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1 Introduction

Nonlocal boundary conditions such as (4) arise from many important applications in heat transfer, termoelasticity,

control theory, life sciences, etc. For example, in heat propagation in a thin rod in which the law of variationE(t) of the

total quantity of heat in the rod is given in [4]. In [3] the nature of (3)-type conditions is demonstrated. The problem of

identifying of a coefficient are widely for mathematical modeling of various process of physics, chemistry, ecology and

industry. For surveys on the subject, we refer the reader to [1,6,5,7,2] and the references therein.

Consider the problem of finding a pair of functions(r,u) satisfying the following quasilinear parabolic problem :

ut = uxx− p(t)u+ r(t) f (x, t,u), (x, t) ∈ D (1)

u(x,0) = ϕ(x), x∈ [0,1] , (2)

u(0, t) = u(1, t), ux(1, t) = 0, t ∈ [0,T] , (3)

E(t) =
∫ 1

0
u(x, t)dx,0≤ t ≤ T, (4)

where

D := {0< x< 1, 0< t < T} .

This problem will be called an inverse problem. The functions ϕ(x) and f (x, t,u) are given functions on[0,1] and

D̄× (−∞,∞), respectively.
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The problem of finding the pair{r(t),u(x, t)} in (1)-(4) will be called an inverse problem.

In Section 2, the existence and uniqueness of the solution ofinverse problem (1)-(4) is proved by using the Fourier

method and iteration method. In Section 3, the continuous dependence upon the data of the inverse problem is shown. In

Section 4, the numerical procedure for the solution of the inverse problem is given. In Section 5, some examples are

presented.

2 Existence and uniqueness of the solution of the inverse problem

Consider the following system of functions on the interval[0,1] :

X0(x) = 2, X2k−1(x) = 4cos(2πkx), X2k(x) = 4(1− x)sin(2πkx), k= 1,2, ...,

Y0(x) = x, Y2k−1(x) = xcos(2πkx), Y2k(x) = sin(2πkx), k= 1,2, ....

The systems of these functions arise in [4] for the solution of a nonlocal boundary value problem in heat conduction.

It is easy to verify that the system of functionXk(x) and Yk(x), k = 0,1,2, ... are biorthonormal on[0,1]. They are also

Riesz bases inL2[0,1] (see [?]).

Definition 1. The pair {r(t),u(x, t)} from the class C[0,T]× (C2,1 (D) ∩C1,0
(
D
)
) for which conditions (1)-(4) are

satisfied, is called the classical solution of the inverse problem (1)-(4).

The main result on existence and uniqueness of the solution of the inverse problem (1)-(4) is presented as follows:

We have the following assumptions on the data of the problem (1)-(4).

(A1) E(t) ∈C1[0,T], p(t)≥ 0, r(t) ∈C[0,T],

(A2) ϕ(x) ∈C4[0,1],ϕ(0) = ϕ(1), ϕ ′
(1) = 0, ϕ ′′

(0) = ϕ ′′
(1),

(A3) (1) Let the functionf (x, t,u) is continuous with respect to all arguments inD̄× (−∞,∞) and satisfies the following

condition

∣∣∣∣∣
∂ (n) f (x, t,u)

∂xn − ∂ (n) f (x, t, ũ)
∂xn

∣∣∣∣∣≤ b(t,x) |u− ũ| ,n= 0,1,2,

whereb(x, t) ∈ L2(D), b(x, t)≥ 0,

(2) f (x, t,u) ∈C4[0,1], tε[0,T], f (x, t,u)|x=0 = f (x, t,u)|x=1 , fx(x, t,u)|x=1 = 0, fxx(x, t,u)|x=0 = fxx(x, t,u)|x=1 ,

(3)
1∫

0
f (x, t,u)dx 6= 0, ∀tε[0,T].
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By applying the standard procedure of the Fourier method, weobtain the following representation for the solution of

(1)-(3) for arbitraryr(t) :

u(x, t) =



ϕ0+

t∫

0

r(τ) f0(τ)e
−

t∫
τ

p(s)ds
dτ



X0(x)

+
∞

∑
k=1



ϕ2k e
−(2πk)2t−

t∫

0
p(s)ds

+

t∫

0

r(τ) f2k(τ)e
−(2πk)2(t−τ)−

t∫
τ

p(s)ds
dτ



X2k(x)

+
∞

∑
k=1


(ϕ2k−1−4πktϕ2k)e

−(2πk)2t−
t∫

0
p(s)ds


X2k−1(x)

+
∞

∑
k=1




t∫

0

r(τ)( f2k−1(τ)−4πk(t − τ) f2k(τ)) e
−(2πk)2(t−τ)−

t∫
τ

p(s)ds
dτ


X2k−1(x) (5)

where

ϕk =

1∫

0

ϕ(x)Yk(x)dx, fk(t) =

1∫

0

f (x, t,u)Yk(x)dx,k = 0,1,2, ....

