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Weingarten Map of the Hypersurface in Euclidean
4-Space and its Applications

Salim Y(ce

Abstract

In this paper, by taking into account the beginning of the hypersurface theory in Euclidean space E*, a practical
method for the matrix of the Weingarten map (or the shape operator) of an oriented hypersurface M> in E* is
obtained. By taking this efficient method, it is possible to study of the hypersurface theory in E* which is analog
the surface theory in E3. Furthermore, the Gaussian curvature, Mean curvature, fundamental forms and Dupin
indicatrix of M3 is introduced.
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1. Introduction
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zie; be three vectors in R*, equipped with the standard inner product given by
1

(X,¥) = x1y1 +X2y2 + X33 + X4Y4,

where {e1,e3,e3,e4} is the standard basis of R*. The norm of a vector x € R* is given by ||x|| = \/(x,x). The vector product
(or the ternary product or cross product) of the vectors x,y,z € R* is defined by

el ey ez e4
X1 X2 X3 X4 ' (1)
yir o y2 Y3 Y4
21 22 3 4

XRYyRz=

Some properties of the vector product are given as follows: (for the vector product in R*, see [1, 2, 5]

1.

e1Rery®e3 = —ey
epRe3Res = e
e3ResRer = —ep

epsRerRQey = e3
e3®er®e; = ey

(x) (xy) (nz)

Ix@yozl*=| hx) 3y 32 )
(z,x) (zy) (22)



HSIG

Hagia Sophia Journal of Geometry

iii. (x®y®z,1)=det(x,y,z1).

Let M? be an oriented hypersurface in 4-dimensional Euclidean space E*. Let examine the implicit and parametric equations
of M3. Firstly; the implicit equation of M> can be defined by

M3 = {X €EYf:U CE“@{:R,]‘(X) = const. Wﬂp#o’ p€M3} )

— A
where V f|p is the gradient vector of M3. The unit normal vector field of M? is defined by N = H%_-wa.
The Weingarten map (or the shape operator) of M? is defined by
S:x (M?) — x (M?), S(X) = DxN,

where D is the connection of E* and y (M3) is the space of vector fields of M>. Then the Gauss curvature K and mean curvature
H of M? are given by K = detS and H = 1 TS, respectively. Also, the g — th fundamental forms of M? are given by [3],

(X,Y)=(S7"(X),Y), VXY € x (M?).
Secondly, to examine parametric form of the hypersurface M> given by the implicit equation in the equation (3), let consider

¢:UCR—E*
(u7 Vs W) —¢ (u7 v, W) = ((pl (u7 Vs W) %) (u7 v, W) 93 (u7 Vs W) » P4 (uv Vs W))

where (u,v,w) € R C R? and ¢;,1 < i < 4 are the real functions defined on R.

M3 = ¢ (R) C E*is a hypersurface if only if the frame field {@,, ¢, 9,,} of M? is linearly independent system. It can be also
seen by taking the Jacobian matrix [¢], = [ O Oy Oy ] of the differential map of ¢. It is clear that if rank [¢], = 3, then
the vector system {¢@,, d,, 9, } is linearly independent. Furthermore, ¢,, ¢,, ¢,, are the tangent vectors of the parameter curves
a(u) = ¢ (u,vo,wo), B(v) = @ (uo,v,wp) and y(w) = ¢ (up,vo,w), respectively. Then the unit normal vector field of M? is
defined by

000, 0 0y
= PuOH IO 4
160 @ 00 @ @

and it has the following properties:
(N,¢u) = (N,¢,) = (N, 0,,) =0. )

By using the Weingarten operator the below equalities can be written

ON

S (¢u) = Dy,N = o
ON

S(¢y) =Dy,N = M
ON

S(¢W) == D(pr: %

2. The matrix of the Weingarten map of hypersurface /* in E*

In this original section, a practical method for the matrix of the Weingarten map of hypersurface M? in E* is introduced.
Let M be an oriented hypersurface with the parametric equation ¢ (u,v,w). Then {@,, ¢,, d,,} is linearly independent and
we also can write

