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Abstract: In this article we studied anti-invariant submanifolds éhast complex contact metric manifolds. We found a relation
between Nijenhuis tensor fields of anti-invariant subn@dg and almost complex contact manifolds. We investiga&dations
between curvature tensors of these manifolds. Moreoverstudied anti-invariant submanifolds of almost complextaohmetric
manifolds.Some necessary conditions on which a submasifail an almost complex contact metric manifold€ig anti-invariant
were given. Also we found some characterizations for tp@gdiodesic or umbilicab-J anti-invariant submanifolds of almost complex
contact metric manifolds.
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1 Introduction

Contact manifolds was first worked by W. M. Boothby and H. Cng/fl, 2, 3], and J.W. Gray 14] described an almost
contact manifold by reducing the structural group of thegtant bundle tdJ (n)X1. Later S. Sasakif] showed the
existence of four tensor fields, and introduced the Rienaammietric with regard to the almost contact structure. Tenso
calculus has been a powerful and prominent method sincetuldg sf contact manifold were initiated to use by these
four tensor fields. Two special contact Riemannian manifadde K-contact Riemannian manifolds and Sasakian
manifolds.It can be said that a Sasakian manifold can berdedaas an odd-dimensional analogue of a Kahlerian
manifold. Differentiable manifolds were worked by Y. Ha¢églama 5] with almost contact metric structure in 1963. In
this work contact metric structure was called with vanigHNﬂ or N}k K-contact metric structure or normal contact
metric structure respectively. In 1976, D. E. Blad] provided necessary and sufficient conditions for normatin
almost contact metric manifolds.

Although complex contact manifolds are almost as old asa@atact manifolds’ modern theory, this subject attracts le
attention but recently many examples about this subject h@en studied in the literature. B. Korkm#&} §howed a
complex analogue of real contact metric manifolds in her E€3is.

The concept of complex contact manifold was found as a redutie works of Kobayashi and Boothkiyf, 12,13] in

late 1950s and the early 1960s. This is just shortly afteBibethby-Wang fibration in real contact geometry. Then in
1965, J. A. Wolf[Lg] studied homogeneous complex contact manifolds. IshiaadaKoniship, 7] introduced a notion of
normality for complex contact structures. In this devel@mtrhowever, the notion of normality seems too strong since i
precludes the complex Heisenberg group as one of the cal@xiamples, although it does include complex projective
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spaces as odd complex dimension as one would expect. Thero8migz B,9,10] give a new condition for the
normality. As a subject the Riemannian Geometry of comptexact manifolds have just made it debut and it tends to
be studied on it. In the literature work we have done, the arbfolds of complex contact metric manifolds have
defected not to be studied on and that's why we decided to wotkis issue.

Based on these studies, we have investigated submanifioddisiost complex contact metric manifolds. We first search
case in which anti-invariant accordingjmnd(g. Namely, we accepiTM c TM* andGTMcC TM*. In this study, we
studied case in which structure vector fields aren’t tandgent M. In this case, we have found relations between
Nijenhuis tensor fields of almost complex contact metricnsabifolds of this almost complex contact manifolds with
almost complex contact manifolds . Also, we have investidatelation between curvature tensors of these two
manifolds. In this study, we have showed that structureord@lds must not be tangent oM. In this case, we have
given condition be total umbilical and totally geodeécf J anti-invariant submanifold of almost complex contact
metric manifolds. Also we have given condition be paralléthwrespect to the induced connection &—J
anti-invariant submanifold of structure vector fields.

2 Some fundamental concepts and definitions

2.1 Contact manifolds

Firstly let us present definition of contact manifoldC& manifoldM2"+1 is called a contact manifold if there is a 1-form
U such that

HA(dp)" #0. 1)
In particulary, a contact manifold is routable whédhifequality is provided. Sincéu has rank & on Grassmann algebra
ATEM at each poinm e M, it is obtained a 1-dimensional subspace,

{W e TuM | dpt (W, M) = 0},

whenu # 0. On the other hand ifi is zero, it is obtained complementary of that subspace.,Adgoget a global vector
field & satisfying

du (& W) =0,u(&) =1

taking &n in this subspace normalized py(ém) = 1. £ is called the characterstic vector field of the contact stmec4].

Theorem 1. Let M®1 pe a contact manifold in widersense. gifis odd, M"1 is routable, then M1 is contact
manifold4].