Let

u0(t) = ϕ0e
−

t∫

0
p(s)ds

+

t∫

0

1∫

0

r(τ) f (ξ ,τ,u(ξ ,τ))e
−

t∫
τ

p(s)ds
ξ dξ dτ

u2k(t) = ϕ2ke
−(2πk)2−

t∫

0
p(s)ds

+

t∫

0

1∫

0

r(τ) f (ξ ,τ,u(ξ ,τ))e
−(2πk)2−

t∫
τ

p(s)ds
sin2πkξ dξ dτ

u2k−1(t) = (ϕ2k−1−4πktϕ2k)e
−(2πk)2−

t∫

0
p(s)ds

+

t∫

0

1∫

0

r(τ) f (ξ ,τ,u(ξ ,τ))ξ cos2πkξ e
−(2πk)2−

t∫
τ

p(s)ds
dξ dτ

−4πk

t∫

0

1∫

0

(t − τ)r(τ) f (ξ ,τ,u(ξ ,τ))sin2πkξ e
−(2πk)2−

t∫
τ

p(s)ds
dξ dτ.

Under the conditions(A2) and(A3)− (2) the series (5) and
∞
∑

k=1

∂
∂x converge uniformly inD since their majorizing sums

are absolutely convergent. Therefore their sumsu(x, t) andux(x, t) are continuous inD. In addition, the series
∞
∑

k=1

∂
∂ t and

∞
∑

k=1

∂ 2

∂x2 are uniformly convergent fort ≥ ε > 0 (ε is an arbitrary positive number). In addition,ut(x, t) is continuous inD

because the majorizing sum of
∞
∑

k=1

∂
∂ t is absolutely convergent under the condition(A2) and(A3)− (2). Differentiating

(4) we obtain
1∫

0

ut(x, t)dx= E
′
(t),0≤ t ≤ T. (6)
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(5) and (6) yield

r(t) =

p(t)E(t)+E
′
(t)+

∞
∑

k=1
8πk


ϕ2ke

−(2πk)2t−
t∫

0
p(s)ds

+
t∫

0
r(τ) f2k(τ)e

−(2πk)2(t−τ)−
t∫

τ
p(s)ds

dτ




1∫

0
f (x, t,u)dx

. (7)

Definition 2. Denote the set

{u(t)}= {u0(t),u2k(t),u2k−1(t),k= 1, ...,n} ,

of continuous on[0,T] functions satisfying the condition

2 max
0≤t≤T

|u0(t)|+4
∞

∑
k=1

(
max

0≤t≤T
|u2k(t)|+ max

0≤t≤T
|u2k−1(t)|

)
< ∞,

byB1. Let

‖u(t)‖= 2 max
0≤t≤T

|u0(t)|+4
∞

∑
k=1

(
max

0≤t≤T
|u2k(t)|+ max

0≤t≤T
|u2k−1(t)|

)
,

be the norm inB1. It can be shown thatB1 is the Banach spaces.

Theorem 1.Let assumptions(A1)− (A3) be satisfied. Then the inverse problem (1)-(4) has a unique solution in D.

Proof.An iteration for Fourier coefficient of (5) is defined as follows:

u(N+1)
0 (t) = u(0)0 (t)+

t∫

0

1∫

0

r(N)(τ) f (ξ ,τ,u(N)(ξ ,τ))e
−

t∫
τ

p(s)ds
ξ dξ dτ (8)

