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Kantorovich-type operators preserving affine
functions
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Abstract

Starting from positive linear operators which have the capability to re-
produce affine functions, we design integral operators of Kantorovich-
type which enjoy by the same property. We focus to show that the error
of approximation can be smaller than in classical Kantorovich construc-
tion on some subintervals of its domain. Special cases are presented.
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1. Introduction

In the field of Approximation Theory the study of positive and linear approximation
processes holds an important place. In time numerous such sequences of discrete type
operators have been investigated. In the sequel we generically denote a such sequence by
(Ln)n>1. Among them, a special attention has been paid to operators which reproduce
affine functions, property implied by the following two relations L,eq = eg and L,e1 = ei,
n € N. Set ej, j € Ng = {0} UN, the monomial of degree j. Since discrete operators
are not suitable for approximating discontinuous functions, they were generalized into
operators of integral type. One of the usual techniques is known as Kantorovich method
which leads to an approximation process, say (En)nZh in spaces of integrable functions.
Usually, the integral operators keep the property to reproduce constants, this means
Lneo = eo but lose the property to reproduce affine functions, in other words Lney #*ej.

The primary model for such construction is given by Bernstein operators defined as
follows

A1) (Baf)@) =S por)f () FeR™, ze
k=0
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and p, k(z) = 2"(1—2)" % k =0,n. In the above RI>! represents the space of all

n
k
real-valued functions defined on the compact interval [0,1]. Kantorovich extension has
the form

. n (k+1)/(n+1)
(12)  (Buf)(z) = (n+ I)an,k(w)/ f(t)dt, z €[0,1],

k=0 k/(n+1)

where f € Ly([0,1]), the space of all Lebesgue integrable functions on [0, 1].

One has Bneo = eg, Brer = e1, Breo = eo and Bper #e.

The purpose of this article is the following. Starting from a general discrete linear
positive process reproducing polynomials of first degree, we indicate a technique to create
an integral generalization in Kantorovich sense which will inherit the same property to
reproduce affine functions. We study the error of approximation of the new sequence
establishing the condition in which they are more useful than classical Kantorovich-type
operators. Finally we present some particular examples.

2. The operators

Throughout the paper we consider an interval J C R, which may be one of the types
J=10,1] or J =Ry = [0,00). The second variant will exhibit the problems caused by a
finite endpoint and by the boundlessness of the interval. Let (zn,x)ker, be a net on the
interval J, where I,, C N is a set of indices. In what follows we consider that the net has
equidistant nodes, meaning that for each n € N,

(21) Tn,k+1 — Tn,k = Pn, ke In,

where lim p,, = 0. In fact, the overwhelming majority of discrete linear positive operators

have this property. Most frequently encountered case is described by z, = k/n, this
implying p, = 1/n.
We consider a sequence of linear positive operators of discrete type defined as follows

22)  (Laf)@) = Y Ans(@)f(@an), € J,
kel,
where A\ i € C(J), An,x > 0 for each (n,k) € N x I,,. For our purposes, if Card(l,) is
finite, then f € C(J). If Card(I,) is non-finite, then
feF(J):={ge€ C(J): the series in (2.2) is absolutely convergent}.

Denoting by Cg(J) the space of all real-valued continuous and bounded functions on
J, we get Cg(J) C F(J). Anyway, we keep the assumption that e; € F(J), j = 1 and
j = 2. As announced in Introduction, we consider that these operators reproduce affine
functions, i.e.,

(2.3) D k(@) =1

keI,

and

(2.4) Z Ak (T)Tn e =, ¢ € J.
kel,

Set p* = sup p, where p, is given at (2.1). If J = Ry, then we consider J* = [£7oo).
neN

If J = [0,1], we take J* = [% 1]
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We define an integral generalization in Kantorovich sense of L,, n € N, operators as
follows

25 (Lnf)(z Z Ak (2 - 22) /“ FO)dt, @ e J°.

