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Abstract: In this paper we generalize the concept of quasi-coincident of an intuitionistic fuzzy point with an intuitionistic fuzzy set
and define (€, € Vg)"-intuitionistic fuzzy ideals of hemirings and characterize different classes of hemirings by the properties of
these ideals.
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1 introduction

Dedekind introduced the modern definition of the ideal of a ring in 1894 and observed that the family /d(R) of all the
ideals of a ring R obeyed most of the rules that the ring(R, +, -) did, but (Id(R), +, -) was not a ring. In 1934, Vandiver
[25] studied an algebraic system, which consists of a non-empty set § with two binary operations 4" and ”-” such that §
was semigroup under both the operations and (S, +, -) satisfies both the distributive laws but did no satisfy the
cancellation law of addition. Vandiver named this system a ‘semiring’. Semirings are common generalization of rings
and distributive lattices. A hemiring is a semiring in which "+ is commutative and it has an absorbing element.
Semirings (hemirings) appear in a natural manner in some applications to the theory of automata, formal languages,
optimization theory and other branches of applied mathematics (see for example [9,10,11,12,18,19]).

Zadeh introduced the concept of fuzzy set in his definitive paper [26] of 1965. Many authors used this concept to
generalize basic notions of algebra. In 1971, Rosen feld [22] laid the foundations of fuzzy algebra. He introduced the
notions of fuzzy subgroup of a group. Ahsan et al. [3] initiated the study of fuzzy semirings. Murali [20] defined the
concept of belongingness of a fuzzy point to a fuzzy subset under a natural equivalence on fuzzy subset and Pu and Liu
introduced the concept of quasicoincident of a fuzzy point with a fuzzy set in [21]. Bhakat and Das [5] used these ideas
and defined (€, € Vgq)-fuzzy subgroup of a group which is a generalization of Rosenfeld’s fuzzy subgroup. Many
researchers used these ideas to define (a, f8)-fuzzy substructures of algebraic structures (see [8,15,16,23]).

Generalizing the concept of the quasi-coincident of a fuzzy point with a fuzzy subset, Jun [13] defined (€, € Vg;)-fuzzy
subalgebra in BCK/BCI-algebras. In [24] Shabir et al. characterized semigroups by the properties of (€, € Vgy)-fuzzy
ideals, quasi-ideal and bi-ideals. Jun et al. in [15] defined (€, € Vgi)-fuzzy ideals of hemirings. Asghar et al. [17],
defined (€, € Vgy)-fuzzy bi-ideals in ordered semigroups.

On the other hand Atanassov [4] introduced the notion of intuitionistic fuzzy set which is a generalization of fuzzy set.
Intuitionistic fuzzy hemirings are studied by Dudek in [7]. Coker and Demirici [6] introduced the notion of fuzzy point.

In [14], Jun introduced the notion of (@, y)-intuitionistic fuzzy subgroup of a intuitionistic group where
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¢, ye{€, q, €Vq, €Aq}and ¢ #€ Aq.

Generalizing the concept of quasi-coincident of an intuitionistic fuzzy point with an intuitionistic fuzzy set we define
(€, € Vq)*-intuitionistic fuzzy ideals of hemirings and characterize different classes of hemirings by the properties of
these ideals.

2 Preliminaries

A semiring is a set R together with two binary operations addition ”+" and multiplication ”-” such that (R, +) and (R, -)

are semigroups, where both algebraic structures are connected by the ring like distributive laws:
a(b+c)=ab+ac and (a+b)c=ac+bc

for all a,b and ¢ € R. An element O € R is called a zero element of Rif a+0=0+a=aand0-a=a-0=0 forall a € R.
A hemiring is a semiring with zero element, in which ”+” is commutative. A hemiring (R, +, -) is called commutative
if multiplication is commutative, that is ab = ba for all a,b € R. An element 1 € R is called an identity element of R if
a-1=1-a=aforall a € R. A non-empty subset I of a hemiring R is called a left (right) ideal of R if I is closed under
addition and RI C I (IR C1). Lis called a two-sided ideal or simply an ideal of R if I is both a left ideal and a right ideal
of R. A hemiring R is called regular if for each x € R there exists a € R such that x = xax.

Theorem 1. [1] A hemiring R is regular if and only if ANB = AB for all right ideals A and left ideals B of R. Generalizing
the concept of regular hemirings, in [2] right weakly regular hemirings are defined as: A hemiring R is right weakly
regular if for each x € R, we have x € (xR)Z. If R is commutative then the concepts of regular and right weakly regular

coincides. It is proved in [2].

Theorem 2. [2] The following conditions are equivalent for a hemiring R with 1.

(1) R is right weakly regular.
(2) ANB = AB for all right ideals A and two-sided ideals B of R.
(3) A% = A for every right ideal A of R.

If R is commutative, then the above conditions are equivalent to

(4) R is regular.

Let X be a non-empty fixed set. An intuitionistic fuzzy subset A of X is an object having the form
A={{x,ua(x), a(x) :x€X)}

where the functions p4 : X — [0,1] and A4 : X — [0, 1] denote the degree of membership (namely 4 (x)) and the
degree of nonmembership (namely A4(x)) of each element of x € X to A, respectively, and 0 < p4(x) + A4 (x) <1 for
all x € X. For the sake of simplicity, we use the symbol A = (u4,A4) for the intuitionistic fuzzy subset (briefly, IFS)
A={(x,ua(x), Ma(x) :x€X)}. If A= (ua, M) and B = (up, Ap) are intuitionistic fuzzy subsets of X, then

(1) ACB<— [.LA()C) < ,LLB(X) and )LA(X) > AB(X) VxeX
(2) A=B <= ACBand BCA.
(3) A = (A4, s). More generally if {A;:i €I} is a family of intuitionistic fuzzy subset of X, then by the union and

intersection of this family we mean an intuitionistic fuzzy subsets

(4) UAl: (\/ Ha;, /\)LA,'> .

i€l iel i€l
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%) NAi= (/\ Ha;, V /IA,») .
icl el el
Let a be a point in a non-empty set X. If & € (0,1] and 8 € [0,1) are two real numbers such that 0 < o+ f8 < 1 then

IFS.

a(at, B) = (x,aq,1 —ay_g)

is called an intuitionistic fuzzy point(IFP) in X, where o and f is the degree of membership and nonmembership of a(c,
B) respectively and a € X is the support of a(a, ).

