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Abstract: This article deals with the mathematical analysis of theeiise problem of identifying the unknown time-dependent
coefficient in the quasilinear parabolic equation with tbelncal boundary and integral overdetermination condgtidrhe existence,
uniqueness and continuously dependence upon the data sbliitéeon are proved by iteration method in addition to thenetical
solution of this problem is considered with an example.
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1 Introduction

Nonlocal boundary conditions such as (4) arise from manyomgmt applications in heat transfer, termoelasticity,
control theory, life sciences, etc. For example, in heapagation in a thin rod in which the law of variati&{t) of the
total quantity of heat in the rod is given id][ In [3] the nature of (3)-type conditions is demonstrated. Thdiam of
identifying of a coefficient are widely for mathematical netidg of various process of physics, chemistry, ecology and
industry. For surveys on the subject, we refer the readel, 64, 7,2] and the references therein.

Consider the problem of finding a pair of functiofisu) satisfying the following quasilinear parabolic problem :

U = Uxx— p(Hu+r(t) f(xt,u), (xt)eD 1)
u(x,0) = ¢(x), xel0,1], @)
U(O,t) = U(l,t), Ux(l,t) =0,te [OﬂT]7 (3)
E(t) = /01U(X,t)d>90§t <T, (4)

where
D:={0<x<10<t<T}.

This problem will be called an inverse problem. The funcsigr{x) and f(x,t,u) are given functions of0,1] and
D x (—o0, ), respectively.
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The problem of finding the pair (t),u(x,t)} in (1)-(4) will be called an inverse problem.

In Section 2, the existence and uniqueness of the solutidnvefse problem (1)-(4) is proved by using the Fourier
method and iteration method. In Section 3, the continuope@ence upon the data of the inverse problem is shown. In
Section 4, the numerical procedure for the solution of therise problem is given. In Section 5, some examples are
presented.

2 Existence and uniqueness of the solution of the inverse dotem

Consider the following system of functions on the interfgall] :

Xo(X) = 2, Xok—1(X) = 4c0g2mkx), Xok(X) = 4(1—X)sin(2nkx), k=1,2,...,
Yo(X) = X, Yox_1(X) = xcoq21kx), Yox(X) = sin(2rkx), k=1,2, ....

The systems of these functions arise4hfpr the solution of a nonlocal boundary value problem intremduction.

It is easy to verify that the system of functiof(x) and Yi(x), k=10,1,2, ... are biorthonormal off0, 1]. They are also
Riesz bases ih,[0, 1] (see P]).

Definition 1. The pair {r(t),u(x,t)} from the class @,T] x (C>*(D)NC%?(D)) for which conditions (1)-(4) are
satisfied, is called the classical solution of the inversebfem (1)-(4).

The main result on existence and uniqueness of the solutitire dnverse problem (1)-(4) is presented as follows:

We have the following assumptions on the data of the probleni4).

(A1) E(t)€CY0,T], p(t) >0,r(t) €C[0,T],
(A2) ¢(x) €C*[0,1],9(0) = ¢(1), ¢'(1) =0, ¢"(0) = ¢ (1), _
(A3) (1) Letthe functionf (x,t,u) is continuous with respect to all argument£irx (—o, ) and satisfies the following
condition
oM Ext,u) oM E(xt,d

axn - axn ) Sb(t,X)|U*G| 7n:051525

whereb(x,t) € La(D), b(x,t) >0,
(2) f(x,t,u) € C4[O, 1,10, T], f(xt,u)|,_o= F(Xt,u)|,_q, (XL, 1 =0, fix(Xt, U)o = Fux(XT,U)|,_q,

3) jl f (x,t,u)dx= 0, vte[0,T].
0
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By applying the standard procedure of the Fourier methodoktain the following representation for the solution of
(1)-(3) for arbitraryr (t) :

t t
It
%+/u fo(T)e ¥ m]mu
0
o [ ewa ol ; —2mk2-T)— | p(s)
1)/ p(s
+3 | ace +/r ) fa(r)e r dT]XZk()
k=1 L 0
r t
© (22— | p(s)ds
+ (Pok—1 — ATkt P ) 0 ] Xok—1(X)
k=1
r t t
@ —(2n2(t-1)~ | p(s)ds
‘S /}uxbkﬂn—mma—na@n)e ‘ m]&kﬂm 5)
k=1 K
where
1
¢w7/¢ (X)Ye()dx, fi(t) ‘/fxtu X)dxk=0,1,2,.
0
Let
/v L1 h
W=goe o+ [ [rOfEruE e " edgdr
00

t
2
p(s
P dE dr.
Under the condition§A,) and(A3) — (2) the series (5) andz £ converge uniformly irD since their majorizing sums
are absolutely convergent. Therefore their swixst) andux(x,t) are continuous iD. In addition, the serlesz ﬁ_t and
Z a 2> are uniformly convergent far> € > 0 (¢ is an arbitrary positive number). In additiam(x,t) is continuous irD

