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Abstract: In this study, the notion of a double-framed soft ideal (DB&al) in BE-algebras is introduced and discussed related
properties by means of R-inclusive set and S-exclusiveV§etpresented DFS-int-uni ideal of two DFS-ideals in BE-hlgs. We
characterized the properties of the image and pre-imagé-8fideals by homomorphism of BE-algebras.
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1 Introduction

Molodtsov [1], popularized the soft sets as a new soft tool in mathemédicdealing with uncertainties. Subsequently,
this theory has been applied in many research areas suchaaarddysis, approximate reasoning and decision-making.
Maiji et al. [2], proposed some useful results in soft sets theory. In 2006tAl. [6], presented some new operations in
soft set theory. Nowadays, research in this area is advamajpidly with remarkable applications. Soft sets have been
applied in various algebraic structures, such as in groeprih rings theory and semi-rings theory e®;4}5,17,18].

In 2007 Kim and Kim [], presented concept &E-algebras as a generalization of a dB&K-algebra. They examined
some properties oBE-algebras by utilizing upper sets iBE-algebras. In §], Rezaei and Saeid investigated
commutative ideals dBE—algebras and se8][ Ahn and So 10], characterizedE-algebras by using ideals. Ahn, Kim,
So [11], presented the notion of fuz&E-algebras, and Jun, Lee, Sorid], investigated the concept of fuzzy ideals in
BE-algebras. Recently, Abdullah et al.§ presented N-structures in implicative filters of BE-alggeh Applications of
soft sets inBBE-algebras, have been introduced by Jun and Algh A. R. Hadipour [L4] introduced double-framed soft
BF-algebras and discussed related results. Moreoverl§ge |

In this study, notion of aDFS-ideal in BE-algebras is introduced and discussed related properjiesdans of
R-inclusive set, andS-exclusive set. We introduce®F Sint-uni ideal of two DFS-ideals in BE-algebras. We
characterized the properties of the image and pre-ima@é&&ideals by homomorphism &E-algebras.

2 Preliminaries

Definition 1. [7] An algebra (X*,1) of type(2,0) is called a BE-algebra if the following axioms holds:

(i) axa=1,
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(i) ax1l=1,
(i) 1xa=a,
(iv) ayx(ap*ag) =ax*(ag*az), forallag,ax,a3 € X.

Example 1.LetX = {1, p,q,r,s} be a set with table:

0nl-S|lQlo| |+
e e
R P|lT| T |T
kel alhej]ie]le]
R Rlolnl=]|=
Roluolulnln

Clearly, X,*,1) is aBE-algebra.

We consider the relationg on (X,%,1) by a < b if and only if axb = 1. In rest of paperX is BE-algebra unlesselse
particularized.

Definition 2. A subset L~ 0 of X is called subalgebra of a BE-algebra X if it is closed unithe operation  ”. Since
axa=1forallae X, then clearlyl € X.

Proposition 1.1f (X, x, 1) is a BE-algebra, theng« (azxa1) = 1 for any a,a € X.

Definition 3. [10] A BE-algebra (X*,1) is said to be transitive if it holds:

(az*ag) = (al*ag)*(al*ag), Vap,ap,a3 € X.

Definition 4. [7] A BE-algebra (X, 1) with condition a x (ayxa3g) = (a1 xaz) x (a1 xag) Vay,ap,a3 € X is called self
distributive If X is self distributive, then it is transitive. On the othend, if X is transitive, then it is not self distributive
in general.

Definition 5. [10] A subset I~ 0 of a BE-algebra X is called an ideal of X if it holds:
(i) yxaelLvyeX,ael,
(i) ((arx(axxy))xy) €LVye X, ar,a € L.

Lemma 1.[17] A subset I~ 0 of a BE-algebra X is an ideal of X if and only if it holds
(i) 1elL,
(i) (Vby,bpeAjacl), (byx(axhy)) e L= (byxby) € L.

