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Keywords: Dual Euclidean space, dual Frenet frame, dual curve of aohbteadth.

1 Introduction

The properties of plane convex curves have been studied Iy @ meters so far. Two brief reviews of the most
important publications on this subject have been publisghe&truik [18]. Also, a number of interesting properties of
plane curves of constant breadth are included in the worleutdr [8], Ball [2], Barbier [3], Blaschke #] and Mellish

[15).

A space curve of constant breadth was defined by Fujirade considered a closed curve whose normal plane at a
pointP has only one more poir@ in common with the curve, and for whiak(P, Q) is constant. For such curveg is

also normal aQ. Furthermore, spherical curve of constant breadth was etefiy Blaschkeq]. Kdse presented some
concept for space curves of constant breadth in Euclideapa8e 12 13]. Furthermore, differential equations
characterizing space curves of constant breadth werenglotély Sezerl7]. Similar characterization of space curves of
constant breadth in Euclidean 4-space were given by MagddrKdse 14]. Also, the curves of constant breadth have
been studied in Minkowski 3-space spacelike and timelikeweesi of constant breadth are normal curves, helices and
spherical curves in some special cese.1f],[Kocayigit andOnder showed that in Minkowski 3-space spacelike and
timelike curves of constant breadth in are normal curvelizdeand spherical curves in some special ceses. Moreover,
Onder, Kocayigit and Candan studied differential equeticharacterizing timelike and spacelike curves of constan
breadth in Minkowski 3—spacEf and gave a criterion for a timelike or spacelike curve of tahm curve of constant
breadth inEf [16]. Spacelike curves of constant breadth in Minkowski 4-spaere given by KazazOnder and
Kocayigit [11]. Furthermore, Yilmaz have studied dual timelike curvesmfstant breadth in dual Lorentzian spa2d .

In this paper we study dual curves of constant breadth in dorntzian spac®3. We obtain a third order differential
equation which characterizes dual curves of constant bréai? and give some special cases.
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2 Dual curves and dual Euclidean space

LetD =R xR = {a= (a,a*) : a,a* € R} be the set of the pair@,a*).Fora= (a,a*), b= (b,b*) € D the following
operations are defined dh

Equality:a=b<a=h, a* =b*
Addition: a+b = (a+b,a" +b")
Multiplication: ab = (ab,ab* + a’b).

The element = (0,1) € D satisfies the relationships

€40, €2=0, el=1le=¢

Let consider the elemente D of the forma = (a,0). Then the mapping : D — R, f(a,0) = ais a isomorphism. So,
we can writea = (a,0).By the multiplication rule we have that

a=(aa")=(a,0)+(0,a") = (a,0)+(0,1)(a*,0) = a+ &a*

Thena= a+ €a* is called dual number anglis called dual unit. Thus the set of dual numbers is given by

D={a=a+ea":aa €R,e>=0}

The setD forms a commutative group under additidg{]. The associative laws hold for multiplication. Dual numbe
are distributive and form a ring over the real number field.

Dual function of dual number presents a mapping of a dual raumbpace on itself. The general expression for dual
analytic (differentiable) function as follows
f(X) = f(x+ex") = f(x) + ex" f'(x),

wheref’(x) is derivative off (x) andx,x* € R. LetD® =D x D x D be the set of all triples of dual numbers, i.e.,

D® = {d= (a1, 8,8): & € D,i =1,2,3}.
Then the seD? is called dual space. The elementsbt are called dual vectors. Similar to the dual numbers, a dual
vectora' may be expressed in the form="a+ €a* = (a,a*), wherea anda* are the vectors dR®. Then for any vectors
4= a+ ca* andb = b+ eb* of D, the scalar product and the vector product are defined by
<&db>=<ab>+e(<ab*>+<a’b>),

and
dxb=axb+¢g(axb*+a" xh),

respectively, where< a,b > anda x b are the inner product and the vector product of the vectoand b in R3,
respectively.

The norm of a dual vecta i$ given by

<aa >

lall

A dual vectora'with norm 1+ €0 is called dual unit vector. The set of dual unit vectors i&giby

lall=llall+e

. (@#0).
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S ={a=(a,az,a3) eD3: <& &> =1+¢0},

and called dual unit sphere (For detaibs?, 19]).

Letg:1 CR — Df be a dual curve with are lenght parameteFhen the unit tangent vector is defin@d= %‘sﬂ =fand
the principal normal is1 = }%Where;?is never pure-dual and™denotes the derivative with respectsoThe function

K(S) =|| f|\: K(s) + ek *(s) is called dual curvature of dual curge Then the binormal vector ap is given by the dual
vectorb = x fi. Hence, the tripl€t, i, b} is called dual Frenet frame gfand Frenet formulas are given by

f 0 k 0] [f
il = |-k 0 7| | 1)
b 0 —-70]| |b

where<ff>=1, <ffi>=1, <bb>=1 and<f fi>=<fb>=<nAb>=0.