u(N+1)
2k (t) = u(0)2k (t)+

t∫

0

1∫

0

r(N)(τ) f (ξ ,τ,u(N)(ξ ,τ))e
−(2πk)2−

t∫
τ

p(s)ds
sin2πkξ dξ dτ

u(N+1)
2k−1 (t) = u(0)2k−1(t)+

t∫

0

1∫

0

r(N)(τ) f (ξ ,τ,u(N)(ξ ,τ))ξ cos2πkξ e
−(2πk)2−

t∫
τ

p(s)ds
dξ dτ

−4πk

t∫

0

1∫

0

(t − τ)r(N)(τ) f (ξ ,τ,u(N)(ξ ,τ))sin2πkξ e
−(2πk)2−

t∫
τ

p(s)ds
dξ dτ

where,N = 0,1,2, ... An iteration for (7) is defined as:

r(N)(t) =

p(t)E(t)+E
′
(t)+

∞
∑

k=1
8πk



ϕ2ke
−(2πk)2t−

t∫

0
p(s)ds

+
t∫

0
r(N)(τ) f2k(τ)e

−(2πk)2(t−τ)−
t∫

τ
p(s)ds

dτ





1∫

0
f (x, t,u(N)

)dx

Let

u(0)0 (t) = ϕ0e
−

t∫

0
p(s)ds

,u(0)2k (t) = ϕ2ke
−(2πk)2−

t∫

0
p(s)ds

,u(0)2k−1(t) = (ϕ2k−4πktϕ2k−1)e
−(2πk)2−

t∫

0
p(s)ds

.
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From the conditions of the theorem, we haveu(0)(t) ∈ B1. Let us writeN = 0 in (8).

u(1)0 (t) = u(0)0 (t)+

t∫

0

1∫

0

r(0)(τ)e
−

t∫
τ

p(s)ds
[ f (ξ ,τ,u(0)(ξ ,τ))− f (ξ ,τ,0)]ξ dξ dτ +

t∫

0

1∫

0

r(0)(τ) f (ξ ,τ,0)e
−

t∫
τ

p(s)ds
ξ dξ dτ.

Applying the Cauchy inequality, the Lipschitzs condition and taking the maximum of both sides of the last inequality, we

have:

2 max
0≤t≤T

∣∣∣u(1)0 (t)
∣∣∣≤ 2|ϕ0|+2

√
T ‖b(x, t)‖L2(D)

∥∥∥u(0)(t)
∥∥∥

B1

∥∥∥r(0)(t)
∥∥∥

C[0,T]
+2

√
T ‖ f (x, t,0)‖L2(D) .

and

u(1)2k (t) = u(0)2k (t)+

t∫

0

1∫

0

r(0)(τ)[ f (ξ ,τ,u(0)(ξ ,τ))− f (ξ ,τ,0)]sin2πkξ e
−(2πk)2(t−τ)−

t∫
τ

p(s)ds
dξ dτ

+

t∫

0

1∫

0

r(0)(τ) f (ξ ,τ,0)sin2πkξ e
−(2πk)2(t−τ)−

t∫
τ

p(s)ds
dξ dτ.

Applying the Cauchy inequality, the Hölder inequality, the Bessel inequality, the Lipschitz condition and taking maximum

of both sides of the last inequality, we obtain:

4
∞

∑
k=1

max
0≤t≤T

∣∣∣u(1)2k (t)
∣∣∣≤ 4

∞

∑
k=1

|ϕ2k|+
1√
3
‖b(x, t)‖L2(D)

∥∥∥u(0)(t)
∥∥∥

B1

∥∥∥r(0)(t)
∥∥∥

C[0,T]
+

M√
3

∥∥∥r(0)(t)
∥∥∥

C[0,T]
.

Applying the same estimations tou(1)2k−1(t), we obtain ,

4
∞

∑
k=1

max
0≤t≤T

∣∣∣u(1)2k−1(t)
∣∣∣≤ 4

∞

∑
k=1

|ϕ2k−1|+8T
∞

∑
k=1

∣∣∣ϕ
′
2k−1

∣∣∣+
(

1√
3
+4

√
2T

)
‖b(x, t)‖L2(D)

∥∥∥u(0)(t)
∥∥∥

B1

∥∥∥r(0)(t)
∥∥∥

C[0,T]

+

(
1√
3
+4

√
2T

)∥∥∥r(0)(t)
∥∥∥

C[0,T]
M.