S(Qu) = ai ou+ax1 ¢y +azi Gy
S(¢y) = a12 ¢ +axn ¢y +az o (6)
S((Pw) =4al3 (Pu +as3 (Pv +ass ¢w
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and the Weingarten matrix is given by

ay  apz aps
S=1| an axn a3 |,
asy aszx ass

where a;; € R, 1 <1i, j < 3. Using the equation (6), we have the following systems of linear equations:

(S(du), Ou) = ar1911 +a21 912+ azi 913
(S(@u),0v) = a1 912+ a21922 +az1 23
(S(du), Ow) = a11913 + a1 023 + azi 933,

(S(dv),0u) = arndri + a2 +az i3
(S(9v),9v) = a12¢12 + a2 +az s 7
(S(dv),0n) = arnd13 +and3 +axnss,

(S(Pw), ) = ai3dr1 + a3z +aszdi3
<S(¢w) , ¢v> =a;3012 +axdn + a3
(S(dw), Ow) = a13913 + a3 P23 +az3 P33,

where

<¢ua¢u> = P11, <¢L¢7¢V> = P12, <¢ua¢W> = ¢13, )
<¢v>¢v> = ¢227 <¢va¢w> = @37 <¢W7¢W> = ¢33-

Since the system {@y, ¢y, ¢, } is linearly independent, using the equations (2) and (8), we have

, | 9 0
00 @@ Pul|”=| ¢12 922 23 | #0.
013 ¢z ¢33
Also, 3-linear equation systems given by the equation 7 have the determinant
o 92 13
¢ ¢ 93 |=A
013 ¢23 ¢33

Because of the property |9, ® ¢, ® ¢wH2 = A #£ 0, these 3-linear equations systems can be solved by Cramer method. Then
using the equations (6), (7) and (8) the matrix S of the Weingarten map in M> can be found. Although S is a symmetric linear
operator, the matrix presentation (a;;) of S with respect to {¢,, ¢,, ¢, } is not necessary to be symmetric because the system
{du, ¢y, d, } is not orthonormal.

2.1 Special Case

If we take the orthogonal frame field {¢,, ¢, ¢, } of the hypersurface M3, then we have @15 = ¢13 = @3 = 0 from the equation
(8). Then, the system {U = H:;—ZH, V= II%H’ W= Hiﬁ} is an orthonormal frame field. Furthermore, we can write the following
equations

SU)=ciU+cV+esW
S(V)262U+C4V+C5W )
S(W)=c3U+csV+ceW,

then, the matrix of the Weingarten map can be calculated as follows:

1 €2 €3
S= Cy) C4 C5
3 G5 Ce
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By using the equations (4), (6) and (9), the coefficients ¢; € R, 1 <i < 6 can be calculated as follows:

a=(8W),U) = ||¢1||2 <?TN¢>

2= (S(U),V) = 7aT <?TN"’>

c3 = (S(U),W) = g1 ranT <‘%’¢’W>’

ea={5(V), V)=l (20,

s = <S(V)7W> = m H‘leH <%7¢w>a

co = (SW), W) = b (3,00

By using the equation (5), we can also write six equations as below:

<%7¢u> + <N, ¢uu> =0,

Also, by using the equations (2) and (8), we find

¢ 0 O
[0@0@ul>=| 0 ¢ 0 [=0ul*l8]* |l
0 0 ¢

Hence we find the coefficients cy, ¢z, c3,c4,cs,cq of the Weingarten matrix in the equation (9) as follows:

€1 = o, F ToT TauT 9t (Puas s - )

1 11
2= Hd’u”z ”‘Psz [l dw]| det((puva(pu’ ¢V7¢W)7
_ 11 1
<= N0ull> 180l ||y det (Quws Pus Pv, D) ,

111
€4 = ol o 7 Toull 96t (9 0us B 9u),

_ 1 1 1
= 0ull ¢, 110w det((pVWv ¢u;¢w¢w)a

_ 1 1 1
€6 = ~Toul o] THE det (Gww, Pur Pvs D) -
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So, by taking into account the equations (4), (12) and (13) we have the symmetric Weingarten matrix