HereT(S) = 1(s) + £T*(s) is dual torsion of dual curve and we suppose, as the curvataiie never pure-duall.

3 Dual curves of constant breadth inD3

In this section, we consider dual curves of constant breiadibal Euclidean spad@s.

Definition 1. Let C be a dual curve in D3 with dual position vector ¢ = (])(57. If C has parallel tangents in opposite
directions at corresponding points and if the distance between these points is always constant then C is called a dual
curve of constant breadth in D3. Moreover, a pair of dual curves C and C; for which the tangents at the corresponding
points ¢(S) and 4 (s7) are parallel and in opposite directions and the distance between these pointsis always constant is
called a dual curve pair of constant breadth in D where 4 (s7) isdual position vector of dual curveC; in D3,

Let nowC andC; be a pair of unit speed dual curves of cl@sswith nonzero dual curvature and dual torsiorif and
let those dual curves have parallel tangents in opposieiilins at corresponding points. Then we may write the joosit
vector of dual curv€; as follows o

{ =@+ Y+ 3+ Ab )
wherey, 5 and) are arbitrary functions of. By differentiating @) with respect teswe get

d(dy . dy _=. o dd = = dA:
Ed—s_—(l+d—§—K5)t+(Ky+ d_§_TA)n+(T5+d_§)b' (3)

Since we havé, = —f from (3) it follows

dy _ ds; | =5

R AT

(é—g:—K)i—f— TA (4)
A —_75
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~5- f(4)
y+1p. (5)

SE&ESE
1
L
|
> —:

o
>a

wheref(¢) = p + p;. Using the system of ordinary differential equatiob} (ve have the following dual third order
differential equation with respect o

d df = d?f T dy d [k
(alr (@ @)} 2 (&) (5) o ©
Then we can give the following corollary:

Corollary 1. The dual differential equation given in (6) is a characterization for dual curve C; and the position vector of
this dual curve can be determined by the solution of this equation.

Let now investigate the solution of equatid) (n a special case. Assume thas), 7(S) be constants i.ek, k*, T andt*
be constant. It means that dual cufvés a dual helix. In the case equatid) pas the form

d53+[1+(§) | g+ 1@ =0

Then we have the following corollary:
Corollary 2. The dual differential equation characterizing dual helix curves of constant breadth in D3 is given as follows

d3y

T f(@)=0. 7

1+(_)2 dy

Corollary 3. Let C be a dual helix. In this case equation (7) gives us followings

_ _ v -
VACOS<¢\/%+1 +Bsm<¢ Co1) - K0

5 T : - =2

6:,/’%+1{Bcos ¢ ‘%Jrl)—Asm ) %+1)]+K2T+f2f ®)
Y T (= 2 3=

A%{Acos(q& =Z+1)+Bsm<¢ %+1)]%(%f)

whereA andB are constants. Then we have the following theorem.

Theorem 1.Dual helicesC and C,; formadual curve pair of constant breadthin D3 if and only if there exists the following
relationship between the dual position vectors of the curves

(© 2016 BISKA Bilisim Technology
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{ =@+ |Acos| § fz+1 +Bsin| ¢ fz+1 K¢ fli

- ¢ V %2 V %2 E2+f2

+ E+1 Bcos 47\/E+1 - T +1 + fi
K2 K2 K2 E2+

_E: Acos<$\/?ﬂ>+83n<¢\/T1> = (Ef?ﬁf)] b.

Let now consider the general case again, i.e.klet,7 and t* be non-constant. Since the distance between opposite
points ofC andC, is constant, we can write

+

| {—@|>=| y+6+A |= constant. )
By differentiating @) with respect tap it follows

_dy | =d5 —d/\

=+ 5—_+ =0. 10
By virtue of (5), the differential equationl() yields
—(dy £\
y(d—$6> =0. (11)

From (11) the following cases are obtained.

(i) y=0. Then, from §) the other components are

- - kdf
o="f, A_?_d_qT’ (12)
and we get
{ =@+ fi Kdfig (13)
- ¢ Tdp

(i) g—g = &. Thatisf = 0. Then followings are obtained

(&) kK =1 andk* = 1*. Thus, the components are

8 = V/2(~Asin(v2$) + Beos(v/2§)) (14)

{ y = Acos(v/2) + Bsin(v/2§)
A = —(Acos(v/29) + Bsin(v/29))

(b) £=%,17>« and 1+ 2 -2z Then the components

V:Acos( 1+%¢7) +stn( 1+ %(ﬁ)

5=\/1+& Acos( g ( 1+ ;%5)} (15)
L [Acos i
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4 Conclusion

In this study, some characterizations of space curves dicpto Bishop frame in Euclidean 3-space are given by using
Laplacian operator and Levi-Civita connection. Furthemmadhe general differential equations which charactettiee
space curves according to Bishop frame are given. It is ebthsome useful results and given theorems. Similar
characterizations can be applied to other curves.
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