Finally we have the following inequality:

∥∥∥u(1)(t)
∥∥∥

B1
= 2 max

0≤t≤T

∣∣∣u(1)0 (t)
∣∣∣+4

∞

∑
k=1

(
max

0≤t≤T

∣∣∣u(1)2k (t)
∣∣∣+ max

0≤t≤T

∣∣∣u(1)2k−1(t)
∣∣∣
)

≤ ‖ϕ‖+8T
∞

∑
k=1

∣∣∣ϕ
′
2k−1

∣∣∣+
(

2
√

T +
2√
3
+4

√
2T

)
‖b(x, t)‖L2(D)

∥∥∥u(0)(t)
∥∥∥

B1

∥∥∥r(0)(t)
∥∥∥

C[0,T]

+

(
2
√

T +
2√
3
+4

√
2T

)∥∥∥r(0)(t)
∥∥∥

C[0,T]
M.
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where‖ϕ‖= 2|ϕ0|+4
∞
∑

k=1
[|ϕ2k|+ |ϕ2k−1|]. Henceu(1)(t) ∈ B1. In the same way, for a general value ofN we have

∥∥∥u(N)(t)
∥∥∥

B1
= 2 max

0≤t≤T

∣∣∣u(N)
0 (t)

∣∣∣+4
∞

∑
k=1

(
max

0≤t≤T

∣∣∣u(N)
2k (t)

∣∣∣+ max
0≤t≤T

∣∣∣u(N)
2k−1(t)

∣∣∣
)

≤ ‖ϕ‖+8T
∞

∑
k=1

∣∣∣ϕ
′
2k−1

∣∣∣+
(

2
√

T +
2√
3
+4

√
2T

)
‖b(x, t)‖L2(D)

∥∥∥u(N−1)(t)
∥∥∥

B1

∥∥∥r(N−1)(t)
∥∥∥

C[0,T]

+

(
2
√

T +
2√
3
+4

√
2T

)∥∥∥r(N−1)(t)
∥∥∥

C[0,T]
M.

Sinceu(N−1)(t) ∈ B1 and from the conditions of the theorem, we haveu(N)(t) ∈ B1,

{u(t)}= {u0(t),u2k(t),u2k−1(t), k= 1,2, ...} ∈ B1.

Now we prove that the iterationsu(N+1)(t) andr(N+1)(t) converge inB1 andC[0,T], respectively, asN → ∞.

u(1)(t)−u(0)(t) = 2
(

u(1)0 (t)−u(0)0 (t)
)
+4

∞

∑
k=1

[(u(1)2k (t)−u(0)2k (t))+ (u(1)2k−1(t)−u(0)2k−1(t))]

= 2




t∫

0

1∫

0

r(0)(τ)
[

f (ξ ,τ,u(0)(ξ ,τ))− f (ξ ,τ,0)
]

e
−

t∫
τ

p(s)ds
ξ dξ dτ




+2

t∫

0

1∫

0

r(0)(τ) f (ξ ,τ,0)ξ dξ dτ

+4
∞

∑
k=1

t∫

0

1∫

0

r(0)(τ)
[

f (ξ ,τ,u(0)(ξ ,τ))− f (ξ ,τ,0)
]

e
−(2πk)2(t−τ)−

t∫
τ

p(s)ds
sin2πkξ dξ dτ

+4
∞

∑
k=1

t∫

0

1∫

0

r(0)(τ) f (ξ ,τ,0)e
−(2πk)2(t−τ)−

t∫
τ

p(s)ds
sin2πkξ dξ dτ

+4
∞

∑
k=1

t∫

0

1∫

0

r(0)(τ)
[

f (ξ ,τ,u(0)(ξ ,τ))− f (ξ ,τ,0)
]

e
−(2πk)2(t−τ)−

t∫
τ

p(s)ds
ξ cos2πkξ dξ dτ

+4
∞

∑
k=1

t∫

0

1∫

0

r(0)(τ) f (ξ ,τ,0)e
−(2πk)2(t−τ)−

t∫
τ

p(s)ds
ξ cos2πkξ dξ dτ

−16π
∞

∑
k=1

k

t∫

0

1∫

0

(t − τ) r(0)(τ)
[

f (ξ ,τ,u(0)(ξ ,τ))− f (ξ ,τ,0)
]

e
−(2πk)2(t−τ)−

t∫
τ

p(s)ds
sin2πkξ dξ dτ

+16π
∞

∑
k=1

k

t∫

0

1∫

0

(t − τ) r(0)(τ) f (ξ ,τ,0)e
−(2πk)2(t−τ)−

t∫
τ

p(s)ds
sin2πkξ dξ dτ
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Applying Cauchy inequality, Hölder inequality, Lipschitzs condition and Bessel inequality to the last equation, we obtain:

∥∥∥u(1)(t)−u(0)(t)
∥∥∥

B1
≤
(

2
√

T +
2√
3
+4

√
2T

)
‖b(x, t)‖L2(D)

∥∥∥u(0)(t)
∥∥∥

B1

∥∥∥r(0)(t)
∥∥∥

C[0,T]

+

(
2
√

T +
2√
3
+4

√
2T

)∥∥∥r(0)(t)
∥∥∥

C[0,T]
M.