K=1
because the majorizing sum q ait is absolutely convergent under the conditi@gw) and(A3z) — (2). Differentiating
K=1

(4) we obtain

1
/ (xt)dx=E (t),0<t<T. ©)
0
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(5) and (6) yield

t t
—(2mk)%t—[p(s)ds t —(21k)2(t—1)— [ p(s)ds
pME®)+E (t)+ Z 81K | poxe 0 +_(£r(r)f2k(r)e T dr
r(t) = T : (7
J f(xt,u)dx
0

Definition 2. Denote the set

{ ( } {Uo() Uzk() u2k*1(t)ak: 1)"'7”}7

of continuous o0, T] functions satisfying the condition
2max u 4 max u max |upx—1(t
() +4 5 maxiuadt)] + max i) <

byB;. Let
_2m 4 m m _
Ju)] = 2 max uo(t)| + z( 2 (1) + max 1<t>|),

be the norm irB;. It can be shown thaB; is the Banach spaces.
Theorem 1.Let assumption§A;) — (Az) be satisfied. Then the inverse problem (1)-(4) has a uniguéieo in D.

Proof. An iteration for Fourier coefficient of (5) is defined as folls:

—Tft p(s)ds

Sa( N (1) f(E,7,uN (€, 7)e £dgdr 8)

~(2rk2f p(s)ds

et
ZZ

up @) =uD )+ [ [rV(@)fE, T,uN (€ 1))e sin2rké d&drt
[ (22~ | p(3)ds

Ugﬁﬂl) —U2k ( +//r f(&,1,uN(&,1))E cosankée v dédr
00

~(2m92— [ p(s)ds

t 1
— 4k t—1)r f(&,1 (E,r))sinanE e dédr
[[r=

where,N =0,1,2,... An iteration for (7) is defined as:

t t
, o —(2mk)%t—[ p(s)ds 't —(21k)2(t—1)— [ p(s)ds
PE(M) +E (t)+ 3 87k | pxe 0 + [rN(T)fy(T)e T dr
k=1 0
(N) (1) —
r (t) - 1
[ fxt,u™)dx
0
Let . . .
~ [ p(s)ds (22~ [ p(s)ds (22~ [ p(s)ds
uWty=doe o u(t) = pxe 0T U (1) = (Pok— ATkt 1) o
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From the conditions of the theorem, we hal# (t) € B;. Let us writeN = 0 in (8).

i‘ p(s)ds

t 1 t t 1
ugl><t>:ug°><t>+/ /r(o)(r)e#p(s) (F(&,7,u0 (£, 7)) — f(£,7,0) EdEdT+//r f(£,7,0)8 £dgdr,
00 00

Applying the Cauchy inequality, the Lipschitzs conditiordaaking the maximum of both sides of the last inequality, we
have:

2 max
o<t<T

o 100 o F VT I XL Ol

cloT]

U (©)] < 2180l + 2V/T 160XVl Ly o) [|u

and

~(@m2(t-1)~ ] p(s)ds

t 1
U5 () = UE?(tH//r(o’(r>[f(E,T,U‘°>(E,r>>— £(£,1,0)] sin2rké e
00

t 1 t
—(2mk)3(t—1)— d
+//r<0>(r)f(5,r,0)sin2nkze O PO s g,
00

Applying the Cauchy inequality, the Holder inequalitye tBessel inequality, the Lipschitz condition and taking masxm
of both sides of the last inequality, we obtain:

o

43 x| 0] <43 1920+ 5 Ibx 00 cor* 5100

K= O<t B1

Applying the same estimations mélkll(t), we obtain,

r(0) (t)H

B1 C[0,T]

i onax ‘UZK 1 ‘<4z |p2x—1|+ 8T z }‘sz 1‘ (% +4\/§T) Hb(xat)”Lz(D)Hu(O)

+ (ﬁ +4\f2T> Hr<°> (t>qu,n M

Finally we have the following inequality:

Hu<1)(t) = 2 max

B1 OStST

uy! ()| 4+ max
2k ( o<t<T

Sof a3, (gmaxuio]+ el )