2.2 Almost complex and almost contact structures
A tensor fieldJ of type (1,1) is called an almost complex structure, whéfe= —1. A Riemannian manifold endowed
with an almost Complex structure a called almost complexifolah A Hermitian metric on an almost complex manifold

(M,J) is an invariant Riemannian metric undkre.,

9(IW,JZ2) =g(W,Z).
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Pointing out thatl is negative-self-adjoint with respectdpi.e.,

gW,J2) = —g(IW,2),
Q(W,2) =g(W,J2)

defines a 2-form called the fundamental 2-form of the HeemistructuréM, J,g). A complex manifoldM together with
J the corresponding almost complex structure is callddJ, g) Hermitian manifold. IfdQ = 0, the structure is almost
Keahlerian. Also note that, every almost complex manifelckives a Hermitian metrigdefined by

g(W,2) =k(W,2) + k(IW,JZ),
wherek is any Riemaniann metric.

In terms of structure tensors, we can say #Mat** has an almost contact structure or sometirfges , ) —structure if
it admits a tensor fielg of type(1,1), a vector fields and a 1-formu satisfying

@ =—l+ux& uE) =1

Theorem 2.Let M®"1 be a(@, &, u) —structure. Thempé = 0 and u o @ = 0. Moreover the endomorphismhas rank
2n[4].

Definition 1. Let g be a Riemaniann metric providing

g(eW,9Z) =g(W,Z) — u (W) (2).

A manifold M1 with a (¢, &, i) —structure taking a Riemannann metric g is called an almostact metric structure
and we say that g is compatible metdg[

2.3 Complex contact manifolds

Let us recall main notation about complex contact manifoldfiis subject, main reference is B.Korkmaz.

Definition 2. A complex contact manifold is called a complex manifold af coimplex dimensioPn+ 1 together with an
open coveringd Oq4 } by coordinate neighborhoods such that:

(1) OneachOy there is a holomorphic 1-forty such that
Yy A (d¥)" £ 0;

(2) OnO4NOg # @ there is a non-vanishing holomorphic functioggfsuch that¥y = f,3%3.

The subspacefV € TnOq : Wy (W) = 0} define a non-integrable holomorphic subbundtéof complex dimension 2n
called the complex contact subbundle or horizontal subleufidhe quotient =T M/ is a complex line bundle over
M. For sake of brevity, we will often neglect the subscripts @tal tensor fields. Define a local sectigrof TM, i.e., a
section ofTO, by dx(X,W) = 0 for everyW € .7#,x(X) = 0. Then such local sections define a global subbufidts
9 o= span{X,JX}. Now we getTM = s & 9 and we denote the projection mgpfrom TM to sZ. We suppose
throughout in this study thédh is integrable and we caft the vertical subbundle or characteristic subbundle.
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Otherwise ifM is a complex manifold with almost complex structuteHermitian metricg and open covering by
coordinate neighborhood®,}, M is called a complex almost contact metric manifold, if it oes the following two
properties:

(1) On eaclDq there exist 1-formg, andyy = X4 o J with orthogonal dual vector fieldsq andY, = —JX, and(1,1)
tensor field€5, andHy = G4J such that

G2 =H2 = —| + X4 @ Xg + Ya @ Ya, 2)
GgJ = —JGy, 3)
GgX =0, (4)
9(W,GaZ) = —9(GaW, 2), (5)
g(Xa, W) =Xxq (W), (6)
Xa (Xa) =1 (7)
(2) ON0OGNOp # 2,
Xg = aXa — bya,
Yp = bXy +aya,
Gp = aGq — bHq,
Hg = bGq +aHq

wherea andb are functions providing the equaligf + b? = 1[4]

Consequently, on a complex almost contact metric manNblthe following identities is held:
HaGg = —GgHg = J+Xqg ® Yg — Yo ® Xq

JHQ = 7Ha\] = Ga

g (HQW, Z) = 7g(Wa HGZ)

GaYa =HaXg =HqYy =0
XaGa =YaGa = XgHa = YaHa =0
o =Xa,9(Xa,Ya) =0.

Let (M,{wq}) be a complex contact manifold. We can find a non-vanishingyatex-valued function multipler, of wy
such that orO4 NOg, My = hyg Tz With hyg : O NOg — St Let iy = Xg — iyq. Sincewy is holomorphigyy = XqJ .

We can locally descriptive of a vector fieXdproviding following properties

(1) forallWin 7, du(X,W)=0
(2) x(X)=1,y(X)=0.

(© 2016 BISKA Bilisim Technology



=
NTMSCI 4, No. 3, 277-289 (2016)www.ntmsci.com BISKA 231

Then we have a global subbundbelocally spanned by andY = —JX with TM = 27 & §. We sayd the vertical
subbundle on contact structure. Here we can obtain a (d¢h) tensorG from a complex almost contact metric structure
onM such thai(x,y, X,Y,G,H = GJ,g)[10].