" kel,

If I,, is finite, the function f must be chosen integrable on J. Otherwise, f must be
locally integrable function on J such that the antiderivative of f to belong to the space
F(J). Also we mention that for a certain k € I,, such that z, x € J and zp k41 € J we
will replace z, g1 with k. In other words, the integral will become null. This can
happen if J is bounded.

Clearly, En, n € N, are linear and positive operators.

The aim of this note is to show that our modified operators preserve affine functions.

In our opinion, the study of the convergence for (En)nZI sequence does not bring too
much novelties. We will turn our attention to another direction. We determine in what
circumstances this class of operators can offer a smaller approximation error than the
classical Kantorovich operators. Some special cases are delivered.

3. The usefulness of En operator

At the beginning we calculate the first three moments of our integral operators.
Theorem 1. Let L,, n € N, be defined by (2.5). For each x € J* we have

(i) (Lneo)(z) = 1,

(ii) (Lner)(z) = x, i

(iii) (Lnea)(x) = (Luea) (v = 2) +pua - B2,
where Ly and py are defined by (2.2) and (2.1), respectively.

Proof. The first statement is a direct consequence of (2.3). By using (2.1) and (2.4) we
can write

(Lner)(z)

Z An k (1' - 7) (2pnxn k +pn)
2p" kel, 2

DPn
(Lner) (IE -5 ) (L €o) (1: -5 ) =z.
Similarly, by using (2.1) and (2.5) we get

(Lnes)(x) = 3pn k; Ak (2= B (327 kP + 32niph + p1)

which leads us to the last statement of Theorem 1. _ O
The first two identities of Theorem 1 guarantee that the operators L,, n € N, inherit
property to reproduce affine functions. N
At this point we introduce the second order central moment of the operator L,, that
is
tn2(x) = (Engoi)(at), where @, (t) =t — =z, (t,z) € J x J".
In view of Theorem 1, for any x € J* we get

B pnae) = (Enea) (2= )+ alpn — )~ B2

Starting from the same discrete operator L,, n € N, it is well known that the classical
Kantorovich generalization is designed as follows

3.2)  (Lif Z A (& /In’k“ FO)dt, x € J.

" kel, Tn,k
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Following a similar path set for En, n € N, we easily deduce the formulas for each =z € J.
(Lneo)(z) =1,
(Lher)(@) =+ B2,

2

(Lue2)(@) = (Lnea)(@) + oz + 5.

The second order central moment is given by
2 2 p2
(33) (@) i= (Lig)(@) = (Lnea)(@) — o® + B2,
We turn our attention in comparing the approximation errors caused by the two

classes of operators, (Lyn)n>1 and (Lj,)n>1. To achieve it, we recall the notion of the first
modulus of smoothness associated to a continuous function f on a compact interval [a, b].
It is denoted by w(f;-)[a,5) and is defined as follows

w(f;0)[a,e) =sup{|f(t) — f(x)|: |t —x| <6, t,x € [a,b]}, 6 > 0.
Theorem 2. (i) Let J = [0,1] and J* = [p* 1]. For any function f € C(J), the

20

operators L, and Z;‘L, n € N, satisfy

(L2 )(@) = f@)] < 200 (£ \J15.2(2))
and

(Zah)@) = £(@)] < 2050 (53 lin2(@))
(ii) Let J = [0,00) and J* = [%,oo). Let T be fized, T > p* /2. For any function
f € Cs(J), the operators L, and Ly, n € N, satisfy

(Laf)@) = f@) < 20,0 (£ /15 ())
and
(Enf)(@) = F@)] < 20271 (£ Vitma (@) )
Proof. These quantitative results given in terms of the modulus of smoothness are direct

consequence of the following statement proved by Shisha and Mond [6]. If A is a linear
positive operator defined on C([a,b]), then one has

(A&~ @) < @) [(Aeo)@) — 1
+ (o) + 5 VRN D EAT@) ) wl75),

for every = € [a,b] and A > 0. Taking in view that our operators L;, and Ln reproduce
the constants and choosing A = /(Ag2)(z) the conclusions of our theorem are taken
place. O
Examining the upper bound of the approximation error, it is noticed that the operators
L, n € N, prove their usefulness if i, 2 < fin,2 holds.
Theorem 3. The operators En, n € N, defined by (2.5) as compared to operators
Ly, n € N, defined by (3.2) give a better error estimation for continuous and bounded
functions if

(3.4)  (Lne2)(x) (x - %) — (Lnea)(z) + paw < %", x> %*,

holds. The operators L,, n € N, are defined by (2.2).
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Proof. Imposing fin,2 < p;, 2 and using relations (3.1) and (3.3), the conclusion follows.
g
4. Examples

The first two examples pertain to the case J = R4 and in the last example we consider
J =10,1].