<9 +8TS |daq|+ 2ﬁ+—+4ﬁT) b(x,t (©)
19l éﬁ%kq (2v7+ 5 [0y |

+(2vT+ Zraver) o) m

B, r<°>(t)H

C[0,T]
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where||¢|| = 2|¢o| + 4 E [|§2k| + |§21_1]]. HenceuD(t) € By. In the same way, for a general valuehbive have
k=1

=2 max
B 0<t<T

usy (t)| + max

[«

Vo] +a 3 ( max|u 52,00])

< o +8T k;\qs;k,l\ +(2vTr 2 +4ﬁT) 6Dl U2 1)

+ <2\/'T+ % +4\f2T) Hr“\‘*l)(t)HqOT]

p(N-1) (t)H

oI Ol

SinceuN~Y(t) € B; and from the conditions of the theorem, we hav®) (t) € By,

{ ( )} {Uo( ) U2k( ) U2k,l(t), k= 1,2,...} € B;.

Now we prove that the iterationsN* (t) andr(N+3(t) converge irB; andC|[0, T], respectively, adl — co.

W) (1) =2 (s 0 - u0)) + 43 10 U 1) + (U 40 U 4 0)
k=1

t
—(21K)2(t—T)— d
B[P orke dedr

(2nk)2(t—1)— [ p(s)ds

Lot
+4y /r(°>(r)f(f,r,0)e

t
/ sin 2nkEd&dr
k=15 0
© 17 ~(2m2(t-1)- bl
+4Z//r(°)( ) [1E, U0 (E, 1)~ £(£,7,0) 9% cos ke dedt
k=15 0
t 1 t
a5 [ [fomiEroe " g cosancagar
19

—(@m9(t-1) | p(9)ds

t 1
—16mYy k t—1)rO) [f(&,7,u9(&, 1) - f(&,1,0)| e sin2nk&dédr
kzlofoﬂ O [#8,T.u0(E 1)~ 1(&,7,0)]
o 4 oot
+16n2k//(tfr)r<)(r)f(5 7,0e | P i onkg dE it
k=19 0
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Applying Cauchy inequality, Holder inequality, Lipscistcondition and Bessel inequality to the last equation, btain:

Hu<l>(t)—u<°>(t) . < (2\/_+\/£_+4\/§T) [CESS Hu<°>t r©t qu,n
(2\/_+f+4f2 )H H oM
A= (2\/‘?+%+4\/§T) 15068l 0 @ 1) . r(o)(t)Hc[OT (2\/_+\/_+4\/_T)H H oM
Applying the same estimations we obtain,
Hu(z)(t)—u(l)(t) (2f+f+4f2 ) ’r(l)(t)quyT]|\b(x,t)||L2(D) ]uﬂ)—u(o) .
<2f+%+4f2 )‘r(l)(t)r(o)(t)Hc[O’T]M.
@O 2v2 IOl [u =
M(1— 2\/2 2(D) B,
HU(Z)(t)*u(l)(t) = <2\/'|_'+ﬁ+4\f2T+ 3{\2[2 ) H H b(X. )l ) A
For same estimations,
Hr<z),r(1>H o S M(lz—\/zéfz) Hr(Z)(t>HC[O,T] 1606 o) ‘u@),u(l) .
Hu(3)(t)—u(2)(t) 7(2\/_+\/_+4\/_T = 2[2) x| H H HC[ ’T]Hb(x,t)Hfz(DT).
ForN
((N+) _((N) < 2:/2 (N4 () 1606, o U™ —u™]|
coT] ~ M(1-2v2) By
R Al O Y A ©)
N
(2\/1_'+%+4\f2T+ (15\2[\2@> IbOC) 1T, o) -

Itis easy to see that fN*D — uN) | N — oo, thenrN+D) — r(N) N — oo,

Thereforeu™+1) (t) andr(N+2)(t) converge irB; andC[0, T], respectively.
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Now let us show that there exisisandr such that

lim uNFY () = u(t), lim rNFD ) = r(t).

N—oco N—oc0

Applying the Cauchy inequality, the Holder Inequalitye thipschitzs condition and the Bessel inequalit*uer u<N+1)‘

and‘r—r“\”‘

2V2

2V2
r—rt r(t)||b(x,t)| u— uN+) F(t)] [b(x,t)] |uN+ — ™|, 10
A ] i 2 MOl BeO | (10)
\U(t)—U‘N”>(\ 2T+ 2 fayar 4 22 X|r(t)||b(x,t)|‘u—u('\‘+l)‘ (11)
V3 (1-2v2)
+(2vTe 2 pavare 22 2v2 x|r(t)||b(x,t)|’u“\'”)—u('\‘)’.
V3 (1-2V72)
Applying the Gronwall inequality to the last inequality g inequality (9) and taking maximum of both sides, we have
2(N+1)
2 A 2\/2
u(t) —u™Nt =257 (2 = aveT 12
Jut) o, <25 f+\/§+\f+(_2\f2) 12)

IO IrOltor [0 . H“%qu,ﬂ---Hf‘”><t>qu,ﬂ}2

2 22 \°
><exp2<2\/_+%+4\/§T+(l 2\/—>) [[b(x,t HEZ(D)Hr(t)Hé[O,T]

ThenN — o we obtainu™NtD — y, r(N+1) .