Let U be an universe, and E be a parameters set. Let P(U) be af geiwer set of U and L be non-empty subsets of E.
Then we define following definitions.

Definition 6. [1] A soft se{S-sel y over U is defined ag: E — P(U) such thafy(a) = 0 if a ¢ L. It can be represented
byy={(a,y(a)) [acE,y(a) e P(U)}.

Moreovery is also called an approximate function.

—_—

Definition 7. Letyi, 5,y € S(U)
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(i) A softsetis called null soft setyfa) = 0, for a € E. It denoted by@L.
(i) A soft setis called whole soft seljifa) = U, for a € E. It denoted by, .
(iii) Soft sety is called subset o, denoted by C y» and defined bys (a) C y»(a) for all a € E.
(iv) Intersection ofj; andy, denoted by My, and defined byy Mys) (a) = yi(a)Nye(a) foralla € E.
(v) Union ofy; andy, denoted by LI s and defined byy, LIy) (a) = ya(a) Us(a) for alla € E.

Definition 8. Lety be a S-set in BE-algebra X over. When uppeid-inculsion ofy is denoted and defined as

y; ={aeX|y(@2aforaCU}.
Definition 9. [15] A double framed soft paif(y, 5>,X) is called double framed soft séireifly DF S-set of BE-algebra
X over U wherey: X — P(U) andd : X — P(U).
For the simplicity, we shall use the symigk, dx ) for DFS-set((V, ), X).

Definition 10. Let(Vx,gx) and (fx,dx) two DF S-set of X over UThe DF S-int-uni set o(ﬂ&,gx) and (fx,dx) overU is

defined to be DF S-séfi N fx, ox LI Gx ) where(k M fx) (a) = J (@) N fx (a) and (Y L fx) (a) = ¥k (X) U fx ().

3 DFSideals in BE-algebras

3.1 Definition

A double-framed soft s€fy, Sx) of a BE-algebraX overU is called a double-framed soft ideal (i.e, breii) S-ideal)
in X, if it holds;
(DF1) yx (xxY) 2 ¥ (¥) , O (X*y) € 3 (¥),

(DR2) yx (Xx (y*2) x2) 2 Yx (X) N Y (¥) , O (Xx (Y*2)x2) C Ox (X) Udx (Y)-

3.2 Example

ConsideBE-algebraX = {1,r4,r2,r3,r4,0} defined as follow:

1iri]|ro 3 | Ia 0
1 |1 ry|ro|r3|ra|O
rn| 1)1 i1 (| rg|ra3|ra
ro| 1)1 1 r3 ( r3 | ra
r3 |1 |rpf{ra|1 |rp|rp
ra |1 ri |1 1 I
0|1 1|1 (11
We defineDF S-set(k, Sx) in X overU = Zy as:
X 1 r ro rs ra 0
%) | {012} [ {012} | {0,1,2} [ {0.1} [ {0,1} [ {0.1}
X 1 r ro ra g 0
() | {12} | {12} | {1,2} | {1,2.3} | {1,2,3} | {1,2,3}.
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Clearly, (¥, Sx) is aDF S-ideal inX overU = Zyg.
Lemma 2.Every DF S-ideal of X holds the following inequalij% (1) 2 ¥ (a) and dx (1) C dx (a) Yae X.

Proof. Assume(Vx,Sx) is aDF S-ideal of X overU. Thusyk (axb) 2 ¥ (b) anddx (axb) C x (b) for a,b € X. Since
axa=1, thenyx (1) = yx (axa) D ¥k (a) anddx (1) = o (axa) C dx (a).

Theorem 1.The DF S-int-uni set of two DF S-ided(g, Sx) and(fx,gx) over U, is a DF S-ideal over U.

