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Some extended trapezoid-type inequalities and
applications
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Abstract

In this paper, we shall establish some extended trapezoid-type
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@) e - [ 10
inequalities for differentiable convex functions and differentiable con-
cave functions which are connected with Hermite-Hadamard inequal-
ity. Some error estimates for the midpoint, trapezoidal and Ostrowski
formulae are also given.
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1. Introduction

Throughout in this paper, let a < b in R.
The inequality

b
(1.1) f(a;rb>§(2)bia/f(t)dtg(g)w

which holds for all convex (concave) functions f : [a,b] — R, is known in the literature
as Hermite-Hadamard inequality [7].

For some results which generalize, improve, and extend the inequality (1.1), see [1]-[6]
and [8]-[15].
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In [11], Tseng et al. established the following Hermite-Hadamard-type inequality
which refines the first inequality of (1.1).

A. Theorem. Suppose that f : [a,b] — R is a convex function on [a,b]. Then we have
the inequality

2 e )
< i [r@a

Using the similar proof of Theorem A, we also note that the inequalities in (1.2) are
reversed when f is concave on [a,b].

In [4], Dragomir and Agarwal established the following results connected with the
second inequality in the inequality (1.1).

B. Theorem. Let f : [a,b] — R be a differentiable function on (a,b) with a < b. If |f'|
is convez on [a,b], then we have

(1.3) f();rf b_ /f dt'

which is the trapezoid inequality provided |f'| is convex on [a,b].

L @]+ 17 )

C. Theorem. Let f : [a,b] — R be a differentiable function on (a,b) with a < b and let
p> 1. If|f1P/PY is convez on [a, b] then we have

(1.4) ’f )+ f(a /f dt’
_ _b-a [|f’<a>|v”1+f’<b>|fl];
T2+ 1)r 2

/|P/(P—1)

which is the trapezoid inequality provided |f is convex on [a,b] .

In [10], Pearce and Pecari¢ established the following theorems that improve Theorem
C, generalize Theorem D and give similar results of Theorems B-C with a concavity
property instead of convexity.

D. Theorem. Let f : [a,b] — R be a differentiable function on (a,b) with a < b and
q>1. If|f'|? is convex on [a,b], then we have

(5) 'f DiLe b_ /f dt' {lf()l"+|f’(b)|qr

2

which is the trapezoid inequality provided |f'|? is convez on [a,b].

E. Theorem. Under the assumptions of Theorem D. Then we have

o) |r(452) - o2 [ rwa < e [T (b)|q}5

which is the midpoint inequality provided |f'|* is convex on [a,b] .

F. Theorem. Under the assumptions of Theorem D and |f'|? (¢ > 1) is concave on [a,b] .
Then we have

an RO [roal 2l (452))
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and

(1.8)

(52) - ol (5)

which are the trapezoid inequality and the midpoint inequality provided |f'|* is concave
on [a,b], respectively.

In [1], Alomari and Darus established the following Ostrowski-type inequalities.

G. Theorem. Under the assumptions of Theorem B. Then, for all x € [a,b], we have

(1.9) \fu»—blalfﬂnw‘<w—a>(é+§(2‘j)3|fuﬂ

(345 G=2) ).

H. Theorem. Under the assumptions of Theorem D. Then, for all x € [a,b], we have

(1.10) ‘f(m)—bia/abf(t)dt‘gb;;a (i:g)Q f (ag%)’
(=) I ()

From the above results, it is natural to consider the extended trapezoid-type formulae
in the following lemma.

1.1. Lemma. Leta <z <c <y <b. Then we have the extended trapezoid-type formula

—a —C b
@ e - 5 [ 1ol

a a

as follows:
(1) The trapezoid-type formula

— _ b
L@ per o) [ roal

a

f(l—a)at+ab)+ f(aa+ (1 —a)b) 1 b
‘ : —b_a/f(t)dt‘

as0<a<iz=(1-a)atabc=2t and y=aa+ (1 —a)b.
(2) The trapezoid formula

_ _ b
Z_Zf@»+§_2f@)—bfa/)fmd4
_ [f@r i
N 2 b—a/f dt‘

asx:a,c:%'b and y = b.

(3) The midpoint formula

—f @)+ b_cf(y)*%/abf(t)dt‘

)

ord
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(4) The Ostrowski formula

b—c 1
b—al W~

c—a
b—a

- ‘f(x)—ﬁ/jf(t)dt'

as x =c=1y.

f )+

b_a/abf(t)dt‘

In this paper, we establish some extended trapezoid-type inequalities which reduce
the trapezoid-type, midpoint-type, Ostrowski-type inequalities, and improve Theorems
B and D-H. Some applications to special means of real numbers are given. Finally, the

approximations for quadrature formulae are also given.

2. Extended trapezoid-type Inequality

Throughout in this section, let 0 < o < 7y

1-<l,a<z<c<y<bandlet

<
P, P, I; (i=1,---,4),h(t),h1(t) (t € [a,b]) be defined as follows.