A=

(
2
√

T +
2√
3
+4

√
2T

)
‖b(x, t)‖L2(D)

∥∥∥u(0)(t)
∥∥∥

B1

∥∥∥r(0)(t)
∥∥∥

C[0,T]
+

(
2
√

T +
2√
3
+4

√
2T

)∥∥∥r(0)(t)
∥∥∥

C[0,T]
M.

Applying the same estimations we obtain,

∥∥∥u(2)(t)−u(1)(t)
∥∥∥

B1
≤
(

2
√

T +
2√
3
+4

√
2T

)∥∥∥r(1)(t)
∥∥∥

C[0,T]
‖b(x, t)‖L2(D)

∥∥∥u(1)−u(0)
∥∥∥

B1

+

(
2
√

T +
2√
3
+4

√
2T

)∥∥∥r(1)(t)− r(0)(t)
∥∥∥

C[0,T]
M.

∥∥∥r(1)− r(0)
∥∥∥

C[0,T]
≤ 2

√
2

M(1−2
√

2)

∥∥∥r(1)(t)
∥∥∥

C[0,T]
‖b(x, t)‖L2(D)

∥∥∥u(1)−u(0)
∥∥∥

B1
.

∥∥∥u(2)(t)−u(1)(t)
∥∥∥

B1
≤
(

2
√

T +
2√
3
+4

√
2T +

2
√

2

(1−2
√

2)

)∥∥∥r(1)(t)
∥∥∥

C[0,T]
‖b(x, t)‖L2(D)A

For same estimations,

∥∥∥r(2)− r(1)
∥∥∥

C[0,T]
≤ 2

√
2

M(1−2
√

2)

∥∥∥r(2)(t)
∥∥∥

C[0,T]
‖b(x, t)‖L2(D)

∥∥∥u(2)−u(1)
∥∥∥

B1
.

∥∥∥u(3)(t)−u(2)(t)
∥∥∥

B1
≤ A√

2

(
2
√

T +
2√
3
+4

√
2T +

2
√

2

(1−2
√

2)

)2

x
∥∥∥r(1)(t)

∥∥∥
C[0,T]

∥∥∥r(2)(t)
∥∥∥

C[0,T]
‖b(x, t)‖2

L2(DT )
.

ForN : ∥∥∥r(N+1)− r(N)
∥∥∥

C[0,T]
≤ 2

√
2

M(1−2
√

2)

∥∥∥r(N+1)(t)
∥∥∥

C[0,T]
‖b(x, t)‖L2(D)

∥∥∥u(N+1)−u(N)
∥∥∥

B1
.

∥∥∥u(N+1)(t)−u(N)(t)
∥∥∥

B1

≤ A√
N!

∥∥∥r(1)(t)
∥∥∥

C[0,T]

∥∥∥r(2)(t)
∥∥∥

C[0,T]
...
∥∥∥r(N)(t)

∥∥∥
C[0,T]

x (9)

(
2
√

T +
2√
3
+4

√
2T +

2
√

2

(1−2
√

2)

)N

‖b(x, t)‖N
L2(DT )

.

It is easy to see that ifu(N+1) → u(N) , N → ∞, thenr(N+1) → r(N), N → ∞.

Thereforeu(N+1)(t) andr(N+1)(t) converge inB1 andC[0,T], respectively.
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Now let us show that there existsu andr such that

lim
N→∞

u(N+1)(t) = u(t), lim
N→∞

r(N+1)(t) = r(t).