Let a(ca, B) be an IFP in X, and A = (ia,A4) be an IFS in X. Then a(a, B)is said to belong to A, written a(¢t, f3) € A, if
Ua(a) > o and A4(a) < B and quasi-coincident with A, written a(ct, B)qA, if pa(a) +a > 1, and A4 + B < 1. a(a,
B) € VgA, means that a(a, ) € A or a(o, B)gA and a(et, B) € AgA, means that a(a, ) € A and a(a, )gA and a(a,
B)EVqA, means that a(a, ) € VgA doesn’t hold.

Let x(¢, s) be an IFP in X, and A = (u4,A4) be an IFS in R, Then for all x,y € R and ¢ € (0,1], s € [0, 1), we define the

following:

(@) x(t,8)qrA If pa(x)+1+k>1and Ay (x)+s+k < 1.

(i) x(t,s) € VqrA if x(t,s) € A or x(t,5)qiA.

(iil) x(z,5) € AqA if x(2,5) € A and x(¢,5)grA.

(iv) x(z,s)€ VqrA means that x(z,s) € VgA doesn’t hold, where k € [0, 1).

s)
s)

3 (a, B)-intuitionistic fuzzy ideals

Throughout the remaining paper k € [0,1), ¢ any one of €, gx, € Vg and B any one of €, gi, € Vi, € Agy unless

otherwise specified.

Definition 1. An IFS A = (s, A4 ) of a hemiring R is called an (a, B)-intuitionistic fuzzy sub-hemiring of R, if V. x,y € R
and t1,t; € (0,1], 51,52 € [0, 1),

(1) x(11,81), ¥(t2,82) A = (x+y)(min(¢;,7,), max(sq,s2)) A,
(2) x(t1,51), y(t2,52) @A = (xy)(min(t1,12), max(sy,s2)) BA.

Definition 2. An IFS A = (s, As) of a hemiring R is called an (a, B)-intuitionistic fuzzy left (right) ideal of R, if ¥
x,y €ERandt,t, € (0,1], 51,50 €[0,1),

(1) x(t1,81), y(t2,52) @A = (x+y)(min(t;,#,), max(s,s2))BA
(2) y(t1,s1)aA, x € R = (xy)(r1,51)BA ((yx)(11,51)BA).

An IFS A = (Ua,As) of a hemiring R is called an («, B)-intuitionistic fuzzy ideal of R, if it is both («, B)-intuitionistic
Suzzy left ideal and (o, B)-intuitionistic fuzzy right ideal of R.

Theorem 3. Let A = (s, A4) be an (o, PB)-intuitionistic fuzzy ideal of R . Then the set
R, ) = {x €R: pa(x) > 0and 2 (x) < 1} # ¢

is an ideal of R.
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Proof. Let x,y € R(g1). Then pa(x) > 0 and Aa(x) < 1, pa(y) > 0 and A4(y) < 1. Assume that ps(x+y) =0 or
Jalr+y) = LI @ € {€, € vy}, then, x(a(x), A4(x)) @A and y(ia(»), Aa()) @A but (x+y)(min{pa (x), pa(3)},
max{Aa(x), A (y)})BA, for every B € {€,qx, € Vg, € Aqi}, a contradiction. Also x(1,0)gxA and y(1,0)g A but
(x+) (1,0)BA for every B € {€,qx, € Vqr, € Aqi}, a contradiction. Thus g4 (x+y) > 0 and A4 (x +y) < 1. Therefore,
x+y€Ro-

Let x € R(o,1y and y € R. Then p4(x) >0 and As(x) < 1. suppose that s (xy) = 0 or La(xy) = 1. If & € {€, € Vgi},
then x(ua(x), Aa(x)) A  but  (xy)(pa(x),Au(x))BA for every B € {€,qx, € Vai, € Agr}, a contradiction. Also
x(1,0)qA but (xy) (1,0)BA for every B € {€,qr, € Vg, € Agi}, a contradiction. Thus g4 (xy) > 0 and A4 (xy) < 1.
Therefore, xy € R(g,1)- Similarly yx € R(g,1). This completes the proof.

Theorem 4. Let A = (g, Ay ) be an (a, B)-intuitionistic fuzzy sub-hemiring of R. Then the set
Ry ={x€R:pa(x) >0and Aa(x) <1} # ¢

is a sub-hemiring of R.

Proof. Let x,y € R(o,1)- Then pi4(x) > 0 and A4(x) < 1, pa(y) > 0 and A4(y) < 1. Assume that s(x+y) =0 or
Mx+y) =L If a € {€, € Vgi}, then, x (ua(x), A (x)) @A and y(a(y), Aa(y)) @A but, (x+y)(min{pa(x), ta(y)},
max{A4(x), 2a(y)})BA, for every B € {€,qx, € Vqi, € Aqx}, a contradiction. Also x(1,0)q,A and y(1,0)qA but
(x+) (1,0)BA for every B € {€,qx, € Vqr, € Agi}, a contradiction. Thus g4 (x+y) > 0 and A4 (x+y) < 1. Therefore,
X+y€Rq-

Let x,y € R(g,1)- Then pi4(x) > 0 and A4(x) < 1, pa(y) >0 and A4(y) < 1. Suppose that f14(xy) = 0 or A4 (xy) = 1. If
o € {ee Vg, then x(Ua(x), 4 (x)) aA and y(uay), () aA but,
(xy) (min{pa (x), a(y)}, max{Aa(x), Aa(y)})BA for every B € {€,qx, € Vi, € Aqi}, a contradiction. Also x(1,0)q;A
and y(1,0)qxA but (xy) (1,0)BA for every B € {€,qx, € Vg, € Aqi}, a contradiction. Thus s (xy) > 0 and A (xy) < 1.
Therefore, xy € R,1). This completes the proof.