(2.1) Pﬁ:§@%;F{@—af<%;a—x>+@—my(%;c—x)
st (Etov) om0,

(2.2) Py = 3(bia)3 {(x a) +(cfx)2<

+@—®2C%fa+y)+®—yf(b;%+w)]

23 h=ga- a)12 = {(m— a)? (302_ a —x) n (c—m)3] ,

(24) L= m {(c_ 2)? (C;‘q’“ +x) +(e— a)d] ,

25) b= g |w=o? (B —v) < 60

and

(2:6) h:§@jz%@j5[®—yf<b;&+y>+@—dﬂ

where a < ¢ < b.

t—a, a<t<cw tc:i’
h(t) = t—c xz<t<y andh(t)= t—c’
t—b y<t<b b7t7

alt<z
r<t<c
c<t<y
y<t<b

In order to prove our main results, we need the following lemma and remark whose

proof can be obtained by simple computations and 72 + s2

(r+s)> —2rs,r? 4+ s> +

2 +ul=(r+s+t+u)®—[2(r+s)(t+u)+ 2rs+ 2tu] where 7, s,t,u € R.
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2.1. Lemma. Let a,b,z,c,y, P1,P>,I; (i=1,---,4),h(t),h1(t) (¢t € [a,b]) be defined
as above. Then we have

‘h(t)‘ =h (t) (t € [avb})7

-1 ' — an = L ' —a)h
Pl_(bia)b,/a(b t) by (t) dt and P, (bia)3/G(t ) ha (1) dt,
Asa <c<hb,
L = m/c(cfﬂhl(t)dt’
R st ISDLAOLE
b
Is = m/(b*t)hl(t)dty
1 b
14 = m /C (t — C) h1 (t) dt,
(2.7) 11+Z:Z(12+13)=P1,
(28) L+ (La+1s) = Py,
29) L+ = ﬁ/chl(t)dt:ﬂbia)z (0 - a)° + (c - 2)’]
_ 1lfc—a 2_(w—a)(c—:c)
B 2(b—a> (b—a)*
b
(210) L+ = ﬁ/ hl(t)dt:Q(bia)Q (v — ) + (b—y)’]
_ 1 (b=c\ w9 b-y)
- Z(b—a) (b—a)*
(2.11) Il+12+13+14:P1+P2:(b_la)Z/bhl(t)dt
1 2 2 2 2
= o ar [(@=a)"+(c—2)"+ (-0 +(b-y)]
_ 1 Jle=a)(b—c) (@—a)(c—z) (H—c)(b—y)
T2 [ (b—a)® * (b—a)® * (b—a)® ]
al, + cls
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and

1
0<P17P27Ii§11+12+13+I4S§ (i=1---4).

2.2. Remark. Let a € [0,1], 2 = (1 —a)a+ab,c = “t* and y = aa+ (1 — @) b in the

identities (2.1) — (2.11) . Then we have the identities

1| 2/(3 1 3
(2.12) 11:I4:§ fe% 57—204 + 2 5@ as 0<y <1,
I*I*1 l—042 l—§—2o¢ +2%| as 0<y <1
2 = 3—3 D) D) =7 s

1 1
(213) Pl:P2:I1+12213—|—I4:§—Oé<§—0£>,

and

1
(214) [1+[2+[3+[4:P1+P2:Z—a(l—Qa).

2.3. Remark. In Theorem 2.4, Let z = ¢ = y in the identities (2.1) — (2.6) and (2.11).

Then we have the identities

P = (w—a)2(3b—a—2x)+;(b_x)37

6(b—a) b—a
P2:(bx)2(b3cgl+2x)+1<x—a)3’
6(b—a) 3\b—a
1 1 (z—a\’ 1 1/b—z\>
fl*#?*é(z)_c) ! 14*513*6(13_@) !
1 —a)(b—
Il+[2+[3+[4zpl+p2:,_w
2 (b—a)

Now, we are ready to state and prove the main results.

2.4. Theorem. Let a,b,z,c,y, P, Ps, I; (i =1,---,4),h(t),h1 (¢) (¢t € [a,b]) be defined
as above and let q, f be defined as in Theorem D. Then we have the following extended

trapezoid-type inequalities.

(1) The following inequality holds:

. . )
(2.15) @ W - | f(t)dt‘
< (P +P)(b—a) <P1 \f (a;llj:ll;j T20)] >a
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(2) As a < ¢ < b, we have the inequality

c—a b—

(2.16) T f @)+

c 1 b
7af(y)—m/a f(t)dt‘
Lf (@) + L2+ ) |f ()" + L |f’ (b)lq)
L+L+13+14

Pf (@) + Pa|f’ <b>|q>i
P+ P

Q=

IA

(I1+12+I3+I4)(b*a)(

< ero-a
which refines the inequality (2.15).