Proof. Let (y, Sx) and (f~x,§x) be two ideals over U. For any a,ap € X, we have
(E( I fx) (al*a2)~ = )7x (al*az) N fx (i’ij_*az) ) )75( (ag) N fx (az) = ()7)( I fx) (az) , and
(Ox UOx) (ar*xap) = Ox (auxa2) Ubx (a1 xaz2) C Ox (a2) UGx (a2) = (0x LU Ox) (a2) . Now letby, by € X, we have

(Y M Fa) (b % (bax2) % 2)) = Vi (byx (b2 2) % 2)) N Fx (by* (D2 % 2) x2))
2 (F (br) 1 (02)) 1 (T (1) 0 i (02) ) = (31 ) (o) 0 (4 1 ) (b2) and
(8xLGx) (bux (b2x2) x2)) = 8¢ (by (D2 %2) x2)) UG (by » (2 %2) 2)

3 (b1) U dx (b2)) U (G (by) Ui (b2)) = (3x LGx) (br) U (3x LiGx) (b2).

HenceDF S-int-uni set is aDF S-ideal ovell.

Definition 11. Let (Vx,gx) be a DFS-set of X over U and R,(SU, the R- inclusive and S- exclusive sets('y&f,gx),
denoted by y=)r and(5=)s respectively and defined as follows:

(V)= {xe X |RC ¥ (x)} and (82)s = {xe X | SD & (X)} respectively.

The set D&(VQ,SQ)(R’S) = {xex |IRC VA (X),S2 o (x)} is called a double-framed including set Q%(,Sx).
Clearly, DR (V-,8°) s = (¥-)rN (5)s.

Theorem 2.Let (¥, Sx) be a DFS-set of X over Urhen(x, Sx) is a DF S-ideal of X over U if and only if R- inclusive
set of(Yx, 0 ), (V5 )r # O with R€ Im (%) and S- exclusive set ¢, dx ), (0=)s # 0 with S€ In(dx) are ideals of X

Proof. Assume thafyk, 5 ) is aDF S-ideal of X overU, (V=)g # 0 with R€ I (V&) and(82)s # 0 with S€ I;(dx). Let
a,b e X such thab € (y-)gr andb € (63)5 Thenyx (b) D Randdx (b) 2 S. Since(k, o) is aDF Sideal of X overU,
thenyk (axb) D ¥ (b) 2 Randdx (axb) C dx (b) C S. Henceaxb e (Y<)r andaxb € (52)s.

Now letx,y,z € X such thak,y € (y<)r andx,y € (52)s. Thenjk (X) 2 R % (y) 2 Randdx (X) C ng (y) C S Since
(Vx,gx) is a DFSideal of X over U, then W(Xxx(yx2)xz) 2 yx( ) N () 2 R and
Sx(x*(y*z)*z) C SX( )ng( ) C S so thatxx (yx2)xz € (V5)r andXx* (yx2) xz € (5 )s- ThusR- inclusive set
(V<)r andS- exclusive sefd=)s of (k, o) are ideals oK.

Conversely, assume tha- inclusive set(y=)r and S exclusive set(SQ)s of (%(,Sx) are ideals ofX. If
V& (axb) C 1 (b) anddx (axb) O &x (b) for a,b € X, thenyk (axb) C Ro C ¥ (b) anddx (axb) D So O & (b). Thus
axb¢ (YF )Re: D € (V5)R, andaxb ¢ (32)s,,b € (82)s,, which is a contradiction_et J (X (y*2)*2) C ¥ (X) Nk (Y)
and S (Xx(yx2)xz) O Sx( X) U dx(y) for xy,z € X, Vk(xx(yx2)x2) C Ry € w(xX) N yk(y) and
&(x*(y*z)*z 5§ D (X U Sx( ). Thus x* (yx2) xz ¢ (V-)r, X € (VF)r,Y € (V)r, and
Xx (Y*2Z)*xZ ¢ (6D )g,,X € (5 )g,,Y € (63)3] which is a contradictioriTherefore(yx, dx) is aDF S-ideal of X overU.
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Corollary 1. If (%(,Sx) be a DFS-ideal of X over U, then the double-framed includ'mtgxﬁ(%(,gx) is an ideal X over
u.