Applying the Cauchy inequality, the Hölder Inequality, the Lipschitzs condition and the Bessel inequality to
∣∣∣u−u(N+1)

∣∣∣

and
∣∣∣r − r(N)

∣∣∣

∣∣∣r − r(N)
∣∣∣≤ 2

√
2

M(1−2
√

2)
|r(t)| |b(x, t)|

∣∣∣u−u(N+1)
∣∣∣

2
√

2

M(1−2
√

2)
|r(t)| |b(x, t)|

∣∣∣u(N+1)−u(N)
∣∣∣ . (10)

∣∣∣u(t)−u(N+1)(t)
∣∣∣≤
(

2
√

T +
2√
3
+4

√
2T +

2
√

2

(1−2
√

2)

)
x|r(t)| |b(x, t)|

∣∣∣u−u(N+1)
∣∣∣ (11)

+

(
2
√

T +
2√
3
+4

√
2T +

2
√

2

(1−2
√

2)

)
x|r(t)| |b(x, t)|

∣∣∣u(N+1)−u(N)
∣∣∣ .

Applying the Gronwall inequality to the last inequality ,using inequality (9) and taking maximum of both sides, we have

∥∥∥u(t)−u(N+1)(t)
∥∥∥

2

B1
≤ 2

A2

N!

(
2
√

T +
2√
3
+4

√
2T +

2
√

2

(1−2
√

2)

)2(N+1)

(12)

×
{
‖b(x, t)‖N+1

L2(D) ‖r(t)‖C[0,T]

∥∥∥r(1)(t)
∥∥∥

C[0,T]

∥∥∥r(2)(t)
∥∥∥

C[0,T]
...
∥∥∥r(N)(t)

∥∥∥
C[0,T]

}2

×exp2

(
2
√

T +
2√
3
+4

√
2T +

2
√

2

(1−2
√

2)

)2

‖b(x, t)‖2
L2(D) ‖r(t)‖2

C[0,T]

ThenN → ∞ we obtainu(N+1) → u, r(N+1) → r.

For the uniqueness, we assume that problem (1)-(4) has two solution pairs(r,u) , (q,v) . Applying the Cauchy inequality,

the Hölder Inequality, the Lipshitzs condition and the Bessel inequality to|u(t)− v(t)| and|r(t)−q(t)| , we obtain:

|u(t)− v(t)| ≤
(

2
√

T +
2√
3
+4

√
2T

)
|b(x, t)| |r(t)| |u(t)− v(t)|+

(
2
√

T +
2√
3
+4

√
2T

)
|r(t)−q(t)|M, (13)

|r(t)−q(t)| ≤ 2
√

2

M(1−2
√

2)
|r(t)| |u(t)− v(t)| |b(x, t)| ,

applying the Gronwall inequality to the last inequality, wehaveu(t) = v(t). Hencer(t) = q(t).

The theorem is proved.

3 Continuous dependence of (a,u) upon the data

Theorem 2.Under assumption (A1)-(A3) the solution (r,u) of the problem (1)-(4) depends continuously upon the data

ϕ ,E.
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Proof.Let Φ = {ϕ , E, f} andΦ =
{

ϕ , E, f
}

be two sets of the data, which satisfy the assumptions(A1)−(A3) .Suppose

that there exist positive constantsMi , i = 1,2 such that

‖E‖C1[0,T] ≤ M1,
∥∥E
∥∥

C1[0,T] ≤ M1, ‖ϕ‖C3[0,1] ≤ M2,‖ϕ‖C3[0,1] ≤ M2.

Let us denote‖Φ‖ = (‖E‖C1[0,T]+ ‖ϕ‖C3[0,1]+ ‖ f‖C3,0(D)). Let (r,u) and(r ,u) be solutions of inverse problems (1)-(4)

corresponding to the dataΦ = {ϕ , E, f} andΦ =
{

ϕ , E, f
}

respectively. According to (5)