Proof. Using the integration by parts and simple computation, we have the following
identity:

b
o [ s wa

— _ b
- @ et - = [ foae

(2.17)

(1) Now, using Hélder’s inequality, the convexity of |f’|? and Lemma 2.1, we have the
inequality

(2.18) 'bia/abh(t)f’ (t)dt’
< L [ mons ola
- ﬁ/abh1(t)|f’(t)|dt
< z)la(/;hl(t)dt)l_i (/jh1<t>|f’<t>lth)‘l’
- &(/ﬂbhut)dt)lé(/jhl(t) f'(;:_(tl-aJrZ_Z-b)th)é
< bia(/:hl(t)dty_; Vabhl(t)é’_z\f’(a)}"+h1(t)2_z|f/(b)|thr

1—1

N (ﬁ / e ‘“) q (ﬁ / ha (t) (b—t)dt - |f' (a)|

1 ' ! g % —_
+W/a ha(t) (t—a)dt-|f (b)|) (b—a)
= (P4 P) T (P @]+ P f )] (b—a)

P f (@) + P2 |f (b)|q>
P+ P

Q=

Q-

= (P1+P2)(b—a)(

The inequality (2.15) follows from the identity (2.17) and the inequality (2.18).
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(2) Let a < ¢ < b. Using the inequality (2.18), the convexity of |f’|? and Lemma 2.1,
we have the inequalities

(2.19) / h(t) £ (t dt‘

)

i ([ moa) ™ ([ iy ora)’

W) (/h v<ww/h Wrora)’
o) [ molr (S er g
(b))

([ o) _Euchl(t)(s:i}f’(a)! AL

+/cbh1<t>(§ji|f'<c)}u |y b|>]‘;
A ([mea) e (S

[ (Lol = ’(b)lqﬂé

- (i L) (g [ amn

1—

IN

-(
=

t)dt

IN

O [y, 17 (o)) v
(b a) (c a)/(t )h()dH(b )(b_c)/c(b B ha () dé
/h dt) —a)
= (I + I +13+I) @ (L @]+ (I + 1) | £ ()| + L | £ (B)]%) Y o—a)

= (11+12+13+14)<b_a)(11 | (a) +§ff1ﬂ‘£ <+)I|4+I4|f o) )6

and
Lf" (@)|* + (L2 + Is) [/ ()" + La |/ (B)]*
(2:20) L+L+1I3+ 1,
_ L @+ L f () L+ b—c c—a,\|?
= P+ P, +P+Pf(b— ety ab)
[h+b (12+13)] £ (a)]* +[I4+b 12+13}|f
B P+ P

Pif" (a)|" + P |f ()"
P+ P '
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The inequality (2.16) follows from the identities (2.11), (2.17) and the inequalities (2.19)—
(2.20) . This completes the proof. [

Under the conditions of Theorem 2.4, Remark 2.2 and the identities (2.11),(2.1) —
(2.6), we have the following corollaries and remarks.

2.5. Corollary. Let0 < a < l,z=(l—a)a+ab, c= 24 andy = ca+ (1 —a)b.

Then, using Theorem 2.4 and Remark 2.2, we have the trapezoid-type inequality

—Q)a (e aa — b
’f«l R

P —a(l- 2a)} b—a) (II @I+ 2L |1 (43) [ + LS (b)|q>q

4 2(h+I2)
< H —a(l- 201)} (b—a) (If’ (a)| ; 1% (b)|q>(11

which is provided |f'|? is convex on [a,b].

2.6. Remark. Let a = 0. Then, using Corollary 2.5 and Remark 2.2, we have I, = %,
I = i and the trapezoid inequality

R g

b—a (f’ @I + [ (42)]* + 17" w)é

IN

4 3

IN

/ q / q 1
b—a (|f (@) +[f (B)")"
4 2

which improves Theorems B and D.

2.7. Remark. Let a = % Then, using Corollary2.5 and Remark 2.2, we have I; =
I, = 11—2 and the midpoint inequality

‘f (“;Lb) - bia/abf(t)dt‘
ba (f’ @I + 41 ()| + 17 <b>|q>3
< 2 .

b;a(f%wq;f%mf>é

which improves Theorem E.

1
24>

IN

2.8. Remark. Let o = i. Then, using Corollary 2.5 and Remark 2.2, we have I} =
I = 31—2 and the inequality

3a+b a+3b
A );f( : )_bia/bf(t)dt

b—a (1 @+ 2] (=) + [ )\ *
8 4

IN

bga(f%wQ;f%mw>3
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which is the second inequality in (1.2) provided |f’|? is convex on [a, b] .

2.9. Corollary. Let Py, P>, I; (i=1,---,4) be defined as in Remark 2.3. Then, using
Theorem 2.4 and Remark 2.3, we have the following Ostrowski-type inequalities which
are provided |f'|? is convez on [a,b].

-5t [ ol

P (@) + Palf <b>|‘1)1
P+ P>

<

< (P1+P2)(b*a)(

asr=c=y anda <z <b.

-5t [ roal

< 3(Ii+1Is) (b—a) {11 |f' (a)|* +2(113—E]f4j_|§;)(x)‘q LS (b)q 1
< (P +Py)(b—a) (P1 f (a}l}jigj f (b)|q>5

asx=c=yanda <z <b.