For the uniqueness, we assume that problem (1)-(4) has twticsopairs(r,u), (q,v). Applying the Cauchy inequality,
the Holder Inequality, the Lipshitzs condition and the Sdsnequality tqu(t) — v(t)| and|r(t) — q(t)|, we obtain:

|u(t)—v(t)|g(2ﬁ+i+4ﬁT) Ib(x,t)] | (t)] |u(t) — v(t |+(2\F+

7 +4\/_T)|r( qt)|M,  (13)

V3

2v2
M(1-2v/2)

applying the Gronwall inequality to the last inequality, eveu(t) = v(t). Hencer(t) = q(t).

r(t) —at)| < r(®)ut) —v®)[[b(x )],

The theorem is proved.

3 Continuous dependence of (a,u) upon the data

Theorem 2. Under assumption (A1)-(A3) the solution (r,u) of the probl€l)-(4) depends continuously upon the data
¢.E.

(© 2016 BISKA Bilisim Technology
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Proof.Let® ={¢, E, f} and® = {§, E, f} be two sets of the data, which satisfy the assumptidas— (As) .Suppose
that there exist positive constami, i = 1,2 such that

IEllctor) < M, [[Ellcao ) < Mas 19 llcspy < M2, [P lcsjo.qy < Me.

Let us denotd @|| = ([|Ellczjo 1) + 19 lcspo,q + | Fllcaos))- Let (r,u) and (T, 1) be solutions of inverse problems (1)-(4)
corresponding to the data = {¢, E, f} and® = {@, E, f} respectively. According to (5)

t

t
J p(s)ds e —(2mk)%t— [ p(s)ds
U—u=2(¢o—go)e © +4% sin2nkg (¢ —Pa)e 0
=1

—(2nk?t— [ p(o)ds

+4% cosk (¢a-1—Pac1)e °
K=1

t1 (
+2<//V(T)[f(fvT,U(E,T)) f(f,T,U(E,T))]eJP(S)deEdT)
00

t 1 t
. (/ @ -ra) e ruE e * p(s)dsdfdr)
00

—(2mk)3(t—1)—

t 1
+4Z//r(r)[f(f,r,u(é,r))—f(E,T,U(E,T))]sinZHkEe (
00

p(s)

.

ds
dédr

+4k°°1/t' /l (r(t)—7(1))[f(&,T,u(&, 1)) — f(&,1,TU(&,T))]sin an(fe*<2"k>2(tfr>frft p(s)dsdédr
~t0 0

+4k§10/to/lr(f) [F(E,T,u(E,1)) — T(&,7,U(E,T))] € cos 2TkE e*(znk)z(t*T)fjp(s)dsdEdT

+4kzl/t/l(f(f) —T(1) [f(&,T,u(E, 1)) — F(&,7,T(E,1))] & cos ATkE e*<2"k>2<tfr>fjp<s>dsdédr
~00

~16n3 k| [ Dr@If(E U, 1)~ (&, 7.0 )] sin Z,Me*@nk)z(t—r)fj s o

—(2m(t-1) | p(s)ds

(t—1)(r(1) —T(7)) [f(&§,7,u(§, 7)) — £(§,7.0(E, 7))] sin2riké e dédr

Same estimations,

1
2

tm
u—0] <My | @~ [ + M ( I/ r2<r>b2<z,r>|u<r>U<r>|2dfdr) , (14)
00

IF =] < Ms | @~ @]+ Mg r (1) |u(t) — u(D)|

applying Gronwall’'s inequality to (14), we obtain:
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t
|ufU|2§2M§H<D75H2xexp2\/I§ (/ /r2 T)b?(&,1) dEdr)
00

For ® — @ thenu — U. Hencer — T.