u−u= 2(ϕ0−ϕ0)e
−

t∫

0
p(s)ds

+4
∞

∑
k=1

sin2πkξ (ϕ2k−ϕ2k)e
−(2πk)2t−

t∫

0
p(s)ds

+4
∞

∑
k=1

cos2kξ (ϕ2k−1−ϕ2k−1)e
−(2πk)2t−

t∫

0
p(s)ds

+2




t∫

0

1∫

0

r(τ) [ f (ξ ,τ,u(ξ ,τ))− f (ξ ,τ,u(ξ ,τ))]e
−

t∫
τ

p(s)ds
dξ dτ




+2




t∫

0

1∫

0

(r(τ)− r(τ)) f (ξ ,τ,u(ξ ,τ))e
−

t∫
τ

p(s)ds
dξ dτ




+4
∞

∑
k=1

t∫

0

1∫

0

r(τ) [ f (ξ ,τ,u(ξ ,τ))− f (ξ ,τ,u(ξ ,τ))]sin2πkξ e
−(2πk)2(t−τ)−

t∫
τ

p(s)ds
dξ dτ

+4
∞

∑
k=1

t∫

0

1∫

0

(r(τ)− r(τ)) [ f (ξ ,τ,u(ξ ,τ))− f (ξ ,τ,u(ξ ,τ))]sin2πkξ e
−(2πk)2(t−τ)−

t∫
τ

p(s)ds
dξ dτ

+4
∞

∑
k=1

t∫

0

1∫

0

r(τ) [ f (ξ ,τ,u(ξ ,τ))− f (ξ ,τ,u(ξ ,τ))]ξ cos2πkξ e
−(2πk)2(t−τ)−

t∫
τ

p(s)ds
dξ dτ

+4
∞

∑
k=1

t∫

0

1∫

0

(r(τ)− r(τ)) [ f (ξ ,τ,u(ξ ,τ))− f (ξ ,τ,u(ξ ,τ))]ξ cos2πkξ e
−(2πk)2(t−τ)−

t∫
τ

p(s)ds
dξ dτ

−16π
∞

∑
k=1

k

t∫

0

1∫

0

(t − τ)r(τ) [ f (ξ ,τ,u(ξ ,τ))− f (ξ ,τ,u(ξ ,τ))]sin2πkξ e
−(2πk)2(t−τ)−

t∫
τ

p(s)ds
dξ dτ

−16π
∞

∑
k=1

k

t∫

0

1∫

0

(t − τ)(r(τ)− r(τ)) [ f (ξ ,τ,u(ξ ,τ))− f (ξ ,τ,u(ξ ,τ))]sin2πkξ e
−(2πk)2(t−τ)−

t∫
τ

p(s)ds
dξ dτ

Same estimations,

|u−u| ≤ M4
∥∥Φ −Φ

∥∥+M3




t∫

0

π∫

0

r2(τ)b2(ξ ,τ) |u(τ)−u(τ)|2dξ dτ




1
2

, (14)

|r − r| ≤ M5
∥∥Φ −Φ

∥∥+M6 |r(t)|
∣∣∣u(t)−u(t)

∣∣∣

applying Gronwall’s inequality to (14), we obtain:
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|u−u|2 ≤ 2M2
4

∥∥Φ −Φ
∥∥2

xexp2M2
3




t∫

0

π∫

0

r2(τ)b2(ξ ,τ)dξ dτ


 .

For Φ → Φ thenu→ u. Hencer → r.

4 Numerical procedure for the nonlinear problem (1)-(4)

We construct an iteration algorithm for the linearization of the problem (1)-(4):

∂u(n)

∂ t
=

∂ 2u(n)

∂x2 − p(t)u(n)+ r(t) f (x, t,u(n−1)),(x, t) ∈ D (15)

u(n)(0, t) = u(n)(1, t), t ∈ [0,T] (16)

u(n)x (1, t) = 0, t ∈ [0,T] (17)

u(n)(x,0) = ϕ(x) , x∈ [0,1] . (18)

Let u(n)(x, t) = v(x, t) and f (x, t,u(n−1)) = f̃ (x, t). Then the problem (15)-(18) can be written as a linear problem:

∂v
∂ t

=
∂ 2v
∂x2 − p(t)v(x, t)+ r(t) f̃ (x, t) (x, t) ∈ D (19)

v(0, t) = v(1, t), t ∈ [0,T] , (20)

vx(1, t) = 0, t ∈ [0,T] , (21)

v(x,0) = ϕ(x), x∈ [0,1] . (22)

In [?,?], the problems are linear. In this problem in order to use thesimilar methods in these papers, firstly we use the

method of the linearization then we use the finite differencemethod to solve (19)-(22) with a predictor-corrector type

approach.

We subdivide the intervals[0,1] and[0,T] into Nx andNt subintervals of equal lengthsh= 1
Nx

andτ = T
Nt

, respectively.