Definition 12. For DF S-sef(yx, Sx) of X over U let (¥, 5;2) be a DF S-ideal of X over U defined by

Y% : X — P(U), 5; : X — P(U) such that

Cx if Otherwise,

V)«((X):{ ) if xe ()R, ~*(X)_{ 5 () if xe(82)s,

) i if Otherwise,

whereyk, 5, ¢ andT are subset of Uwith ¢ C y andT 2 .
Theorem 3.If (¥, dx ) be a DF S-ideal of X over Lthen so i Vs, 5;;).

Proof. Assume(yx, Sx) be aDF S-ideal of X overU. Then(y=)gr and(SQ)s are ideals oK for all RandS are subset of
U with R€ Im (k) andSe Im(dx). Leta,x € X. If a€ (Y=)gr, anda € (3=2)sthenxxa € (y=)g, andxxa € (3=)s. Then
Y (xxa) = Y (xxa) 2 Y () = ¥ (@) anddg (x+a) = Ox (x*a) € Ox (a) = & (a).

If a¢ (y=)randa ¢ (Sg)sthen%*( (a) = & and5; (a) = Tx. Then) (xxa) 2 & = ¥ (a) and5; (xxa) C Tx = &5 (a).

Now let abx € X. If a€ (V=)r, b € (y-)r and a € (52)s, b € (82)s then (ax((bxX)*X)) € (y=)r, and
(ax ((b*x)xX)) € (6%)3. Then i (ax ((bxx)*x)) = Vx ((ax(( ¥
S (ax ((bxx)xx)) = O (ax ((bxx)xx)) < dx (&) U & (b) = & (

If a¢ (Y<)rora¢ (y<)r anda ¢ (32)sorb ¢ (32)s thenys (a) = &

o
Thenyg (ax ((bxx)*X)) 2 ¢x = ¥ (@) Ny (b) anddy (ax ((b*X)x X)) C Tx

Hence(y, o) is aDF Sideal of X overU.
Now we consider an example to show that the converse of The8yres not true in general.

Example 2. ConsiderBE-algebraX presented in Exampl8.2 Also considerDF S-set ()7x,5x) of X described as
follows:

{0,1,2,3}, if xe {1},
- {0,1,2}, if xe{ry,ra},

We(x) = {1,2}, if X=rs,
{1}, if x€ {rq,0},
{0}, if xe {1},

Sx (X) _ {0, 1}, if xe {I’l,rz}.

{0,1,2}, if X=rs,
{0,1,2,3}, if x€{ra,0},

Note that B
(Vo)r={Lr1,r2} = (6°)s4
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with R={0,1,2} andS= {0,1} . Let (%, 5;2) be aDF S-set ovelU defined by

mx):{vx, it X€ (F)r,

0, if Otherwise,

5, if, xe(d)s,
if, Otherwise,

It is routine to verify tha( ), 5;2) is aDF S-ideals ovetJ. But (Y, Sx) is notDF S-ideal of X overU.

Proposition 2. If (Vx,gx) is a DF S-ideal of X over Uthenyy ((xxY)xY) 2 ¥ (X), O ((xxy)xYy) C Sx (X).

Proof.Let (, 5x) is aDF S-ideal of X overU. Sincea= 1xaforallac X and by Lemma, ¥ (1) D y (X) anddy (1)

C
5x() then ik ((Xxy)xy) = ¥ (xx (Lxy)) xY) 2 ¥ (X) N ¥ (1) = W (X) and & ((xxy) xy) = & ((xx (1xy)) xy) C
5x( )Uéx( 1) = 6X(x)forx,yeX.

Corollary 2. Every DFS-idealyx, Sx) of X is order preserving, that igyx, Sx) holds:
a=<b= ¥ (a) C y (b) anddx (a) 2 o (b) Va,b € X.