4 (€, € Vgy)"-intuitionistic fuzzy ideals
Definition 3. An IFS A = (s, A4) of a hemiring R is called an (€, € Vqy)-intuitionistic fuzzy sub-hemiring of R, if ¥V
x,y € Rand t,t € (0,1], 51,52 € [0,1),

(12) x(t1,51), ¥(12,52) € A= (x+y)(min(t1,12), max(s1,s2)) € VqeA.
(2a) x(t1,51), ¥(t2,82) € A = (xy)(min(t1,12), max(sy,s2)) € VgiA.

Definition 4. An [FS A = (Ua,As) of a hemiring R is called an (€, € Vqy)-intuitionistic fuzzy left (right) ideal of R, if ¥/
x,y € Rand ty,t € (0,1], 51,52 € [0,1),

(la) x(t1,51), ¥(t2,82) € A= (x+y)(min(t1,t), max(s1,52)) € VgirA.
(3a) y(t1,51) €A, x € R= (xy)(t1,51) € Vq@iA ((yx)(t1,51) € V@A) .

An IFS A = (us,A4) of a hemiring R is called an (€, € Vg;)-intuitionistic fuzzy ideal of R, if it is both (€, € Vgy)-
intuitionistic fuzzy left ideal and (€, € Vg )-intuitionistic fuzzy right ideal of R.

Theorem 5. Let A be an intuitionistic fuzzy subset of a hemiring R. Then (1a) = (1b), (2a) = (2b), (3a) = (3b),
where ¥ x,y € Rand k € [0,1),
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(1b) pa(x+y) > min{pa(x), ta(y), 55 } and Aa(x+y) < max {Ax(x), A4 (y), 55 } .
(2b) pa(xy) > min {pa (x), pa(y), 155} and Aa (xy) < max {Aa(x), Aa(y), 55}

(3b) pa(xy) > min {pa(y), 55} and Aa(xy) < max {Aa(y), 55}

Proof. (1a) = (1b) Let A be an intuitionistic fuzzy subset of a hemiring R, and (1a) holds. Suppose that (1 ) doesn’t hold
then there exist x,y € R such that pis (x+y) < min { s (x), a(y), 155 } or 24 (x+y) > max {24 (x),A4(y), 55 } . So there

exits three possible cases.

—
=

(i) palx+y) <min{pa(x), pa(y) }and Aa(x+y) <max {Aa(x), A (y), 5,
(i) pa(x+y) >min{pa(x), wa(y), 55} and Aa(x+y) > max {Aa(x), A4 (y), 55},
(i) pa (x+y) < min {pa(x), pa(v), '7° } (x4y) > max {44 (x), A4 (y) 7%]{}
For the first case, there exist ¢ € (0, 1
clearly x(¢,5) € Aand y(r,s) € A but (x+y) (t,5) € VgrA. Which is a contradiction. Second case is similar to this case.

] such that s (x+y) < ¢ < min{pa(x), ua(y), ;5% } . Now choose s = 1 —¢, then

Now consider case (iii), i.e fa(x+y) <min{pa(x), ua(y), 55} and Aa(x+y) > max {44 (x), A4 (y), Tk} Then there
exist ¢+ € (0,1] and s € [0 1), such that palx +y) < t < min{pa(x),ua(y), ¥} and
Aa(x+y) > s> max {Aa(x), A4 (y), 55}

= x(t,5) € A and y(t,s) € A but (x+y)(¢,s5) € VgiA. Which is again a contradiction. So our supposition is wrong.
Hence (1b) holds.
Similarly we can prove (2a) = (2b), (3a) = (3b).

Definition 5. Ler A = (Ua, Ay ) be an IFS of a hemiring R. Then A is an (€, € Vqy)*-intuitionistic fuzzy sub-hemiring of R
if it satisfies the conditions (1b) and (2b).

Definition 6. Let A = (Ua,As) be an IFS of a hemiring R. Then A is an (€, € Vqy)*-intuitionistic fuzzy left ideal of R if it
satisfies the conditions (1b) and (3D).

Remark. Every (€, € Vg )*-intuitionistic fuzzy left ideal (right ideal, sub-hemiring) A = (4, 44) of R need not be an (€,
€ Vg )-intuitionistic fuzzy left ideal (right ideal, sub-hemiring) of R.

Example 1. Let N be the set of all non negative integers and A = ({14, A4) be an IFS of N defined as follows:

1 ifx=0 0 ifx=0
a(x) =< 0.5 if1<x<4, Aa(x)=¢ 05 if1<x<4
04 ifd<x 04 ifd<x

For all x,y € R,

(1) ua(x+y) > min{ua(x),usa(y),0.4} and A4 (x+y) < max {A4(x), 24 (y),0.4},
(2) pa(xy) >min{pa(y),0.4} and A4 (xy) < max{As(y),0.4},
(3) ua(xy) >min{pa(x),0.4} and A4 (xy) < max{As(x),0.4}.

Thus A = (ua,44) is an (€, € Vgo2)*-intuitionistic fuzzy ideal of N. But 2(0.45, 0.55), 3(0.45, 0.55) € A —
(2.3)(0.45, 0.55) € Vgo2A. Thus A = (Ua,As) is not an (€, € Vqo2)-intuitionistic fuzzy ideal of N.