Definition 3. Let (M,{w}) be a complex contact manifold with the complex structure d harmitian metric g.
(M,x,y,X,Y,q) is called a complex contact metric manifold if

(1) Thereis alocall,1) tensor g such thaix,y, X,Y,G,H = GJ,g) is a complex almost contact metric structure on M
and
(2) 9g(W,GZ) =dx(W,Z)and gW,HZ) =dy(W,Z) forall W,Z in 5.

Now, let us define 2-form& andH by

Then

whereW, Z are horizontal vector fields.

Generally, foro (W) = g(OwX,Y), we get

o>
I

dx— oAy (8)
i

dx+ o AX. (9)
[10].

Let p be projection map fronT M to sZ. There is a symmetric operathr= %fgq) playing an important role in real
contact geometry, wher& is the characteristic vector fielg is the structure tensor of the real contact metric structure
and.Z represents the Lie- differentiation. Especially, we abtai

Owé = —@W — ghW

on a real contact manifold. We define symmetric operagohy fromTM to 27 in the same way, as follows:

1

hx = Esym(.ZxG) op
1

hy = Esyr’r(ﬂyG) op,

wheresymrepresents the symmetrization. Then for levi-civita catios O of g, we have

hxG = —Ghy,hyH = —Hhy,
hy (X) = hy (Y) = hy (X) = hy (¥) =0,
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and

OwX = —GW— GhyW + g (W)Y, (10)
OwY = —HW — HhyW — 0 (W) X, (11)

where is Levi-Civita connection of d[{].

Therefore
OxX =0 (X)Y,OyX =0 (Y)Y,OxY = —a(X)X,OyY = -0 (Y)X. (12)

Lemma 1.0xG = o (X)H andOyH = —o (Y) G.

Let M be a complex contact metric manifold. the author&/irdefined(1, 2) tensorsSandT on a complex almost contact
manifolds as follows:

S(W,Z) = [G,G| (W, Z) + 2y(Z)HW — 2y(W)HZ
+29(W,GZ)X — 2g(W,HZ)Y — 0 (GW) HZ (13)
+0(GZ)HW + 0 (W)GHZ— 0 (Z) GHW

T(W,Z) = [H,H] (W, Z) + 2u(Z)GW — 2x(W)GZ
+29(W,HZ)Y — 2g(W,GZ)X + 0(HW)GZ — 0(HZ)GW — 0(W)HGZ + 0 (Z)HGW (14)

where
[G,G](W,Z) = (OewG)Z — (UezG)W — G(OwG) Z+ G (OzG)W

is the Nijenhuis torsion o6. In [7] the authors introduced concept of normality in which céeettvo tenso6andT are
vanish. One of the important their result is thaltifis normal then it is Keahlerian.

Definition 4. [10] A complex contact metric manifold M is called normal if

(1) S(W,z2)=T(W,Z)=0forallW,Z in.s#, and
(2) S(X,W) =T (Y,W)=0forallWw.

In real contact geometry, normality means the vanishindgiefdperatoh. The following proposition gives the parallel
result for complex contact geometry.

Proposition 1.1f M is normal, then k= hy = 0[10].
By the above proposition, on a normal complex contact metaaifold we have
OwX =—-GW+a (W)Y (15)

and
OwY = —HW — g (W)X (16)

(© 2016 BISKA Bilisim Technology
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3 G—J anti-invariant submanifolds of almost complex contact metic manifolds

Assume that complex contact structureMbis defined by(M, )?,\7,)?,)7,@ H= GJ). If M is a submanifold oM , that is,
according taJ andG,
JTaM C TM+ (17)

and
GT M C TM*. (18)

In this caseM is G — J anti- invariant submanifold df1. Then from(17) and (8), we have
JTWMNTM* £ &

and
GTaMNTM: # 2.

If we getJTyM NGTWM # @,we defineu orthogonal distribution ta) TwM & GTM in T,M=L. In this case, we can write
ToMLt = IThMOGTM @ .
SinceM is anti-invariant submanifold according@andJ , we can get
GIW=—JGW (19)
for allW e I (TM). Also we applyG to both side of {9), then we can find
G?IW = JG?W

and from @), we obtain
G2IW = JGPW = —IW+ g(IW, X)X + gIW, Y)Y.

If structure vector fieldé?,\? of M are tangent td1, we findG2 = —1I for W € T,\M. If structure vector field?,\? of M
are normal taM, we findG? = —1 for W € TyM.