Proof. Let a < b for a,b € X. Thus axb =1, and by 2, W (b) = W (1xb) = ¥ ((axb)xb) D W (a) and
& (b) = & (1xb) = & ((axb)xb) C & (a).

Proposition 3. Let (¥, Sx) be a DF S-set of X which satisfies:

() ¥ (1) 2 ¥ (@) anddx (1) € & (a) Va e X. i ~
(i) Y (ax2) 2 ¥ (ax(bx2)) Nk (b), anddx (axz) C I (ax (bx2z)) Udx (b).

Then(y, Sx) is ordered preserving.

Proof.Leta,b € A be such thaa < b. Thenaxb= 1, we have
Ya (b) = Va (1xb) D yu (1x (axh)) mj/\ (a) =yp(a), and 3 (b) = o (1xb) C o (1x(axb))Udp (a) = oa (a), by
Definition 1 and Lemma2. Thus(yx,dx) is ordered preserving.

Theorem 4. Let X be a transitive BE-algebra. A DFS-S@&,SX) is a DF S-ideal of X over U if and only if it holds
following conditions:

() ¥ (1) 2 ¥ () and b (1) € & (¥) vx € X. _ _
(i) i (xx2) 2 Fx (xx (yx2)) Nk (¥), @nd By (xx2) € S (xx (¥ 2)) U S (3)

Proof. Assume(Vx,gx) is aDF S-ideal of X overU. By Lemma2, we havey (1) 2 yx (x) anddx (1) C ox (X) Vx € X.
SinceX is transitive, therfyx z) xz < (X* (Y 2)) x (x* ) so that((y* z)*z) ((x* (y*2)) % (xx2)) =1 forallx,y,ze X.
Alsoa= 1xaforall ae X, and by Propositio®, ¥ ((xxY)xYy) 2 ¥ (X), I ((xxy)xy) C 3 (X). Thus

Vi (X3 2) = i (1 (x5 2)) = P (YD) % 2% (0% (YD) % (x%2))) % (x5 D) 2 T (Y D)%) 1 ik (x5 (Y 2)

D W ((xxy) *2) Nk (¥)

and

3 (xx2) = & (1 (xx2)) = O ((((y*2) % D) (xx (y*2)) * (x2))) % (x* 2))

C 3x ((y*2)%2) U dx (xx (yx2)) € O ((xxY) x2) U & (¥)

Conversely, suppose thBfF S-set(y, Sx) holds (i) and (ii). Then
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Yx (X5 Y) 2 Y (Xx (YxY)) N Y (Y) = Y (Y* 1) Ny (Y) = Yx (1) N (Y) = Y (Y)

and

Ox (xxy) C Ox (X (yxy)) U (y) = Ox (y* 1)Uk (y) = dx (1) Udx (y) = Sx (), for all x,y € X.
Now

Yx (X5 Y) %) 2 yx ((}xy) * (Xxy)) N (X) = ¥ (1) N (X) = Y (X)

and

B (Xxy) *y) C B (xxy) * (xxy)) U8 () = & (1) U & (x) = & (¥), for all x,y € X.

Since (Vx,gx) is ordered preserving by PropositioB, therefore, (yxz) x z < (Xx(yx2)) x (xx2z) implies
Y ((Y*x2)x2) C W ((X* (y*2)) % (Xx2)) anddx ((yx2)x2) 2 Sx ((x* (y*2)) % (xx2)). Thus

Y (xx (Y x2) % 2) 2 Yac (O (Yx2)) % (X 2)) N (X) 2 i (Y 2) % 2) N (X) 2 e (Y) Nk (X))

and
B (¢ (y+2)52) € S (xx (y2))  (x+2) UK (¥) € B ((y+2)+2) U (¥ € & (Y) U8k (X), ¥ x¥,2 € X. Therefore,
(Vx,0x) is aDF S-ideal ofX.