Definition 7. For any intuitionistic fuzzy set A = (Ua,Aa) in R and t € (0,1], s € [0,1) and k € [0,1) we define
Ups)y ={xER:x(t,s) €A}, Ay, = {Xx ER:x(t,5)quA} and [A] ), = {x ER: x(t,5) € VqiA}.

© 2016 BISKA Bilisim Technology



71 BISKA A. Hussain and M. Shabir: Generalized intuitionistic fuzzy ideals of hemirings

Obviously, (A, =A(,s), YU, where U 5, Ay g, and [A] o, are called €-level set, qy-level set and € V gy-level set
of A = (Ua, An), respectively.

Lemma 1. Every intuitionistic fuzzy subset A = (U, As) of a hemiring R satisfies the following condition:

te (0,%], NS [lTik, 1) — [A](,’S) = U(t,s)'

k

Proof. Let t € (0,15%], and 5 € [15* k 1). It is clear that Uis) € [Alg,s),- Letx € [A] ), If x € U ), then pa(x) <t, or
As(x) > s and so [.LA( )+t <2t <1—k, or Aa(x)+s>2s > 1 —k. This shows that x(t,s)qxA.i.e.,x ¢ A, ), and thus
x ¢ U ) UAq g, = [Al1,5),- This is a contradiction. Thus x € Uy, ). Therefore [A]; 5, € Uy y)-

Theorem 6. If A is an (€, € Vqy)*-intuitionistic fuzzy ideal of R, then the set A(r5), is an ideal of R when it is non-empty
forallt € (%, 1], s €0, %)

Proof. Assume that A is an (€, € Vgy)*-intuitionistic fuzzy ideal of R, and let t € (15%,1], s € [0, 15%) be such that
oy 7 0 Let x,y € Ay, - Then pia(x) +1+k > 1, Aa(x) +s+k < Land pa(y) +t+k>1, a(y) +s+k < 1. As
e+ > min{j (9, (1), 543, T 3) < max{Aa(0) 2400 ). W have pa(x-+3) 2 min{1 1 —k 154,
Aa(x+y) < max{l —s—k, £} Since r € (5%, 1], and s € [0, 15£), 50 1 =t —k < £ and 1 —s—k > L, thus
pa(x+y) > 1—t—kand A4(x+y) <1—s—k. Hence x+y €Ay,  Letx €A ), andy ER. Then 4 (x )+t+k> 1,
Aa(x)+s+k < 1. Then pa(x) > 1 —1 —k, 2a(x) < 1—s—k. Since A is an (€, € Vq)*-intuitionistic fuzzy ideal of R,
we e (1) 2 minfj (9,154}, A 0+9) < man (a0, 155 mplies ht o (29) 2 min{ 1 —1 b 154), o) <
max{l —s—k, 5%} Since r € (15, 1], and s € [0, 55), s0 1 =t —k < f and 1 —s—k > L% thus pa (xy) > 1 -1 —k
and A4 (xy) < 1—s—k. This implies xy € A, ). Slmllarly Xy € Ay g, - Hence A 5), 1s an ideal of R.

Theorem 7. For any intuitionistic fuzzy subset A of R, the following are equivalent:

(1) Ais an (€, € V)" -intuitionistic fuzzy ideal of R.
(ii) Forallt € (0, lek], and s € [12;1‘7 1),Ui5) # 9 = Uy is anideal of R.

Proof. Let A be an (€, € Vgi)* —1ntu1t10nlst1c fuzzy ideal of R and x,y € U, ;) for some t € (0, Tk], s € [15%,1). Then
pa(x+y) > min { pia(x) [JA( Y >min{t, 155} =1 and A (x+y) < max {24 (x) AA( 55V <max {5,155} =35,
which implies x +y € U ). Now, if x € U5y and y € R then pia(xy) > mln{uA , 2 } 2 min {t, Tk} =t and
Aa(xy) < max { A4 (x) ,Tk} § max {s, %} = s, which implies xy € U ;). Similarly yx € Uy 5. This shows that U, ) is
an ideal of R.

Conversely, assume that for every ¢ € (0, 15 == k], and s € [ k 1), each non-empty U5 1s an ideal of R. Suppose A is not

an (€, € Vgi)*-intuitionistic fuzzy ideal of R, then there exist x,y € R such that one of the following three cases is true.

(i) palx+y) <min{pa(x), 1 5 and Aa(x+y) < max {24 (x), A4 (), 55 } .
(i) pa(x+y) > min {pa(x) yA ), 55} and Aa(x+y) > max {24 (x), A (y), 55}
(iii) pa(x+y) < min{pa(x), u ,T} and A (x+y) > max {4 (x), 24 (y) 7%](

For the first case, t € (0,15%] such that ps (x+) <t < min{u(x), 4 (v), 5% } . Now choose s = 1 —¢, then clearly x
Y € Ujy ) butx+y ¢ Uy ). Which is a contradiction. Case (if) is similar to thc case (i).

Now consider case (iii) , then there exist # € (0, 5%], and s € [15%, 1), such that s (x+y) <t < min {pa(x), s (v), 55}
and Aa(x+y) > s > max {A4(x) ,Tk} = x,y € Uy but x+y ¢ Uy ). Which is a contradiction So our
supposition is wrong, hence /.LA( +y n{/.LA ),%} and Ay(x+y) < max{lA( ), Aa(y k} for all
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X,y €ER.

In a similar way we can show that pu(xy) > min{pa(x), '—Ek} and  Ax(xy) < max{Aa(x),F£},
ta(xy) > min {pa(v), 55} and Aa(xy) < max {Aa(y), 55} forall x,y € R.