2.10. Remark. Let ki (t) = (t — a)® (3b — a — 2t) and k2 (t) = (b — t)° (b — 3a + 2t) be
defined on [a, b] . By simple computations,we obtain that k; is strictly increasing on [a, 8],
ko is strictly decreasingon [a,b] and ki (t), ko (t) < (b —a)® (t € [a,b]). The , using the
above inequalities, Corollary 2.9 improves Theorem G as ¢ = 1.

2.11. Theorem. Let a,b,z,c,y, P1,Po,I; (i=1,---,4),h(t),h1(t) (t € [a,b]) be de-
fined as above and let q, f be defined as in Theorem F. Then we have the following
extended trapezoid-type inequalities.

(1) The following inequality holds:

(2.21)

_ _ b
L g RO

f/ (Pla + PQb) .

< (Pi+P)(b—a) P 1P,

(2) As a < ¢ < b, we have the inequality

B B b

(2.22) Z_Zf(xHZ_Zf(y)*ﬁ/ f(t)dt‘
< o |mem | (G| vl ()|
< (Pi+P)(b—a) f(%ﬁbﬂ

which refines the inequality (2.21).

1
Proof. We observe that |f|? is concave on [a, b] implies |f'| = (| f/|*) ¢ is also concave on
[a,b] . Using the inequality (2.18), the Jensen’s integral inequality and Lemma 2.1, we
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have the following inequalities:

(2.23)

IN

IN

ﬁ/ﬂbhl(t)‘f/(ﬂdt
bia(/abhl(t)dt) (ff ’:1 tdt)
(b—a) ((bla)z/abhl (t)dt) f’((bb Z);fff;ll t;ltt>|

f/ (P1G+P2b)
P+ P '

(Pr+ P2) (b—a)

The inequality (2.21) follows from the identity (2.17) and the inequality (2.23).
Now, let a < ¢ < b. Then we have the inequality

(2.24)

IN

IN

1

b_a/abh(t)f'(t)dt‘

ﬁ/ﬂ ha (t) | £ ()| dt

b

(b—a) |:(bla)2/ach1 (t)dt

+

(b—a) {(Il + 1)

ia(/:hl(t)If'(t)!dtnL/b |f/(t|dt>
| [ o

[ @ a2f hi (t) tdt

! <(b a)2f ha (¢ >

/h P <f ha (¢ tdt)]

Jom

; <<ba>2 JSha(t tdt)
ﬁfchl (t)dt
1 b - a2f hy (t) tdt

m/c S d (((baﬂ SO )

o[ ha+ Iac s Isc+ 14b
I I .
f<]1+12)+(3+ 4)f(13+14>’:|

| S
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Using the inequality (2.18), the convcavity of |f'|? and Lemma 2.1, we have the

inequalitiy
, ((Tia + I2c , [ Isc+ I4b
(2.25) (Il +12) f (m)‘-F(Ig-FLL) f (m)‘
6L+ 1> , ([ Iia + Isc
= I I I I
(1+2+3+4){11+12+13+I4f<]1+]2 )’
I3+ 14 f/([3c+14b)}
L+ 1+ 13+ 14 I3+ 14
I I+ I Iib
< (h+DL+Is+1) f’( 1at (et bt ly )‘

L+L+1s+ 14
La+ (I + I3) (Z:§a+ — ) + b

a

L+L+1s+14

(It + I+ I3 + 1) | f

(Il + (I2 + I3) Z:C> a+ (14 + (I2 + I3) C_a) b

a b—a

L+L+Is+ 1

= (L+L+Iz+L)|f

f, (Pla + sz)
Pi+ P ’

(P + P)

The inequality (2.22) follows from the identity (2.17) and the inequalities (2.24) —
(2.25) . This completes the proof. [

Under the conditions of Theorem 2.11 nad Remark 2.2, we have the following corol-
laries and remarks.

2.12. Corollary. Let 0 < a < l,z = (1—a)a+ab, c = andy = aa+ (1 —a)b.

Then, using Theorem 2.11 and Remark 2.2, we have the trapezoid-type inequality
l-a)a+ab)+ faa+ (1 —a)bd 1 b
‘f(( IERUES (RS (ST Wy Y

2
P ha+ L% Ly Lt + I
L+ 1> L+ 1>

oo
[ifa(lfQQ)] (b—a) f’(“;b>

which is provided |f'|? is convex on [a,b].

IN

IA

2.13. Remark. Let a = 0. Then, using Corollary 2.12 and Remark 2.2, we have I} =
I = i and the trapezoid inequality

R e L
b;a<f/<5a(;|—b> . f/<a—;5b)’)
b—a f,<a—2&—b)‘

1
127

- 4

which refines the inequality (1.7).
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2.14. Remark. Let a = % Then, using Corollary2.12 and Remark 2.2, we have I} = i,

IL=2%

iz and the midpoint inequality

(5 e
2 (5 ()
b—a f,(a;b>‘

- 4
2.15. Remark. Let a = i, Then, using Corollary 2.12 and Remark 2.2, we have I; =
I = 31—2 and the inequality

IA

which refines the inequality (1.8).