Let us assume that the structure vector fi{d¥ are normal tdv, in this case, we can take
X = —JX (20)

and
=-JY (21)

whereX,Y are unit vector fields of1.Then by usingZ0) and 1) , we obtain
Y=XJ=Y=XJ

Letx andy be 1-form ofM, then we write
x=xJy=yJ (22)

(© 2016 BISKA Bilisim Technology
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therefore using4?) , we find

If we useH = GJ, we obtainH = GJ,also, we find
Yy(IW) = —y(W),X(IW) = —x(W). (23)
If we applyéto both side of 19), we find

G?= -l +XQX+y®Y

yY)=1x(X)=1 (24)
y(GW) = 0,x(GW) =0 (25)

and
GX=GY=HY=HX=0 (26)

via GX = 0. Then we have the following theorem.

Theorem 3.Let M be a G- J anti invariant submanifold of an almost Complex contachiftad M, such thatX andY
are normal to M. Then M has almost complex contact strucfieX, Y, x,y,H = GJ,g).

From Gauss formula, we can write
OwGZ = (DwG) Z+ G(OwZ) + GB(W,Z) 27)

forall W,GZ e I" (TM). Then, if we use
OwGZ = —AgzW + DwGZ, (28)

from (27) and 8), we have
(OwG) Z+ G(OwZ) + GB(W, Z) = —Ac W + DwGZ. (29)
Assume tha6 is parallel according to induced connection, then fr@9)(we have
Ac/W = 0. (30)

From Gauss formula
OewZ = OewZ + B(GW, Z)

and if we use
GOwZ = OewZ + B(GW, Z)

we can obtain
B(GW,Z) = GB(W, 2). (31)

Also from Weingarten formula, we can write

OywGZ = —AgzJW -+ DjwGZ.

(© 2016 BISKA Bilisim Technology
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Then from
GUwZ +GB(IW,Z) = —AgzJW + DyjwGZ,
we can find
AczJW =0 (32)
and from
OgzdW = —AjwGZ + DgzJW
JOgZW +J B(GZ,W) = —AwGZ+ DgzJW,
we have
AwGZ =0. (33)

The following equations give the relations between the aume tensor fields ofl andM. Let R andR be curvature

tensor fields oM andM respectively. Then we write

R(IW,GIW, GIW, IW) = g(R(IW, GIW)GIW, IW)
= §(OawsewIGW, IW) — G (Tsewlawd GW, W)
— g_(D[JWJG\N]JGVV,JW) .

Here, using Gauss and Weingarten formulas, we can obtain

R (IW, GIW, GIW, IW) = —g(TawAsewd GW, IW) + g{iwDicwd GW, JW)
+9( OaswAsewIW, W) —g( OswDawJIGW, W)
+3(Asow [IW,JGW] , JW) — G(Dpyw, 36w JGW, JW)

and if we use27)-(33), then we can obtain

R(IW, GIW,GIW,IW) = R" (IW,GIW, GIW,IW) — G(AwIW, AjgwI GW)
+ 9 (AwWIGW, AjewIW) .

Also from Weingarten formula, we get
D36wIGW = —AjewI GW+ Dygwd GW

and from
OiewdGW = (Ojewd) GW + J036wGW,

we have
A;cwJGW = 0.

If we use B5) in (34), we can find

R(IW,GIW, GIW, IW) = R (JW, GIW, GIW, IW) + G(AmIGW, AjgwIW)

(34)

(35)
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Theorem 4.Let M be a G- J anti invariant submanifold with almost complex contactnmestructure of almost contact
metric manifoldM. The relation between curvature tensor fields of M &hib given by

R(IW, GIW,GIW,IW) = R" (IW,GIW, GIW,IW) + G(AwJI GW, AjgwIW)
where A is shape operator of M

Now we investigate relation between Nijenhuis tensor fieldgl andM. N andN be Nijenhuis tensor fields ofl andM
respectivelyAssume that
[IW,JZ] =JW,Z]. (36)

Then we have

N(W,Z) = [GW,GZ] — G[GW,Z] - G [W,GZ] + G*|W,Z],
N (IW,JZ) = [GIW,GJZ] - G[GIW,JZ] — G [IW,GJZ] + G [Iw,JZ].

Here, by using19) and (36),we have

N (IW,JZ) = [-IGW, —JGZ] — G[-IGW,JZ] — G[IW, —IGZ + G2I|W, Z]
= J[GW,GZ] — JG[GW, Z] — JGW,GZ] + JG*|W, Z]
= IN(W,Z).