Theorem 8. Let {A; : i € I} be a family of (€, € Vqy)*-intuitionistic fuzzy sub-hemiring of R. Then A = N;c/A; is an (€,
€ Vg )*-intuitionistic fuzzy sub-hemiring of R.

Proof. Straightforward.

Theorem 9. Let {A; : i € I} be a family of (€, € Vqyi)*-intuitionistic fuzzy left (right) ideals of R. Then A = NicjA; is an
(€, € Vi )*-intuitionistic fuzzy left (right) ideal of R.

Proof. Straightforward.

S Regular and idempotent hemirings

Definition 8. Let A and B be two intuitionistic fuzzy subsets of a hemiring R, then A - B is defined as,
A -kB = <[.LA ‘k UB, A,A 'kA'B> where

v A [MA(yi)/\ﬂB(Zi)]] N

(“A 'k :uB) (x) = =Xl yiz [1si<p

0 if x cannot be expressed as x = Zf:l ViZi

A V [My,»)vaB(zi)]]v‘f

()’A 'k )’B)(x) = =X vz [1Si=p

1 if x cannot be expressed as x = Zf;l ViZi

where x € R.

Definition 9. let A and B an intuitionistic fuzzy subsets of R. We define the intuitionistic fuzzy subsets Ay, ANy B, AU, B
and A -; B of R as follows:

1—-k 1—k
A= (.UA/\ZJVB\/2> )
ANk B = (ANB)r = (Ha N M, Aa Vi Ag)
AUrB= (AUB); = (Ua Vi U, Aa N Ag) .

Theorem 10. Let A be an (€, € Vqy)*-intuitionistic fuzzy sub-hemiring of R. Then Ay is an (€, € Vqy)*-intuitionistic
fuzzy sub-hemiring of R.

Proof. Suppose A is an (€, € Vgy)*-intuitionistic fuzzy sub-hemiring of R and x,y € R. Then

1—k 1—k

2 )(x+y) :uA(ery)/\T

. 1-% 1—k
> (mln{HA(x)vlJA(Y)az ) /\T
1 1

(1a A

— min ()/\ﬂ ()/\;k;k
- ,qu 2 #AY 2 ) 2

= min{(lJA/\ lgk)(xx(uAAl;k)(y)vl;k}’
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and

ety = v S
< (max{Aa (). 1a ). -5 v 12
1_

N —
—

I
=~
—

= max{4 (x) V

= max{(A4 V -

Similarly we can show that

1
(a A

T 0.5 ]

‘kxmome{u%Al

and
(v 255 ) 09) < maxl (v S50, (a) Y 5000, 5

This shows that Ay = AN % is an (€, € Vg )*-intuitionistic fuzzy sub-hemiring of R.

Theorem 11. Let A be an (€, € Vqy)*-intuitionistic fuzzy ideal of R. Then Ay, is an (€, € Vqy)*-intuitionistic fuzzy ideal
of R.

Proof. This proof is similar to the proof of the theorem 10,

Remark. let A and B be intuitionistic fuzzy subsets of R.Then the following hold.
(i) AngB= (Ak ﬂBk).
(i) AUrB= (Ak UBk).
(ili) A-xB=(Ag-By).

Proof. let x € R,
(1) (1 Ae i) () = (ba A pg) (X) A 55 = pa () A () A E = (la(x) A5 A (us(x) A 152)
= Ha, (X) A gy (x) = (Ha, A ppg ) (%)
and
(Aa Vi ds) (x) = (A V Ap) (X) V 155) = Aa (0) V Ap () V 155 = (A () V 155) V (Ap(x) V 155)
= )’Ak (xX) V Apy (x) = (A’Ak V Agy ) (x).
Hence (1) holds. Similarly we can prove (2).

(3) If x is not expressible as x = Zl’.’:l yizi where y;,z; € R, then (uy - up)(x) = 0.
Thus (s -« ug)(x) = (M4 - ug)(x) A % = 0. As x is not expressible as x = Y yz so
('U’Ak -[,LBk)()C) =0 = UsxUp = Ha, - UB, and (}LA . AB)()C) =1, thus (AA k AB)(X) = (AA . )LB)()C) \Y lek =1 as x is not

expressible as x = Zle izi 80 (g, - A )(x) =1 = A4k Ap = Ag, - Ap,. Hence (3) holds.

Theorem 12. If A and B are (€, € Vqy)*-intuitionistic fuzzy ideals of R then A -y B is an (€, € Vqy)*-intuitionistic fuzzy
ideal of R.

Proof. Let x,y € R be such thatx = Y”_, a;b;, and y = 2" aib’. Then

14;b;-

(baxpp)@) = \/ [ A [“A(ai)/\ﬂB(bi)]] A%

x=Y!  aib; L1<i<p
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and
(a4 )(W) =\ [ A (e )Amb')]] AE
W=y ap; LI<i<p
Thus
vk [Vaenran [ispliata) Aus(®]] A 54| A
(Ma “ 14B) () A (pa & ) (X7) A 2 { {VX’=Z?:14§’9§ [/\lgigp[uA(aﬁ)/\ug(bg)}]/\%} ALk
B [Al<l<p[uA<a,>AuB<bi>HA] 1—k
- x:Z;\/a,,x Zy o, [[A1</<q[HA( A (b)]] "2
<V [/\ [m(a”)AuB(b”)]]Al;k]
| x+x'=E;_ a"b" LI<k<s
= (a -k Up) (x+x')
and
(a2 = |\ [ V W(cu)va(b[)]] vlg"]
_x:Zleu,-b,- 1<i<p
(A ads)) = A [\/ [AA<a;>va<b;)1]v12"].
_x’:):?zla;bg 1<i<p
Thus

[/\x =¥P | aiby [\/1<,<,,MA a;)V Ag(b ] Tk}
|:/\x’ 21 ’b; [VISZSP[AA( )\//'LB( )]] V. ki| v Lok