FOEE)HL(HE) 1

5 _bfa/af(t)dt
b—a , (3a+b , (a+3b
w () [ (5))
b—a

,(a+b
< 50 ()

which is the second inequality in (1.2) provided |f’|? is concave on [a, ] .

IA

2.16. Corollary. Let Pi, P>, I; (i =1,--- ,4) be defined as in Remark 2.3. Then, using
Theorem 2.11 and Remark 2.3, we have the following Ostrowski-type inequalities which
are provided |f'|? is convez on [a,b].

ey AL

f, (Pla + sz)
P+ P

< (A+R)(b—a)

asr=c=y anda < x <b.

- [ roa

b—a z—a)’ , a4+ 2% b—z\?2 , (22 +b
< 50 G=0) () G=2) b (557))
< (Pi+P)(b—a) f’(%).

ast=c=y anda < x < b.

2.17. Remark. Using the fact that 2 > 2% as ¢ > 1, Corollary 3.3 improves Theorem
H.

3. Applications for Special Means

In the literature, let us recall the following special means:

(1) The weighted arithmetic mean
Ao () =au+(1—a)v, 0<a <1, uyveR.
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(2) The unweighted arithmetic mean

A(u,v):uTﬂ, u,v € R.

(3) The harmonic mean

H (u,v) = T u,v > 0.
(4) The identric mean
1
1 Y v—u .
I(u,v)= E(F) ifuzv , w,v > 0.
U ifu=wv

(5) The logarithmic mean

e
— Inv—Inu 1
L(u,v)—{ " ifuzv’u’v>0'
(6) The p-logarithmic mean
P+l _g P+l % if
Ly, (u,v) = [(p+1)(v7u>] if uwv , u,v >0, pe R\ {-1,0}.
U ifu=wv

(7) The p-power mean

uf + vP

Mp(u,v):< : ) u,v > 0,p € R\ {0}

(8) The weighted p-power mean

1
a1, 2, , Qn
Mp(m’my..’ ) <Zaz >
where 0 < o; <1, u; >0 (i =1,2,--- ,n) with > 7" a; = 1.

Using the above results, we have the following propositions, corollaries and remarks
about the above special means:

3.1. Proposition. In Corollary 2.5 and Corollary 2.9, let s € (—o0, 1]U [1 + é, oo) \{-1,0},

g>1,0<a<bandlet f(t) =1t° on [a,b]. Then we have the following trapezoid-type
and Ostrowski-type inequalities.

(3.1) |A(AG (b,a), Ag (a,b) = L (a, )]
{1 2(1111 )0 T g 2(1111 )
< 7704(17204)} Is| (b —a) M. 1)) Tl 200 4
; ARRERE N
< {i —a(l- 204)} |s| (b —a) My (a°*,0°7 1)
asa€0,1],z=(1-a)a+ab, c=t andy=aa+ (1 —a)b.

|z° — L (a,b)]

_n_ P
< (Pi+P)s|(b—a) M, <PZ+31321’§1—+1P2>

)
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asr=c=y anda <z <b.

|z° — L3 (a,b)|
I, 2 Iy
< 3(I 4 L) |s| (b—a) M, < 3<(111;114>3’03,’13<é;f{4> )
Py Py
SNCES SR ey

asx=c=y and a < x < b.

3.2. Corollary. Let o = 0 and in the inequality (3.1). Then, using the Hermite-

Hadamard inequality (1.1), we have the following Hermite-Hadamard-type inequalities.

0 < A(a®b%)—L:(a,b)
|s| (b—a) 353
< P 3
= 4 q as—l’(a;rb) 17bs—1

< |5| (b4_ a) Mq (asfl’ bsfl)

as s € (—oo,0) U [1—&—%700)\{—1}.

0 < Li(ab)—A(a®,b%)
s(b—a) T
< -2 s
= 4 Mq<as—17(aTb) 1,b5_1
< s (b4_ a) Mq ( s—l7bs—1)

as s € (0,1].

3.3. Corollary. Let a = % and in the inequality (3.1). Then, using the Hermite-

Hadamard inequality (1.1), we have the following Hermite-Hadamard-type inequalities.

0 < Ls (CL, b) - A° (a7 b)
Is| (b —a) 505
< s—
= 4 M, (15717 (%b) 1 ’bsfl

as s € (—oo,0) U [1-‘—%,00)\{—1}.

0 < A’(a,b)— L (a,b)
s(b—a) 27271
< s0-a) 6506
— 4 Mq ( asfl’ (%b) 1 76571
S S (b - a) Mq (a571,b871)

4

as s € (0,1].
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3.4. Corollary. Let o = 1 in the inequality (3.1). Then, using the inequality (1.2), we

have the Hermite-Hadamard-type inequalities.

0 < Lz(a,b)—A(A; (b,a), A3 (a,b))
Is| (b — a) T3
< ——M s—
= ] q as—l’(Tb) 17bs—1
< MM‘Z (asﬂibsfl)

as s € (0,1].