P12 P13

o1
[2%

Voo Voo
P12 P22 P23
§= V11622 022 V02933 (14)
P13 P23 P33

Vo Voo 933

where

®11 = — <¢uu7N>7 ¢12 = — <¢uv,N>, ¢13 = — <¢MW7N>7
= - <¢VV7N>7 P23 = — <¢VW7N>7 P33 = — <¢WW7N>'

Finally the following theorem can be given for hypersurface M3 in E*:

Theorem 1. Let M? be an oriented hypersurface in E*. Then the Gaussian curvature and the mean curvature of M> can be
given by:

01102033 + 2012013023 — (P122(P33 - (P123(P22 - (P223‘P11

K =
011022033
and
L/on o <P33)
H - = - + - + - )
(¢11 02 033
respectively.

Proof. By using the equation (14) and the definitions of the Gaussian curvature K and the mean curvature H, the theorem can
be easily proved. |

Example 2. Let M? be an oriented hypersurface with the implicit equation xy = 1 in E*. The parametric equation of M> can
be given by

¢(M’V7W) = (u7i)v7w> N

Then, we obtain ¢, @ ¢, R ¢, = (— u%, —1,0, 0) and the unit normal field N = \/11+7 (— 1,—u?,0, 0). By using the orthonormal

. Ou [N [
b‘”’s{umw T H%H}’W have

<||¢u ) (1+u 3/2 H‘PMH’
s(ror) =0
0w
s (o) =0
So, we find the Weingarten matrix S as:
2’
—£L— 0 0
(1+u4)’?
§= 0 00
0 00

Example 3. Let S* be a hypersphere with the implicit equation x> +y> + 22 +1> = 1 in E*. The parametric equation of S* can
be given by

¢ (u,v,w) = (sinucosvsinw,sinusinvsinw,cosusinw,cosw) .
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Then, {,, 0y, } is an orthogonal system. Also we have the orthonormal basis {U,V,W} of $3 such that

U= ”ﬁﬁ = (cosucosv,cosusiny, —sinu,0),
u

V= % = (—sinvy,cosv,0,0),
,

W= H‘g—:H = (sinucosvcosw, sinusinvcosw,cosucosw, —sinw).
Furthermore, the unit normal vector field N can be found:
N = (—sinucosvsinw, —sinusinvsinw, — cosusinw, — cosw) .
Then using the equation (15), we obtain S = I5.

Example 4. Let M> be an oriented hypersurface with implicit equation t = x> +y* + 2% in E*. The parametric equation of M>
can be given by

¢ (u,v,w) = (ucosvcosw,ucosvsinw,usinv,u?).

By calculating

2

00,9, = (—214300521/ cosw, —2u’cos?vsinw, —2u3 sinvcos v, u? cos v)

we obtain the unit normal vector field

1

N = ———= (—2ucosvcosw, —2ucosvsinw —2usinv, 1).

V144u?

By using the orthonormal basis { @y, ¢y, ¢, }, we have the following matrix form of the shape operator:

2
N (1+4u2)3/2 0 0
_ 0 -2 0
§= (14+422)'?
0 0 -

(1+4u?)

Theorem 5. Let M? be an oriented hypersurface in E* and let {Xp,Yp,Zp} be a linearly independent vector system of the
tangent space Ty (P). Then, we have

I.S(Xp)®S(Yp)®S(Zp) =K(P)(XpRYpRZp)
i. (S(Xp)®@Yp®Zp)+ (Xp@S(Yp)®Zp)+ XpRYp®S(Zp)) =3H (P)(XpRYpRZp),

where K and H are the Gaussian curvature and the mean curvature of M>, respectively.

Proof. By using (i), (ii) parts of the equation (2) and considering the definitions of the Gaussian curvature K and the mean
curvature H the theorem can be easily proved. |

In [4], it is proved that these equations are also provided for closed hypersurfaces.

Theorem 6. Let M> be an oriented hypersurface in B* and let 19, K, H be the g-th fundamental forms, the Gaussian curvature
and the mean curvature, respectively. Then we have

K
14—3HI3+3712—KI:0 (15)

where h is the harmonic mean of the non-zero principal curvatures of M>.