{ A A ) |F\/1<;<,;[M( )\/AB(bi)]]/\]vlzk]

(Aa -k Ag) (x) V (Aa & Ap) (x) V % {

x=Y?, abx—zq [v1<j<q[)‘A( )VA'B(b;)H

> {/\x+x’:):£:1a”b’/ [Vi<ies [Aa (@) V Ag(B")]] v Tk}

= (A -k Ag) (x+ )

= {1 A8) (%) V (At 4 A8) () V 155} > (Ag 4 Ag) (x+). Also, (pa -1 1p) (x) A 5%
= [Vt [Arcieplia(an) A (]| A 15E] 154

= [Vicg s [Arcicpliaatan) A (o) 54]] | A 15

< [Vx=):l-”:1a,~b,- [Ai<i<pltta(ar) AMB(W)]]] N
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< [Virmgs_ apy [Nijglina(a) Aua(@]] | 1 155

= (U4 x 1) (xr).

Thus { (14 -« us) (x) A 55} < (1a -1 s) (xr).

Similarly we can prove (As « Ag)(xr) < {(Aa -« Ag)(x) Vi5E} = A Bis an (€, € Vgi)*-intuitionistic fuzzy right

ideal of R. On the same line it can be proved that {(ua-us)(*x)A5E} < (ua % ws)(rx) and
(A4 -k Ag)(rx) < {(Aa -k A) (xr) V %} . Thus A -; B is an (€, € Vg )*-intuitionistic fuzzy ideal of R.

Theorem 13. If A and B are (€, € Vq)*-intuitionistic fuzzy left(right) ideals of R, then so is AN B.

Proof. We only consider the case of (€, € Vg )*-intuitionistic fuzzy left ideals.

Letx,y € R. Then

(a Ak i) (x+y) = min{pa (x+y), u(x+y), %}

> min {min{ a0, ) Y i) ), 5

= min {min{ i 0. 0. 5 o min i 0,0, 553, 154
1—k

= min { (pa Ak uB) (), (a Ak 1B)(Y), 2}

and

1—k
Aa(x+y), Ap(x+y), 2}

2}’2

11—k, 1-k
’2}’2}

I
5
o
>
5
o
>
—~
S
~
)
:_/
&
S
=
=
—
N\.
?V‘
ot
g5
ot
e
=
R
~~
=
N~—
&
—
<
S~—

nm(MwMWMMmeﬂq.

{
< max imax{lA(x)alA(YL IT_k}amaX{)“B(x)’lB(y)’ L 1_k}
{ 2

Now
(ta Ax 1) (x.y) = min {uA (x.y), up(x.y), lzk}

—min i 0.0, 515 | = min ] o ) 0.5 |
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and

(Aa Vi Ag) (x.y) = max{ A (x.y), Ap(x.y), %}
< max {max{),A(y)7 %}ymax{lg(y), ﬂh lgk}

2
— max {max{;LA(y),xB(y), %}, 1;"} = max{(?LA Vids)(y), I;k} :

Thus AN B is an (€, € Vg )*-intuitionistic fuzzy left ideal of R.

Theorem 14. If A is an (€, € Vqy)*-intuitionistic fuzzy right ideal, and B is an (€, € Vqy)*-intuitionistic fuzzy left ideal
of R, then At B C AN B.

Proof. Let A and B be (€, € Vg, )*-intuitionistic fuzzy right and left ideals of R respectively. For any x € R,

)@=\ | A [m(a»AuB(bi)]]Al‘k

. 2
X=Zf:1 a;b; LI<i<p

=V A [malai) A l_k]/\[.uB(bi)/\zk]] N——

x:):‘f:l a;ib; L1<i<p

IN

V A [MA(aibi)AuB(aibi)]l A %

X=Z£7:1 a,-b; _ISiSP

Y ( A uA(aibi)>A< A u8<aihf>>]A1§k

x:):f:] a;b; 1<i<p 1<i<p
1—-k%
<!V (@ Aus@)]| A 5 = (Ha A tg) (),
x:Zlea,-b,-
and
[ 1—k
AaiAg) ()= A MA(“:‘)\/ABU?:')]} V—-
_\VP B L1<i<
x=Y,_aib; LISI=p
[ 1—k 1—k| 1-k
X= lea,'bi _1§i§}7
[ 1—k
> /\ [A.A (Clib,') V )VB (aibi)]] vV —
x=Y?  aib; L1Si<p 2
[ 1—k
= A lA(“ih’)) Vv ( \V KB(aibi)ﬂ V—
x=YP  aib; L \1<i<p 1<i<p 2

A @)V As@)] | v % (A Vie ) ().

4
x=Y"  ab;

Y

Thus A B C AN B.
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Definition 10. Ler A and B be (€, € Vqy)*-intuitionistic fuzzy ideals of R. The intuitionistic fuzzy subset A+ B of R is
defined by
A+ B = (Ua +k U, A +1 AB)

where
(a+eks)0) =\ 104 0) A @A

x=y+z

(Aa+iAp)(x) = A My)vag(z)]v% forxeR.

x=y+z

Proposition 1. For (€, € Vqy)*-intuitionistic fuzzy ideals A and B of R, A+ B is an (€, € Vqi)*-intuitionistic fuzzy ideal
of R.