Therefore, we have the following theorem

Theorem 5.Let M be a G- J anti invariant submanifold with almost complex contactnestructure of almost contact
metric manifoldV. The relation between Nijenhuis tensor fields of M &b given by

N(JW,JZ) = IN(W,Z).
Now we investigate relation betwe&andStensor fields oM andM respectively. If we applﬁto both side of

H2IW = —JW -+ X(IJW) X + y{IW)Y,

then, we obtain

HIW = —JHW. (37)
Also, we find
GHJZ=JGHZ (38)
and from
GIW = —HW, (39)
we obtain
GIW= —GW (40)
and
o (GIW) = —a (GW). (41)

(© 2016 BISKA Bilisim Technology
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If we utilize (22) and 37)-(42) in
S(IW,JZ) = N(IW,JZ) + 2y (JZ) HIW — 2y (IW) HIZ+ 2g(IW, GIZ) X
—2g(IW,HIZ)Y — 0 (GIW) HIZ+ 0 (GJIZ) HIW

+ 0 (IW)GHJIZ— 0 (3Z) GHIW,

we find
S(IW,JZ) = IN(W, Z) + 2y(Z)IHW — 2y(W)IHZ+ 2g(IW, JGZ)IX
—2G(IW,JHZ)JY — 0 (JGW) JHZ + 0 (IGZ) IHW
+ 0 (JW)IGHZ— 0 (3Z) IGHW.
Then, we have
N(W, Z) + 2y(Z)HW — 2y(W)HZ + 2G{W, GZ)X

SOW,J2)=J3| —29(W,HZ)Y — 0 (GW)HZ + 0 (GZ)HW
o (W)GHZ— 0 (Z) GHW

Sincegis Hermitian metric, we get
S(IW,JZ) =IS(W,2Z).

Theorem 6.Let M be a G- J anti invariant submanifold with almost complex contactnmestructure of almost contact
metric manifoldM. The relation between Nijenhuis tensor fields of M & given by

S(IW,JZ) = IS(W, Z).

Theorem 7.Let M be a n-dimensional submanifoldai+- 2- dimensional normal almost complex contact metric madifol
M. If the structure vector fieldX,Y are normal to M, then M is totally geodesic if and only if M is-@ anti invariant
submanifold oM.

Proof. Since the structure vector fielsY are normal tdMl, Weingarten formula implies
OwJX = OwX = —AxW + DwX = —~GW+ 0 (W)Y.

From here, we find

g(CwIX,Z) = —g(IX,0wZ) = —g(GW,Z) = §(X,B(W,Z)) = 0= B(W,Z) =0
for anyW,Z on M.
SinceM is G — J anti-invariant submanifold df1, from
OwGJZ = —OwJIGZ= AjgW — DWJGZ (42)

we have
JAGZW — IDWGZ = Ajg2W — DwWJIGY (43)

(© 2016 BISKA Bilisim Technology
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and again if 42) is calculated, we find
—J((OwG)Z + GOwZ) = AygzW — DWJIGZ

If Gis parallel, then we have

—JGOWZ = Ajg W — DWJIGZ (44)
The same way, we find

OwGZ = —JGOwZ — JGBW, Z) (45)

0zGW = —JGOzW — JGB(Z,W) (46)

If (43)-(44) is used in 45)-(46) , we can obtain
Ascz2W = AsewZ.

Also, from
OwGZ = —AgzW + DwGZ,

if Gis parallel, we can obtain
AgzW =0.

In the same way, from

OwJdZ = —AyzW + DwJZ
0zJW = —AywZ + DzJW

we can find
AjzW = AywZ = 0.

Namely,A = 0. From here we get the following corollary

Corollary 1. Let M be a G- J anti invariant submanifold with almost complex contactnmestructure of almost contact
metric manifoldl. Then M is totally geodesic submanifold and totally uncailsubmanifold oM. Also we have

OxX = —AxX + DxX = 0(X)Y = AxX =0
OyY = —AvY +DyY = —a(Y)X = AyY =0

for X,Y is structure vector fields of M

4 Conclusion

In this study, submanifolds of almost complex contact metranifolds are investigated. Firstly, the case of being ant
invariant according td andG is obtained. The main pointin this study is that the struetugctor fields are not tangent to
T M. In this case, we have found relations between Nijenhuisatefields of almost complex contact metric submanifolds
of this alImost complex contact manifolds with almost complentact manifolds as well as relation between curvature
tensors of these two manifolds. Next, we have showed thattsire vector fields must not be tangenftil. In this case,
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conditions to be total umbilical and totally geodeée J anti-invariant submanifold of almost complex contact rieetr
manifolds are given. Finally we give condition to be padadigh respect to the induced connection®r- J anti-invariant
submanifold of structure vector fields.
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