4 Numerical procedure for the nonlinear problem (1)-(4)

We construct an iteration algorithm for the linearizatidnhe problem (1)-(4):

M g2y

9%_:%%rfpmwm+mﬁ@¢wmﬂymneo (15)
u™(0,t) =u™(1,t),t € [0, T] (16)
W (1,t) =0, t € [0,T] (17)
uW(x,0)=¢(x), xel0,1]. (18)

Letu™(x,t) = v(x,t) and f(x,t,u™ 1) = f(x,t). Then the problem (15)-(18) can be written as a linear problem

%’ - g—)z(\z/ —pt)v(x,t)+rt)f(xt) (xt)eD (19)
v(0,t) =Vv(1,t), te[0,T], (20)
w(lt)=0, te[0,T], (21)
v(x,0)=¢(x), xe€0,1]. (22)

In [?,7], the problems are linear. In this problem in order to usesih@lar methods in these papers, firstly we use the
method of the linearization then we use the finite differemathod to solve (19)-(22) with a predictor-corrector type
approach.

We subdivide the interval®, 1] and[0, T] into Nx andN; subintervals of equal lengths= & andt = % respectively.
We choose the Crank-Nicolson scheme, which is absolutaeblesind has a second order accuracy in bathd7. The
Crank-Nicolson scheme for (19)-(22) is as follows:

1/ j+1 1 j+1 +1 +1
T (1) = ggp | (a2 )+ (W -2 )

Z(pj+l+pj) (Vij+1+vij) +%(rj+rj+1) (ﬁHlJrﬂj), (23)
w=a, (24)
=, 25)

(© 2016 BISKA Bilisim Technology
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V;\lel = Vrj\1x+1, (26)
where 1< i < Ny and 0< j < N; are the indices for the spatial and time steps respectivlialy, v(Xi,tj), @ = ¢ (%),
fJ = f(x., i), pl = p(tj), X = ih, tj = jT. At the t = 0 level, adjustment should be made according to the initial
condition and the compatibility requirements.

Now, let us construct the predicting-correcting mechanisinst, integrating the equation (1) respecktivom 0 to 1 and

using (3) and (4), we obtain
E'(®) + POE®) +w(0.t)

Jo Flxt)x

rt) = (27)

The finite difference approximation of (27) is

(£ 81) /1) + DB+ ()
(fin)]

rl=

)

whereEl = E(t}), (fin)l = [ f(x,tj)dx, j =0,1,...,N. Forj =0,

o (B E) /1) 4 E s (e )
(fin)0

)

and the values ofy provide us to start our computation. We denote the valuqdé,ov’rij at thes-th iteration stepi(9
V! respectively. In numerical computation, since the time severy small, we can take+10) = ri /™20 = yJ,
i=0,1,2,...N,i=12 ... N At each(s+ 1)-th iteration step we first determimé&™1(5+1) from the formula

—((e+2— EJ+1)/T)+pJ+1EJ+1+( R )/h

(fin)i+1

plti(s+l)

Then from (23)-(26) we obtain

} (Vin(SH) _V_j+1(s)) _ 1 Kv-jjnsﬂ) _ 2Vij+1(sr1) J+1(s+1)) n (Vijj]:_L(S) _ 2Vij+1( s) J+1( ))}

T ~2n2 Vi Vi
1. o . 1, . . ~ ~
- (14 p)) (Vij+l(s+1) +Vij+l(s)) +3 (r1+l(s+1) Jrr1+1(s)) (fiJJrlJr fiJ) : (28)
B s (29)
VR o

The system of equations (28)-(30) can be solved by the Gdimsmation method and/ij“(SH)

is determined. If the
difference of values between two iterations reaches thecpibed tolerance, the iteration is stopped and we accept th
corresponding valuesi~2s+1) VITX Y = 1 2 Ny asritl Wil = 1,2, N,), on the §+ 1)-th time step,

respectively. In virtue of this iteration, we can move fraamdl j to level j + 1.
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5 Numerical example

Example 1.1f we consider the inverse problem (1)-(4), with

f(xt,u) = (21m)% cog2mx) exp(—t) + u(1+ exp(t)) exp(—t),
p(t) = expt), ¢(x) = cog2nx) + 1,
E(t) =explt), x€[0,1], t € [0,T].

Itis easy to check that the analytical solution of this pembis{r(t), u(x,t)} = {exp(2t), (coq2mx)+ 1))expt)}.

Let us apply the scheme which was explained in the previoutsosefor the step sizels = 0.005, 7 = 0.005.In the case
whenT = 1 the comparisons between the analytical solution and tineenigal finite difference solution are shown in
Figures 1 and 2.

t

Fig. 1: Exact and approximate r(t) when T=1.

X

Fig. 2: Exact and approximate solutions of u(x,t) at the T=1.

(© 2016 BISKA Bilisim Technology
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It is clear from these results, this method has been showmaddupe stable and reasonably accurate results for this
example.
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