Proof. For any x,x’' € R,

x A adk [ Ve 0) Aus@) A 5] A
(pa +i ) (x) A (a +x ) (X) A = _[Vx/:y/+:/[liA(y/)/\#B(Z')]/\%] A

_ [[1a () A s ()] A SE] A
= \/ \/ [ Z/ 2 }

=yt =y [['LLA (') A s () A lTik

HEVERY l[[uA<y>AuA<y'wlz]

=yt =yt [[“B(Z) AU <Z/)] A %k} i

IN

V V [mG+Y)AupE+)] A

x=y+zx=y/+7/

< (A +i pB) (x+5X'),

o]

and

(a1 Ag) (x) V (Aa +4 Ag) (X') V L eyt MA/(;]) v As(2)

2 [/\x =y'+7/ [ (y
_ [PaG)VAs@IV S V|| 1k
- _x/y\+z x’:{'\—&-z’ [ [[AA()},)\/)LB(Z/)] \ lik] Y 2

_ [A40) VA4 (5)] I;vl 1-k
AWR) l[MBUvaB(z')] Vi ]2

x:erZ X=y/+z7

I V

A A aO+Y)VAsz+D)] v

x=y+zx' =y +7

> (Aa +xAg) (x +i X).
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Again,
A e =
LXx=y+z
= |V O)IA S A () A lg"nl
LXx=y+z
<| v [uA<ya>AuB<za>1] —
Lx=y+z
<V (malG)AusE)]| A % = (a + ug)(xa),
| xa=y'+7'
and
(A 1 ) () V. 17_" — | A ) VAV 1;"] v IT_"
LXx=y+z
= A 1040V 55V () v lg’ﬁ] Vit
> A (ya)\/lB(za))] v 17*"
Lx=y+z
> 1A A0V AEN | VS = (i As) ).
| xa=y'+7

Similarly we can prove

(ki) () A5 < (bt () and (g A) () V 2 > (R -+ ) )

Hence A+ B is an (€, € Vg;)*-intuitionistic fuzzy ideal of R.

Definition 11.//8] If S C R, then intuitionistic characteristic function of S is denoted by Cs = ( xS, Xs ) and is defined
by

1 ifxes 0 ifxeS . = L .
Xx) = and x¢ (x) = In particular, we let 1 = , X5 ) be the intuitionistic fuzzy set in R.
Xs (%) {0 ifxds x5 (x) {1 ifrgs P (xr, X ) fuzzy

Lemma 2. A non-empty subset L of a hemiring R is a left ideal of R if and only if the intuitionistic characteristic function
CL= (X, xi) is an (€, € Vqi)*-intuitionistic fuzzy left ideal of R.

Proof. Let L be a left ideal of R, then obviously Cy, is an (€, € Vg )*-intuitionistic fuzzy left ideal of R.

Conversely assume that Cy, is an (€, € Vqi)*-intuitionistic fuzzy left ideal of R. Let x,y € L. Then yz(x) =1, xf(x) =0,
and x.(y) =1, x5 (y) =00 x(1,0),y(1,0) € Cr. Since Cy is an (€, € Vg )*-intuitionistic fuzzy left ideal, so

() r-+y) > min {0 (), 20 (), 55% } and () (v-+) < max {5 (), 75 (), 5%}

ie (xz)(x+y)=1and (xf)(x+y) =0. Thusx+y € L.

Lety € Land x € R. Then xz(y) = 1, and xz (y) = 0s0 y(1,0) € Cr. Since Cy, is an (€, € Vgy)*-intuitionistic fuzzy left
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1—k

, 455} and (xf) (xy) < max {xf (v), 5%} . ie. (xu)(xy) = 1 and (xf)(xy) = 0. Hence

ideal, so (x2)(xy) > min {xz ()
xy € L. Thus L is a left ideal of R

Lemma 3. A non-empty subset L of a hemiring R is a left ideal of R if and only if the intuitionistic fuzzy set (Cp)x =
(XL A IT’k,xi \% lek) is an (€, € Vqy)*-intuitionistic fuzzy left ideal of R.

Proof.Straightforward.

Lemma 4. Let A and B be non-empty subsets of a hemiring R. Then the following hold:
(1) Ca i Cp = (Can)k

Proof.Straightforward.

Theorem 15. For a hemiring R, the following conditions are equivalent:

(1) R is hemiregular.
(i) ANy B =A B for every (€, € Vqy)*-intuitionistic fuzzy right ideal A and every (€, € Vqy)*-intuitionistic fuzzy
left ideal B of R.

Proof. Let A be an (€, € Vqy)*-intuitionistic fuzzy right ideal and B be an (€, € Vg )*-intuitionistic fuzzy left ideal of R
and x € R. Then there exists a € R, such that x = xax. Now

() =1V [ A [uA@fMﬂB(Zfﬂ] e S R
x=Yf viz LISisp
> {.UA () A g (x) A 12k] = (14 A kB) (x)
and
k) =4 A [ \V [M(yl-)mg(z,-)]] vitl< [an)“B(x)Vlz_k]
x=Y?  yiz LI<i<p

1—k
< [AA(x)\/kB(x)\/z] = (A4 Vi Ag)(x).
Thus ANy BC A B.
By Theorem 14 Ay BC ANy B. Hence A -y B =AM B.

(iif) = (i) Let A and B be right ideal and left ideal of R respectively. Then Cy is an (€, € Vg, )*-intuitionistic fuzzy
right ideal and Cp is an (€, € Vg, )*-intuitionistic fuzzy left ideal of R, by assumption

CakCp=CaMiCp = (Cp-Cp)k = (CaNCB)k = (Cap)k = (Can)k = AB=ANB.

Thus by Theorem 1 R is regular.

Theorem 16. The following assertions for a hemiring R with identity are equivalent:

(1) R is fully idempotent.
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(2) Each (€,€ Vqy)*-intuitionistic fuzzy ideal of R is idempotent. (an (€, € Vqy)*-intuitionistic fuzzy ideal A of R is
called idempotent if A - A = Ay.)
(3) for each pair of (€, € Vqi)*-intuitionistic fuzzy ideals A and B of R, A" B=A -\ B.

(4) IfR is assumed to be commutative, then the above assertions are equivalent to R is regular.