3.5. Proposition. In Corollary 2.12 and Corollary 2.16, let s € [1,14— é] ,q > 1,

0<a<z<c<y<bandlet f(t) =1t on [a,b]. Then we have the following trapezoid-
type and Ostrowski-type inequalities.

(32) |A (A5 (bya), Ag (a,b)) — L (a, b))
< E—a(%—a)}s(b—a){/l%(a,a;b>+Ai}%(b’a;b)}
< Bfaufza)}s(bfa)AS*l(a,b).
Asx=c=y,
|z — L: (a,b)|
< (Pt P)sb-a)Ah (ah)
PLTP;
Asz=c=yanda <z <b,
|z — L5 (a,b)|
< 3(L+1)sb-a)[4]" (@2)+ 47 (b,0)]
< (P1+P2)S(b—a)As_;1 (a,b).

P +Py

3.6. Corollary. Let o = 0 and in the inequality (3.2). Then, using the Hermite-
Hadamard inequality (1.1), we have the Hermite-Hadamard-type inequality

s(b—a)

0 < L: (a7b)_A(aS7bS) < S

s(b—a)
4

[A‘%‘l (a,b) + 457 (v a)]

IN

A (a,b).
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3.7. Corollary. Let o = % in the inequality (3.2). Then, using the Hermite-Hadamard
inequality (1.1), we have the Hermite-Hadamard-type inequality

A% (a,b) ~ L2 a,h) < 20

s(b—a)
4

0

IN

(457" (a,) + 47" (b,a)]
3 3
< A*"" (a,b).

3.8. Corollary. Let a = i in the inequality (3.2). Then, using the inequality (1.2), we
have the Hermite-Hadamard-type inequality

0 < A(43(ba), 43 (b)) - Li(a,b)
s(b—a) [ ,s_1 s—1
< 27
< U (A7 @) + A7 (ba)
< MAS*l (a,b).
8
3.9. Proposition. In Corollary 2.5 and Corollary 2.9, let ¢ > 1,0<a<z<c<y<b
and let f (t) = % on [a,b]. Then we have the following trapezoid-type and Ostrowski-type
inequalities.
(33) |H71 (AOé (b7 a)aAOC (avb)) _L71 (a’v b)’
1 I I I
2T +12)° i1z 2(I1+T
< {Z —a(1—2a)} (b—a) Mq< <;+_;’>(%J)32 fbl_; 2 )
< {i —a(l- 20()} (b—a) M, (a_Q, b_z) .
Asxz=c=y,
1 -1
- L
-7 @)

Py Py
< eryG-an, (PR T ).
a b

Asx=c=y and a < x < b,

1 1
——L b
LI )
I, 2 I
< 3(Li+1s)(b—a) Mq< 3“1;15)’;’23(6@;’4) )
Py Po
< rry0-an, (PR A ).
a

)

3.10. Corollary. Let « = 0 and in the inequality (3.3). Then, using the Hermite-
Hadamard inequality (1.1), we have the Hermite-Hadamard-type inequality

b—a 3
Ml e

o
IN

Q WLl

H™ (a,) ~ L™ (a,b) <

b—a
4

IA

My (a2,07%).
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3.11. Corollary. Let o = § in the inequality (3.3) . Then, using the Hermite-Hadamard
inequality (1.1), we have the Hermite-Hadamard-type inequality

0 < L'(ab)—A ' (ab) < 2°

< ba ; an (cf?,bﬂ) .

3.12. Corollary. Let oo = § in the inequality (3.3). Then, using the inequality (1.2), we
have the Hermite-Hadamard-type inequality

0 < L '(ab)—H" (A (a, b))

1 l
4 4
= bd
< Q Mq( —2 (a b)*2
< b_Tan (a™2,b72).

3.13. Proposition. In Corollary 2.5 and Corollary 2.9, letg > 1,0<a<z<c<y<b
and let f (t) =1Int on [a,b]. Then we have the following trapezoid-type and Ostrowski-type
inequalities.

(3.4) |A(In Aq (a,b) ,In Ay (bya)) —In I (a,b)|

1 I Iy I,
- 1—2 b—a)M 2(I1+12)° In+1I27 2(I1+12)
{-a-2)] 0=, ( S

IA

< {%—a(l—Qa)} (b—a)Mq(a_l,b_l).
Asxz=c=y,
lnz —1InI (a,b)]
PPy
< rrye-am (A A ).
a

El

Asx=c=y and a < x < b,
lnz —1InT (a,b)|

71:_ 7b

Iy 2 Iy
< 3L+ 1) (bfa)Mq( Sy B s ) )

Py Py
< rry -y A AT )
3.14. Corollary. Let « = 0 and in the inequality (3.4). Then, using the Hermite-
Hadamard inequality (1.1), we have the Hermite-Hadamard-type inequality