Corollary 3. Let X be a self distributive BE-algebra. A DF S-6gt, SX) is a DFS-ideal of X over U if and only if it holds
following conditions:
() ¥ (1) 2 vk (a) anddx (1) C & (a) Va e X.
(i) Yx (ax2) 2 W (ax(bx2)) Nk (b), anddx (axz) C dx (a* (b*2z)) Udx (b).
Definition 13. For p,q € X, we define DF S-s¢¥4, ) in X over U by
(o) *(QxX) =1,
00 { 1 Px(axx)

0y Otherwise’
- o1 *(q* X
& (x) = { a} P (thhgrms,e for all x € X andoy,02, 07,05 C U with 01 D 02, 05 2 0.
2

Example 3.ConsideBE-algebraX = {1,r1,r»,r3,r4,0} defined in Exampld. Then(Vll, 5{1) is aDF S-ideal of X over
U. Since

Vit ((rox (ro%r2))*r2) = B ((roxrg) «12) = Y (Ixra) = Y (r2) = 02 C 01 = Y1 (1) N (ra),

and

O ((ry# (ru*T2)) xT2) = 81 ((ry#T1) *T2) = B11 (1 1p) = &1t (b) = 0} D 0 = 81 (r1) Ud!t (r1) . Therefore (1, 81
is not aDF S-ideal of X overU.

Theorem 5.1f X is self distributive, then the DF S-s@, 3) is a DF S-ideal of X over U for all iy € X.

Proof. Let p,q € X. For everyx,y € X, if px(q«y) # 1, thenJi(y) = 02 C VA (xxy) and &3 (y) = a} 2 3 (xxY).
Supposex (qxy) = 1, then

Px (Gx (xxY)) = Px ((qxX)* (A*Y)) = (P* (A% X)) * (P* (q*Y)) = (Px (G*X)) x 1= 1.
Thusyd (y) = 02 = Vi (x*y) anddg (y) = 0 = 33 (x+y). Henceya (y) C ¥ (x+y) and ] 2 5 (xxY).
Now, forx,y,z€ X, if px(qxx) # 1 andpx (qxy) # 1, theny (x) = 02, Vi (y) = 02 andd (x) = a3, 83 (y) = 5. Then
VA (X% (yx2)) x2) 2 02 = VA (X) NYA(y) anddd ((xx (yx2)) x2) C C o, =03(x) U (y).
If px(gxx) =1andpx(qxy) =1, t~hen px (qx ((Xx (Yx2)) %2)) = 1. Thusyj ((x* (y*2)) x2) = 02 = yp (X) N2 (y) and
Op ((xx (yx2)x2) = 05 = 35 (X) USG (¥).
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Henced ((xx (yx2))x2) 2 YA(x) N2 (y) and 83 ((xx (y*2))x2) € 3 (x) U 83 (y) for x,y,z € X. Therefore DF S-set
(¥, 0g) is aDF S-ideal of X overU.

Definition 14[10] Let p,q € X. The upper set of, is defined as follows:
K(p,q) = {xe€ X | px(gqxx) = 1}. Itis clear that,1, p,q € L(p,q) for all p,q € X. Note thatk(p,q) is not an ideal of X
in general

Theorem 6. Let (%(,Sx) be a DFS-set in X and,g,x € X. Then(%(,gx) is a DFS-ideals in X if and only i@x,gx)
satisfies

(F)Rv
(87)s,

(i) p,qeK(p,q)=K(p,q)
(i) p,geK(p,q) = K(p,q)
where RC U and SC U.