Proof. (1) = (2). Let A = (Ua,As) be an (€, € Vg;)*-intuitionistic fuzzy ideal of R. For any x € R, by Theorem 14
A ACA,L

Since each ideal of R is idempotent, therefore, (x) = (x)? for each x € R. Since x € (x) it follows that x € (x)?> = RxRRxR.
Hence x =Y aixa}b;xb) and g € N. Now,

<,UA/\1;k> (x) ZHA(x)A,UA(x)/\% = {#A(x)/\lk} A {HA(x)Algk} P

Therefore,

(1Al 55) @ = A bl n ity 5

1<i<q

IN

V [ A [uA<al-xa;>AuA<b,-xb;>1] N

X:Z?:l aixagb,-xbg 1<i<q

< \/ [ /\ [1a(aj) /\IJA(bj)]} A IT_k = (4 x Ha) (x)

x= ZJ 1ajbj L1<j<r

and
(zAvlk)(x) A ()Y Aa () v =K
2 2

\/
[0y S e
> M (aixal) V Ay (bixbl) v T’ (1<i<q).

Therefore,

(lA \Y 1gk> (x) = \/ [Aa(aixa)) V Aa(bixb})] v 1-k

1<i<q

> A l \V [AA(aixaﬁ)\/lA(b,'xbf)]] v

x:):;[:] aixaibixb!; L1<i<q

1—k

> A [\/ wwj)w(bj)]]v12"=<xA~kaA><x>.

x= ):/ 1ab; 1<j<r

Thus A -kA = Ak.

(2) = (1). Let I be an ideal of R. Then Cj, the intuitionistic characteristic function of , is an (€, € Vg )*-intuitionistic
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fuzzy ideal of R. Hence,C; - C; = (C; - Cp)i = (Cp2 )i = (Cp)i. It follows that I = 1.
(1) = (3).LetA and Bbe (€, € Vgi)* -intuitionistic fuzzy ideals of R.

By Theorem 14 A -4 B C ANy B. Again since R is fully idempotent, (x) = (x)?, for any x € R. Hence, as argued in the first
part of the proof of this theorem, we have

1—k

(e Ak p) (x) = (pa) (x) A (p) (x) A 5

<V [/\ [m(af)AuB(bi)]]Alg"zmA-kuB)(x)
,

CLI<Zi<r

and

(Aot Vi ) (6) = Aa () V A () v A=K

> A [ V W(Gi)VlB(bi)}] V%:(M « Ag)(x).

X:Zl.pzl a;b; 1<i<r

Thus A B=AnN;B.

(3) = (1). Let A and B be any pair of (€, € Vg)*-intuitionistic fuzzy ideals of R. We have A -4 B = AN B. Take
A=B.Thus At A =ANA = A, where A is any (€, € Vg )*-intuitionistic fuzzy ideal of R. Hence, (3) = (2). Since
we already proved that (1) and (2) are equivalenthence (3) = (1) and so (1) < (3). This establishes
(1) & (2) & (3). Finally, If A is commutative then it is easy to verify that (1) < (4).

Theorem 17. For a hemiring R with 1, the following conditions are equivalent.

(1) R is right weakly regular hemiring.

(2) All (€, € Vqy)*-intuitionistic fuzzy right ideals of R are idempotent.

(3) A-xB=AnNB for (€, € Vqi)*-intuitionistic fuzzy right ideal A and all (€, € Vq;)*-intuitionistic fuzzy two-sided
ideals B of R.

Proof. (1) = (2) Let A be an (€, € Vg;)*-intuitionistic fuzzy right ideal of R. Then we have A ;A C Ay.

For the reverse inclusion, let x € R. Since R is right weakly regular, so there exist a;,b; € R such that x = Z?:ixaixbi.
Now we have

(1A 155) @ = A n 155

- {HA(X) A 2} A l:IJA(x) N——

2
1—k .
< ta(xa;) A pa (xbi) A 0 (1<i<q).
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Therefore,
1—k 1—k
(1A 55 )@= A o) Aot 15
1<i<q
1—k
<V [ N\ [1a(xa;) /\HA(xbi)]] AN—>—
x:Z?:lxaixbi I<i<q
1—k
<V [ N [ua(aj) /\HA(bj)]l A 5= = (Ha -k Ha) ().
x:Z;zlujbj ISjSI’
and
<AA v 12"> () = A (x) V Aa () V %
1—k 1—k] 1—k
> AA(X(J,') \/XA(xb,-) V 17;k, (1 <i< q).
Therefore,
(AA \Y 1_k> (x) =\ [Aa(xar) v Aa(xb;)] v 1=k
2 1<i< 2
<i<q
1—k
> /\ [ \/ [AA(xa,-)\/lA(xb,-)}] V—
x:):iq:lxa,-xb,- 1<i<q
1-k
> A [ \/ [Palay) \/AA(bj)]] V= (Aa -k Aa)(x).
X=Z;:lajbj 1<j<r
Thus A -kA = Ak

(2) = (3) Let A and B be (€, € Vgi)*-intuitionistic fuzzy right ideal and (€, € Vg )*-intuitionistic fuzzy two-sided
ideal of R respectively. Then AN B is an (€, € Vgi)*-intuitionistic fuzzy right ideal of R. By Theorem 14
A -+ B C AN B. By hypothesis,

(AN B) = (AN B) -« (AT B) CA B

Hence At B=AN;B.

(3) = (1) Let B be aright ideal of R and A be two sided-ideal of R. Then the intuitionistic characteristic function C4
and Cp are (€, € Vqi)*-intuitionistic fuzzy two-sided ideal and (€, € Vg)*-intuitionistic fuzzy right ideal of R,
respectively. Hence by hypothesis

CpCha=CpnpCy = (CB-A)k = (CAQB)k — B-A=BnNA.

Thus by Theorem 2, R is right weakly regular hemiring.
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