Proof. Let ky,ky, k3 be the characteristic values of the Weingarten map S (or the principal curvatures of M3 ). Then we obtain
the characteristic polynomial Ps (1) of the Weingarten map S of M> as

Ps (7L) = det(lh —S) =A3- (kl +ky —|—k3)12 + (k1k2 +ki1k3 —|—k2k3)l - (k1k2k3).
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By using the Cayley-Hamilton theorem, we obtain

S® — (ki + ko +k3) S+ (kika + kiks + koks) S — (kikoks) I = 0.
By using the definitions of the ¢ — th fundamental forms, the Gaussian curvature, the mean curvature and the harmonic mean
_ 3

of the principal curvature k1, k;, k3, we obtain the equation (15). |

3. Dupin indicatrix of the hypersurface in E*
Let X,Y,Z be three principal vectors according to the principal curvatures k1, k>, k3 of M>. If we consider the orthonormal basis
{X,Y,Z} of M3 then for any tangent vector Wp € Ty (P), we can write Wp = xXp +yYp +2zZp, where x,y,z € R, and

S(Wp) =xS(Xp) +y5 (Yp) +25(Zp)
=xkiXp+ykyYp+zk3Zp

Here, the Dupin indicatrix ID of M> can be defined by

D={ Wp=(x,5,2) € Ty3(P)| (S(Wp) ,Wp) = k1x> + koy* + k32> = +1 }.
In another words, the Dupin indicatrix corresponds to a hypercylinder which has the equation
k1x2 + k2y2 + k322 ==+1.

Now, we will examine the Dupin indicatrix according to the Gaussian curvature K :
1) LetK(P) > 0.

o If ki, kp, k3 > 0 then for equation of the Dupin indicatrix, we can write kix®+ k2y2 + k372 = +1. Hence, the Dupin
indicatrix is the ellipsoidal class and this equation is called ellipsoidal cylinder in E*. In this condition, P € M? is called
an ellipsoidal point.

o If k1 >0, ko, k3 <0 or kp >0, k1, k3 <0 or k3 > 0 k1, ko < O then for equation of the Dupin indicatrix, we can
write kjx> — koy> — k3z> = +1. Hence, the Dupin indicatrix is the hyperboloidical class and this equation is called
hyperboloidical cylinder one or two sheets in E*. In this condition, P € M? is called a hyperboloidical point.

2) LetK(P) <O.
e If only one of &;’s, i = 1,2, 3 is negative, then for the equation of the Dupin indicatrix, we can write
kix? + koy? — k37 = £1,

kix? —kpy? +k3z? = +1,
—kyx2 -‘v-kzy2 +h3z? = *1.

The above equations are called one or two sheeted hyperboloidical cylinder in E*. Then P € M? is called a hyperboloidical
point.

e If k;,ky, k3 < O then the Dupin indicatrix is the ellipsoidal class and this equation is called ellipsoidal cylinder in E*. So
P € M3 is called a ellipsoidal point.

3)Let K (P) =0.
o If k& =0 or kp =0 or k3 = 0, then for the equation of the Dupin indicatrix for each case, we get

i If k; =0, ky, k3 are the same or different signs then k2y2 + k32 = +1.
ii If ko =0, ky, k3 are the same or different signs then kx> 4 k3z> = +1.
iii If k3 =0, k1, ky are the same or different signs then kjx? + kpy? = +1.

These equations are called elliptic cylinder or hyperbolic cylinder in E*. In this condition, P € M? is called an elliptic
cylinder or hyperbolic cylinder point.

e If kj = ko = k3 = 0 then the point P € M? is a flat point.

e If any two of k;’s, i = 1,2,3 are zero and other positive or negative then k3z> = +1 or kpy> = +1 or kjx> = +1.
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4. Conclusions

In this present study, the basic notations of hypersurface theory in E* are examined firstly. After that, analog to calculation of
the matrix presentation of Weingarten Map for 2-surfaces in E3 and E*, a practical and an efficient method is established for
the 3-surfaces (hypersurfaces). The method and the results are given in this study lead light to practical calculations of other
algebraic invariants of the Weingarten Map and the investigations of the special hypersurfaces in 4-dimensional space.
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