1. Modified Szdsz-Mirakjan-Kantorovich operators
The classical Szasz-Mirakjan operators are defined by

%) k
(Laf)@) = 3 sns(a)f (%) - where s, u(a) = e 2 45 g
k=0 :

The Szasz-Kantorovich operators have been defined (see Butzer [1]) by

> (k+1)/n
ELaf)@ =0 sonle) [ 10t 220
k=0 k/n
In this case, p, = 1/n and our operators En, n € N, are given by
_ 1-one O (202 — 1) (k+1)/n 1
Ly = 2 - t)dt, x > =.
Lute) =ne 23000 [, ez

These operators have been defined and studied by Duman, Ozarslan and Della Vecchia
[3]: The genuine Szasz-Mirakjan operators satisfy

(Lne2)() = 2" +

and substituting in (3.4) we get —3/(4n%) < 0. This fact guarantees that L, operators
generate a smaller approximation error.

2. Modified Baskakov-Kantorovich operators
The Baskakov operators are defined by

(L)) = ki)vn,k(w)f (£).
where

Un, k() = (n +: B 1) a:k(l + x)_"_k, x> 0.

As mentioned in [2, p. 115], their Kantorovich extension has the form

X oo (k+1)/n
L)@ =n> vnsta) [ peyat
k=0 k/n
We deduce p, = 1/n and En operators are defined by
~ 0 (k+1)/n
(Lo f)(@)=2"n""1> (202 — 1)*(2na + 2n — 1) 7" / f(t)dt,
k=0 k/n

r > —. Since

N =

(Lnea)(z) = o* + LLE2),

relation (3.4) becomes

1
1—3n < 4nzx, azzi,
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which implies a better error approximation by using fn, n € N, operators.

3. Modified Stancu-Kantorovich operators
Stancu polynomials 7] depend on parameter o > 0 and are defined by

(Luf)@) = 3wl (o) f (5) L ze(01]
k=0

n

where

() n m(k,fa)(l _ x)(nfk,fa)
wn,k(x) = k 1(n,—a) ’

2®7 =gz +a)... (z+ (k—1)a).
The following identities
1+ na
Lpeo = €0, Lper = €1, Lpes =ea + m
hold. The integral extension in Kantorovich sense of Stancu operators has been intro-
duced and studied in [5]

(e1 —e2)

. n (@) (k+1)/(n+1)
Laf)@) = 0+ DYl [ F(t)d.
0 k/(n+1)
For operators generated by formula (2.5) we identify p, = 1/(n + 1), p* = 1/2 and
J* = [4,1]. Relation (3.4) becomes
(4.1) —1—08,+2(n+1)8,(2z —1) <0,
1+ na
n(l+a)
For special case a = 0, Stancu operators turn into Bernstein operators and L;, op-

erators become the genuine Kantorovich operators [4], see (1.1) and (1.2). In this case
» = 1/n and for each z < 3/4 relation (4.1) hold. Consequently, at least on the interval

where (3, =

[1/4,3/4] the operators L,, n € N, give a better error approximation.
For a > 0, we set
- — ing 2Bn 4 3Bn +1
n>1  4(n+1)B,
We can easily verify that 1/2 < 7 < 1.
In this case the interval I for which the operators En, n € N, give a better error of
approximation than the operators Ly, n € N, is the following [ = [i, T}.

Acknowledgment. The author thanks to the reviewer for careful reading of the manu-
script which led the removal of some errors and misprints occurred in the original variant
of it.
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