_ 11 l
0 < 1n1(a,b)—A(1na,1nb)gb4an< _ (2 g; )

b—a

IN

My (a™07h).
3.15. Corollary. Let a = % in the inequality (3.3) . Then, using the Hermite-Hadamard
inequality (1.1), we have the Hermite-Hadamard-type inequality

0 < InA(a,b)—InI(a,b) < b-a

b—a

<
- 4

My (a=',071).
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3.16. Corollary. Let oo = 1 in the inequality (3.3). Then, using the inequality (1.2), we
have the Hermite-Hadamard-type inequality

0 < A(mAi (a,b),In A

bfa ia >%
et )

<

4. Applications for the extended Trapezoid Quadrature Formula

Throughout in this section, let 0 < a <1, L,:a=tc<t1 <-- - <tph_1 <tpn =bbea
partition of the interval [a,b], &, < x; < (; in [t;, tit1],li = tiv1 — i, (1 =0,1,--- ,n—1)
let Py (4),P2,I; (3) (j=1,---,4;4=1,---,n) be defined as follows.

PG = g @ (B ) - (B )

2
6= (BT ) 4 - 0

and
P (i) = 32; |:(€z - ti)g + (i — 51)2 <xl _23“ + gz)
e (B52 ) -0 (2 )|

Ast; <z < tiga,

B = g |6 07 (25 ) + -]

B) = gy @ - 6 (B2 ) +6— 0]

N 1 2Bt —m 3
Is (i) = 32 (h —a0) |:(Ci ;) (72 Ci) + (tit1 — () ]

and

1) = g [ = 00* (S22 40 )+ (6 -]

- 3l12 (ti+1 — X 2

Define the extended Trapezoid quadrature formula

b

where
o — Ti —t; tiv1 — Ti
(42)  T(f Ln§ Q)= ; mf(fz) + mf(cz)

and the remainder term R (f, Ly,&;,(;) denotes the associated approximation error of

[P f(t)dt by T (f, L, £,C).

Now, we have the following special formulae.
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(1) The trapezoid formula

(4.3)  T(f.Ln,&¢Q) =To(f,Ln,&,¢) = Z % '

where §, =¢; and ¢, =ti+1 (1 =0,1,--- ,n—1).
(2) The midpoint formula

(44) T (fiLn, &) = M (f, Ln,€:C) = Zf(t ”Z“)

where §, = ¢, = % (i=0,1,---,n—1).
(3) The Ostrowski formula

(4.5) T (f,Ln,&¢) =O(f,Ln,&,C) = Z f i)l

where ¢, =, =z; (¢=0,1,--- ,n—1).

4.1. Theorem. Let f be defined as in Theorem 2.4 and let fabf(t)dt,T(f7 L,,&,¢) and
R(f, Ln,&,C) be defined as in the identity (4.1) . Then, the remainder term R (f, Ln,&, ()
satisfies the following estimates.

(1) We have the inequality

S ORS AL (Pl @17 Efii‘;iii @ I (g)\Q)q

< max{|f (a)|,|f (b \}Z (P (i) + P2 ()13

(2) Let t; < 23 < tit1 (i =0,1,--- ,n—1). Then we have the inequality

(4.7) |R(f, Ln,&, Q)|

> {(no)e

I @) f )] + (12 (2) +13( W ()| + L (8) | f (fig1)]?
%0

IA

2 (P @)+ Py (@) (i)
)+ P @)k ( Py (i) + P> (3) >

M

=0

IN

max {| ' ()], |/ (b |}Z P1 (i) 4 P (i) 12,

Proof. Apply Theorem 2.4 on the intervals [t;,t;41] (¢ = 0,1,--- ,n — 1) to get the
following inequalities.
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(1) For all 4 =0,1,--- ,n — 1, we have the inequality

f(&) +£(G) e
fli —/t f(s)ds

) 1
, , Pr(@) [f ()" + Po (9) | f (tig)|* ) @
< (P Py (i) 1} .
< o+ ( W+ Bl
(2) Let t; < 3 < ti+1 (i =0,1,--- ,n—1). Then we have the inequality

(4.9) 'wz— /t " f(e)ds

< (i I; (i)> 17

(4.8)

X

L (@) |f ()" 4+ (T2 (8) + Is () | £ (za)|* 4+ Lo (9) | f (i 0)]*
; I; (3)

amwmw+&mwmﬂwy
Py (i) + P2 (i) '

Using the convexity of |f’|?, we have the inequality

PL@) | @I+ P () |f (tarn)|*\ @
(4.10) ( S G )

