a hOBl (772 +/u2) (16)

2 " B22a% +a+1)— (B, - B)(a+1)
Applying |r7;] <2 and |15| < 2 for the coefficients 7, and u,, we immediately have
e 4o’ |h|* B?

" |yB! (22* +a+1)-(B,~B)(a+1)?|

This gives the bound on |a,| as asserted in Theorem 1.

la,

Additionaly, in order to calculate the bound on |a3|, by subtracting (12) from (10), we obtain

2(a+1 1 1 1
2D (0 -a3) = By — ) + ZhoBy0r2 — 1) + 2P0 (Bo B ). (A7)
Using (13) and (14) in (17), we get

0, = ABLCn — 1) | aoBilny 1) a’hgBY (nf +4f)
4(a +1) 4(a +1) 2(a +1)?
Applying || <2 and || <2 once again for the coefficients 7, and u,, we readily get the

bound on |a;| as asserted in Theorem 1.

3. Concluding Corollaries
For the function ¢ is given by

1+z ¢ 2.2
#(2) =(—1 ] =14+2&+2&52° +--- (0<£L)D)
-7z
which gives
B, = 2& and B, =2£2,
Theorem 1 reduces to:

4
Corollary 1. Let f e Sq{a,GJF_ZJ } Then
-z
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7 4a|h0|§ 7
\/‘5[(4h0 ~1)a? +2(hy ~Da + 2y —1)+ (e +1)?]

2z <

and

2
g < 2a|hy|& N 2a|hg|é +[4a|h0|§] |

a+1 a+1 a+1

For ¢ =1 and —-1<B < A<1 if we take

#(2) = 1+ Az =1+(A-B)z-B(A-B)z% +--
1+ Bz

Then we have
B, =A-B and B, =—-B(A-B).
Hence, we get the following corollary.

ﬂj Then

Corollary 2. Let f € Sq(a,
1+Bz

2ahy|(A-B)
\/\hO(A— B)(2a” +a+1)+(1+ B)(@+1)

ja,| <

and

a |<a|h1|(A—B)+a|hO|(A—B)+ 2a|ho|(A-B)Y’
AT g a+l a+l '

Further, by taking « =1 and

K2)=4=2P2 1 o0 gy v 20— B2t (0< p<d)
we get
B, =B, =2(1- ).
Hence, we get the following corollary.
Corollary 3. Let f € Sq(a,u(i——Zﬂ)zj . Then
-z
|a |< 2a,/2|h0|(1—ﬂ)
a V2ot +a+1

and

g < 2|0~ B) _ 2aiel1- ) +(4a|h0|(1—[)’)J2.

a+1 a+1 a+1

Finally, by taking « =1 and

¢(z)=1+—z=1+22+222+---
1-z
we get
B].:BZ :2.

Hence, we get the following corollary.
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Corollary 4. Let f esq(a,lJr—zj.Then
1-z
2ct,4/2h
|a2|g%
20 +a+1
and
20| 2alng| [ 4afng|)?
lag| < — =+ 0 +[ O] :
a+l a+1 a+1
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