NN

Proof. Assume that(Vx,gx) is a DFSideals in X and p,q € K(p,q). Then ¥(p) 2 Rd(p) € S and
¥ (d) 2 R dx(q) C S Forx € K(p,q) we havepx (q*x) = 1. Thus

K = W@ o+ X = k(P o+ (@xx) x ) 2 k() N k@ 2 R and
&x(X) = &x (LX) = 3 (P (qxX)) X) C & (p) U (q) € S

Conversely, assume th@x,&) holds (i) and (ii). Since £ K(p,q) C (V*)r and 1€ K(p,q) C (SQ)Sfor p,g € X. Let
XY,z € X be such thatxx (yxz) € (V=)r, X* (yx2) € (82)s and y € (82)s, y € (V5)r. Since
(X*(y*x2)) x (yx(xx2)) = (x*(yx2) x (xx(yx2)) = 1 then xxz € KX x (yx2),y) € (Y*)r and

x*xz€ K(xx(yx2),y) C (52)5. By Lemmal, that(y=)r and(c‘P)S are ideals oK. Therefore, by Theorer®, (¥, 6x) is
aDF S-ideals inX.

Corollary 4. If (y, EX) is a DF S-ideals in Xthen for RC U and SC U, we have
() V)R#D= (Y-)r= s K(p,q),

B B 9e(Y=)R
(i) (82)s#0=(86")s= U_ K(p,q).
P.AE(d=)s
Proof.LetRC U and(y=)r # 0. Since(Y*)rC U K(p,g)C U _ K(p,q). Nowletxe U K(p,q), there
p.ae(V=)r p.ae(V=)r p,ae(32)s
existb/,b” € (Y=)r such thax € K (b/,b”) C (y=)r. Thus L(JW) K(p,q) € (Y¥)r. Hence (i) is proved. Similarly, we
P.ae(V<)r

can prove (ii).

4 The image and pre-image oDF S-ideals

In this section, we introduced image and pre-imagBb&-ideals and discussed some theorems.

Definition 15. Let h: X; — X, be a function of BE-algebras arg, , le) and (Y, sz) be two DF S-sets over 'he
DFS-seth~1(yp,),h~1(y,)) such that

i) = { (& () (8) : a€ Xa,h H(hg) (8) € P(U)}
and T(8,) = { (a.n3(8¢) (@) : a€ Xa,h3(8¢) (@) € P(U) |

where 1(¥,) (a) = ¥, (h(a)) and () (a) = dx, (h(a)), is called DF S-pre-image dff,, x,) under h
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Definition 16. Let h: X; — X, be a function of BE-algebras ar{gk, le) and (Y, sz) be two DF S-sets over Ihe

DFS-set  (h(%,).h(dx,)) such  that Hy,) = {(bh(%)(b)):be Xz h(¥,)(b)ePU)}, and
- - - _ U Y (a) if h=t(b)#0,
h(dx,) = {(b,h(éxz)(b)):beXl,h(5x1>(b>€P(U>}, where Hyx,)(b) = ¢ ah=b) , and
0 if Otherwise,

h(dx,) (b) = { ash™* is called DFS-image o(f?xl, ) under h

~ m 5x() if hfl(b);«éo
U if  Otherwise,

Proposition 4. Let h: Xl — Xo be a function of BE-algebras;Xand X% and (yxl,éx ) be a DFS-sets over UThen
¥, Ch2(h(¥,)) and &, Sh~2(h(3x,)).

Proof. Sinceh(h(x)) # 0 for all x € X;. Thus,y, (x) C . &J(/\( ))75(1 (X) = h(Y, (h(x))) = h~1(h(,)) (X)
Sa (92 0 800 =h(G (N()) = *(n(&)) (- Hencels, Ch(h(Fy)) andde, Sh~(h(8x,)).

Theorem 7.Let h: X; —» X, be a homomorphism of BE -algebras aijsl,, dx,) be a DF S-set of Xover U. If (¥, dx,)
is a DFS-ideal of X over U. Then the DF S-pre-imagé(y,),h 1(dx,)) of (¥, dx,) under h is also a DF S-ideal of
Xy over U.