P (i) b—1ti | . qa , ti=a
{Pl (i) + P2 (i) <b—a @+ =g 170
1
P (i) b—tiv1 |, vja, titl =@ gvja) |
Py () + P> (4) ( p—a @+ 10
1
< (max{[f (@)|",[f" ®)"}) 7 =max {|f" (a)], [/ ®)]}
foralli=0,1,--- ,n—1.
The inequalities (4.6) and (4.7) follow from the inequalities (4.10) — (4.10) and the
generalized triangle inequality.
This completes the proof. |

s<am+%mw(

4.2. Corollary. In Theorem 4.1, let&;, =t;,(; = tit1 and x; = % (i=0,1,---,m—1).
Then Py (i) = Py (i) = £,11 (i) = 1a (i) = 15, L2 (i) = Is (i) = 55 (i=0,1,--- ,n—1)
and the trapzoid-type error satisfies

|R(f7 Ln7£7<)|
"w[me+

™

f@?“ﬁ+mmm1é
3

IN

[\f’ (t:)|" +2|f/ (ti+1)\q] i

n—1

< mqmme@HZ%

which improves Proposition 3 in [11].
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4.3. Corollary. In Theorem 4.1, let §;, = (; = x; ti+;i+1 (:=0,1,---,n—1)
Then Py (i) = P2 (i) = 5,1 (i) = L. (i) = 55, (i) = I3(1) = 15 (i=0,1,--- ,n—1)
and the midpoint-type error satisfies
|R(f7 Ln7§7€)|
1
Lt a :
it [ @ +4lr () + 1 ()]
< pcE
- 4~ 4 6
=0
n—1 , 1
< 1S @)+ 1f )] ] @
T £ 4 2
< max{|f'(a H§j4

4.4. Corollary. In Theorem 4.1, let &, = ¢; = x5 € (tiytigy1) (1 =0,1,--- ,n—1). Then

‘ i — 1) (Btigr —ti — 2 1 tis1—ax\°
Pl(z):(” )" (Btina - m)+—< _“_‘r_) ,
6 (t7;+1 — ti) 3 tz+1 tz
. ti —z)? t; — 3t; 2 1 i — ti 3
Py (i) = Lo =) (i =3 +x)+*<?7,,)7
6 (ti+1 — tl) 3 tz+1 tz
. 1 . 1 l‘ifti 2
n) =380 -5 ()
. 1 . 1t — i\’
1) = g ) = g (225

L) = Pi(i)+P()

1 (@i—ti) (tigr — 24)
2 (tig1 — ti)2

= 3(L(i)+ 1) =

and the Ostrowski-type error satisfies

\R(f,Lmé Ol
2{3 (I (3) + 14 (2) 17

IN

rMMme+ﬂh@+hm)’Cﬁﬁﬁr+hmuﬁwn1q
X

3(L (@) + 14 (2))

PLG) IS (8" + P () |f (tix0)[*] @
*E)”{ OETO }

[4

< max{|f |}Z (P (i) 4+ P2 ( ))l

Similarly, using Theorem 2.11 we can prove the following theorem.

4.5. Theorem. Let f be defined as in Theorem 2.11 and let f; f@)dt, T (f, Ln,&,C) and
R(f,Ln,&, Q) be defined as in the identity (4.1) . Then, the remainder term R (f, Ln,&,()
satisfies the following estimates.
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(1) We have the inequality

n—1

IR(f, 10,61 <> (P (i) + P2 (i) 17

=0

(gt

foralli=0,1,...,n — 1.
(2) Let t; < 3 < tit1 (i =0,1,--- ,n —1). Then we have the inequality

|R(f, Ln, &, Q)

(12 )+ 13 | (2D L) |
< ; (P () + P () 2| ( o (p) t()+ +P;>2(i<)i§i+l> ' '

4.6. Corollary. In Theorem 4.5, let&; = t;,(; = tit1 and x; = % (i=0,1,---,mn—1).
Then Py (i) = Py (i) = £,11 (i) = 1a (i) = 15, L2 (i) = Is (i) = 55 (i=0,1,---,n—1)
and the trapzoid-type error satisfies

‘R(f7 Lﬂaé?C)l

n—1
17 s Dti + i1 s ti +Otit1
< — P e i et
< ;8(f< i) | [ (S
=2 i+t
< Gttt
< Lilr (=)

which improves Proposition 4 in [11].

4.7. Corollary. In Theorem 4.5, let &, = (, = x; = tﬁ% =(@#=0,1,---,n—1).
Then P1 (’L) = P2 (Z) = %,Il (Z) = 14 (Z) = 714, 12 (Z) = 13 (’L) = .
and the midpoint-type error satisfies

‘R(f7 L”af?C)l

n-lgo g ) .
S li f/ 2t1 + t1+1 + f/ tz + 2t1+1

— § 3 3

1=0

n—1

G|, (ti+tiq

< — LI el
< 2l ("

4.8. Corollary. In Theorem 4.5, let &, =, = zi € (ti,tix1) (1=0,1,--+- ,n—1). Then

the Ostrowski-type error satisfies
;[ i 4+ 2z tiv1 — s 1 (2@ + tit1
Pl () b (35

|R(f7Ln7£7<)|
n—1 Z; — ti 2
(ti+1 — ti)
- 7 (Pl (3) ti + P2 (7) t¢+1) ’
Py (i) + P2 (1) ’

12
> 5
< SR+ PG

IN

=0
1
=0

where Py (1), P2 (i) (i =0,1,--- ,n — 1) is defined as in Corollary 4.7 and t; < x; < tit+1
(i=0,1,---,n—1).
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