We choose the Crank-Nicolson scheme, which is absolutely stable and has a second order accuracy in bothh andτ. The

Crank-Nicolson scheme for (19)-(22) is as follows:

1
τ

(
v j+1

i − v j
i

)
=

1
2h2

[(
v j

i−1−2v j
i + v j

i+1

)
+
(

v j+1
i−1 −2v j+1

i + v j+1
i+1

)]

− 1
4

(
p j+1+ p j)(v j+1

i + v j
i

)
+

1
4

(
r j + r j+1)( f̃ j+1

i + f̃ j
i

)
, (23)

v0
i = φi , (24)

v j
0 = v j

Nx
, (25)
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v j
Nx−1 = v j

Nx+1, (26)

where 1≤ i ≤ Nx and 0≤ j ≤ Nt are the indices for the spatial and time steps respectively,v j
i = v(xi , t j), φi = ϕ(xi),

f̃ j
i = f̃ (xi , t j ), p j = p(t j), xi = ih, t j = jτ. At the t = 0 level, adjustment should be made according to the initial

condition and the compatibility requirements.

Now, let us construct the predicting-correcting mechanism. First, integrating the equation (1) respect tox from 0 to 1 and

using (3) and (4), we obtain

r(t) =
E′(t)+ p(t)E(t)+ vx(0, t)∫ 1

0 f̃ (x, t)dx
. (27)

The finite difference approximation of (27) is

r j =

((
E j+1−E j

)
/τ
)
+ p jE j +

(
v j

Nx+1− v j
Nx

)
/h

( f̃ in) j
,

whereE j = E(t j), ( f̃ in) j =
∫ 1

0 f̃ (x, t j )dx, j = 0,1, ...,Nt . For j = 0,

r0 =
−
((

E1−E0
)
/τ
)
+ p0E0+(φNx+1−φNx)/h

( f̃ in)0
,

and the values ofφi provide us to start our computation. We denote the values ofp j , v j
i at thes-th iteration stepr j(s),

v j(s)
i , respectively. In numerical computation, since the time step is very small, we can taker j+1(0) = r j , v j+1(0)

i = v j
i ,

j = 0,1,2, ....Nt , i = 1,2, ...,Nx. At each(s+1)-th iteration step we first determiner j+1(s+1) from the formula

r j+1(s+1) =
−
((

E j+2−E j+1
)
/τ
)
+ p j+1E j+1+

(
v j+1(s)

Nx+1 − v j+1(s)
Nx

)
/h

( f̃ in) j+1
.

Then from (23)-(26) we obtain

1
τ

(
v j+1(s+1)

i − v j+1(s)
i

)
=

1
2h2

[(
v j+1(s+1)

i−1 −2v j+1(s+1)
i + v j+1(s+1)

i+1

)
+
(

v j+1(s)
i−1 −2v j+1(s)

i + v j+1(s)
i+1

)]

− 1
4

(
p j+1+ p j)(v j+1(s+1)

i + v j+1(s)
i

)
+

1
4

(
r j+1(s+1)+ r j+1(s)

)(
f̃ j+1
i + f̃ j

i

)
, (28)

v j+1(s)
0 = v j+1(s)

Nx+1 , (29)

v j(s)
Nx−1 = v j(s)

Nx+1, (30)

The system of equations (28)-(30) can be solved by the Gauss elimination method andv j+1(s+1)
i is determined. If the

difference of values between two iterations reaches the prescribed tolerance, the iteration is stopped and we accept the

corresponding valuesr j+1(s+1), v j+1(s+1)
i (i = 1,2, ...,Nx) as r j+1, v j+1

i (i = 1,2, ...,Nx), on the (j + 1)-th time step,

respectively. In virtue of this iteration, we can move from level j to level j +1.
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5 Numerical example

Example 1.If we consider the inverse problem (1)-(4), with

f (x, t,u) = (2π)2cos(2πx)exp(−t)+u(1+exp(t))exp(−t),

p(t) = exp(t), ϕ(x) = cos(2πx)+1,

E(t) = exp(t), x∈ [0,1] , t ∈ [0,T] .

It is easy to check that the analytical solution of this problem is{r(t), u(x, t)}= {exp(2t) , (cos(2πx)+1))exp(t)} .

Let us apply the scheme which was explained in the previous section for the step sizesh= 0.005,τ = 0.005.In the case

whenT = 1 the comparisons between the analytical solution and the numerical finite difference solution are shown in

Figures 1 and 2.

Fig. 1: Exact and approximate r(t) when T=1.

Fig. 2: Exact and approximate solutions of u(x,t) at the T=1.
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It is clear from these results, this method has been shown to produce stable and reasonably accurate results for this

example.
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