Proof. Let a,b € X; and ()7x2,5x2) is a DF Siideal of X, overU. Thenh=1(yx,) (b) = ¥, (h(b)) C ¥, (h(a)xh(b)) =
¥ (h(axb)) = h~Y(y,) (axb),

and

h=1(3x,) (b) = dx, (h(b)) 2 &, (h(a)xh(b)) = 5x2( (axb)) = h=1(3x,) (axb). Now for x,y,z € X, overU, we have
h1(¥) () Nh (V) (¥) = Vi, (D (9) N¥, (h(

C W, ()% (h(Y) xh(2) xh(2)) = Vi, (N (xx (yx2) % 2)) = h~* (V) (xx (Y% 2) x2),

h~1(8%,) () U~ (8, ) (¥) = &, (N(X)) LTk (n(y))

D &5, (N(X)* (N(Y) ¥ (2)) xh(2)) = 8¢, (h (xx (y*2)x2)) = h(8,) (X (y*2) x2)
Thus(h(yx,),h~%(dx,)) is aDF S-ideal of X; overU.

Theorem 8.Let h: X; — X, be ahomomorphism of BE -algebras &y, , le) be a DFS-set of Xover U. If (yx, , le) is
a DFS-ideal of X over U and h is injectivethen the DF S-imagéh(y, ), h(dx, )) of (Y, , dx,) under his also a DF S-ideal
of Xo over U.

Proof. SinceA is injective, by Theorerg, it is sufficient to show that((y=)r) andh((SQ)s) are ideals o, overU. Let
R,SCU such thaty=)r # 0, (82)s # 0. Then forb € h((y=)r) andb € h((3=2)s), we can obtain

h(f)(b) = U P () 2RNG) (D)= N & (X)C

xeh—1(b) xeh—1(b)
This means that there exists € h=1(b) such thaf, (%) 2 Rand le (Xo) € S Sinceh is injective and(yx, le) is a
DFS-ideal of X; over U. Then for a € X, there existx € X; such thath(x) = a, Y, (X*X) 2 Y, (%) and

le (X*Xo) C le (%) . Then

h(¥) (@xb)= U 4 (X) 2 Vg (Xx%) 2 ¥y (o) 2 R,

xeh—1(axb)

h(éxl) (a* b) = N 5X1 (X) < 6)(1 (X*XO) c 5X1 (XO) cs

xeh—1(axb)
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Thus,axb € h((V<)r) andaxb € h((32)s).

Now for a;,b; € h((y5)r) and a;,b; € h((32)s), we have h(y,)(a) = hU( )Vxl(x) > R
xech—1(ag
h() (b)) = U ¥, () 2Randh(dx,)(a) = N & () CSh(dqg)(b)= N &q(xCS
xeh—1(by) xeh—1(ay) xeh—1(by)

This means that there existg € h™1(a1), yo € h™1(by) such thatyk, (X)) 2 R, ¥, (Yo) 2 R and le (%) C S,
dx, (Yo) C S Sincehis injective and yx, , dx, ) is aDF S-ideal of X; overU. Then ford € X,, there exisk € X; such that
h(x) = d, Y, (Xo* (Yo*X) xX) 2 Y (Xo) N ¥ (Yo) , anddx; (Xo* (Yo X) *X) € Ox; (Xo) U Ox, (Yo) - Thus

h(¥,) (g * (byxd)*d)= U Yo (X) 2 Yoy (Xox (Yo x X) % X) 2 iy (%) MY (Yo) 2 R,
xeh—1(agx(byxd)«d)

() (@uxbrxd)xd) = | 0 8 (X) C 8 (o (orX)+X) © 8 (%) U () € S

Hence theDF S-image(h(yx, ), h(dx,)) of (Y, dx, ) underhis aDF S-ideal ofX; overU.

5 Conclusion

In above study, we investigat&iF S-ideals inBE-algebras and discussed some basic resulld=&-ideals. Our approach
provide new insights intBE-algebras using properties of the images and pre-image$ &fideals by homomorphism.
Hopefully, these notions and essential results may lea@jtoficant and new results in related fields. In future, wd wil
study rough sofBE-algebras an®F S-ideals in different algebraic structures.
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