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Gelfand numbers of diagonal matrices
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Abstract

In this work , a connection between Gelfand numbers of infinite diago-
nal matrix with linear bounded operator-elements in the direct sum of
Banach spaces and its coordinate operators has been investigated.
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1. Introduction

The general theory of so-called singular numbers(singuldre zahlen) for linear compact
operators has been explained in the famous book of 1.Z.Gohberg and M.G.Krein [1].
But the first results in this area can be found in the papers of E.Schmidt [2] and J.von
Neumann, R. Schatten [3] who used this concept in the theory of non-selfadjoint integral
equations.

In recent times much attention has been separated to the study of linear bounded
operators in Hilbert space and Banach space by means of geometric quantities such as
approximation numbers, Gelfand numbers, Weyl numbers and etc. In the last years of
20th century research activity in this area grew considerably. Many of classical problems
were solved, interesting new developments started.Deep connections between Banach
space geometry and other areas of mathematics were discovered.

The axiomatic theory of Gelfand numbers has been given by A.Pietsch in [4,5]. In
generally, in studies concerning to Gelfand numbers have been estimated or found for the
special mapping on some functional Banach spaces or Banach spaces of sequences. For
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instance, A.Pietsch in [4] proved that for identity operator id : [, — Iy ,n € N, 1 <
q < p < oo the formula is valid that
c(id: 1l — 1) =(n—k+1)7 5, k>1
In classical papers mainly identity maps were considered in form
neN, 1<g<p<co

id 12— 1,

For example, for the infinite diagonal matrix
S(zn) = (onxn), (xn) €lu, 1 <u<o0, 01 202> ...20,>...20
has been established such that ¢, (S : l, — ly) = on,n > 1 and

1
-

oo . 1
n(D 5y v) = k)71 <o <u < oo, - = 4
cn(S by — 1y) (};lak) v<u<oo " [4]

In special case B.S. Kashin [6] and B.S. Mitiagin [7] proved that very striking result
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en(id : I — 13" ,n=12,..m

In this work these studies will be continued.

It is known that infinite direct sum of Banach spaces X,, , m > 1 in the sense of I, ,
1 < p < o and infinite direct sum of linear densely defined closed operators A, in X,,
, m > 1 are defined as

> 1
%=@ﬁﬂxmp={m=@m%ﬂw€xmvm>LIWQI(E|MmﬂJP<W}
m=1

and

A=@®m—1Am , A:D(A)CX —X ,

DA)={z=(zm) €X: zm € D(Ap),m>1, Az = (Anzm) € X} [§]

In second section the general facts concerning to the boundedness and compactness
properties of direct sum operators in the direct sum of Banach spaces will be given.

In third section, some estimate formulas for the Gelfand numbers of the diagonal
matrix with operator elements in form

S1
Sa 0
S3
S = - , S:X—X,

0 S

where Sp, € L(Xm) , m>1 and S € L(X) will be investigated.

Note that many physics problems of today in the modelling of processes of multiparti-
cle quantum mechanics, quantum field theory and in the physics of rigid bodies support
to study a theory of direct sum of linear operators in the direct sum of Banach spaces
9].

“ In this paper, the norms [|-[|, in X and |||~ in X , m > 1 will be denoted by ||
and |||, m > 1 respectively. In any Banach space B the class of linear bounded and
compact operators will be denoted by L(8B) and Cu (B) respectively.



2. Direct sum of bounded and compact operators

In this section continuity and compactness properties of the operator A = @—1 Am
in X will be investigated when A,, € L(%,,) and A,, € Cso(X:), m > 1 respectively.
Using the techniques of the Banach spaces I, , 1 < p < oo and Operator Theory the
following two propositions can be proved in general.
2.1. Theorem. Let A, € L(X,), m > 1, A = ®5y_1 A in X. In order to A € L(X) the
necessary and sufficient condition is sup || Ay, || < co. Morever, in the case when A € L(X)
m>1

it is true that ||A]| = sup ||Am]|-
m>1
Note that from the definition of compactness of operators [10] it is implied that if
A € Coo (%), then for each m > 1, A, € Coo(Xn).
In general, the following result is true.

2.2. Theorem. Let A, € Coo(Xy) for each m > 1, A = @1 Am : X — X. In this
case A € Coo(X) if and only if  lim ||A,.| = 0.
m—>r00

Proof. Assume that lim sup || A, || > 0. Then there exists a number ¢ > 0 and a sequence
(m)
(km) C N such that

| Ak, T [l
| Ak, || = sup § — " Em gy € X, N {0}, m>1p >c>0

kam”km
7|‘Akmwzm||km >c,m>1.

m

In this case there exist a sequence (z, ) € Xk, , such that H -
, il

Now consider the following set in X in form

i,
M:=1330,0,..,0—km o Lecx.m>1

It is clear that for € M, ||lz|| < 1 < oo, that is, M is a bounded set in X. On the

other hand AM = {{0,0,.‘. 0 A’“"””’“mo} €ex: m> 1}.
km,

b b
Ap. x}
H km Pk,

From this it is easy to see that a set AM C X is not compact. Consequently,
limsup ||An || = 0, that is, it is obtained that %m% [|[Am || = 0.
(m) m

On the contrary, define the following operators K, : X — X, n > 1 in form

In this case for x € X we have

oo
I(A=Ka)zll” < D [[Anl” lznl?,
m=n-+1
oo
< su AP T ||P
< mzﬂpﬂn mll m;ﬂu mllh,
<

( sup HAmH”) |
m>n+1

From this it is obtained that |A — K| < sup |Am]||, n > 1. Since limsup ||A4,| = 0,
1 (n)

m>n
then from last relation it is implied that sequence of operators (K, ) in L(X) is convergent
to the operators A in operator norm. On the other hand K, € Coo(X), n > 1, then by



the important theorem of the compact operators theory the operator A belong to the
class Coo (%) [10]. O

3. Gelfand numbers of direct sum operators

In this section, the relationship between the Gelfand numbers of the direct sum of
operators in the direct sum of Banach spaces and its coordinate operators will be inves-
tigated.

Note that firstly the concept of s-number functions (particularly Gelfand number
functions) for the operators in Banach spaces was introduced by A.Pietsch in [11].

Now give definitions of these number functions from works [4] and [12].

3.1. Definition. Let L(E,F) be a Banach spaces of linear bounded operators from
Banach space E to a Banach space F' with operator norm. For the operator T' € L(E, F)
the following number

en(T) :=inf {||T||,: Z C E, codimZ <n}, n>1

is called the n-th Gelfand number of the operator 7'
3.2. Definition. Let F, F, Ey, Fy be Banach spaces. A map s which to every operators
S € L(E, F) a unique sequence (s,(S)) is called an s-function (or s-number function) if
the following conditions are satisfied:
1) For Se€ L(E,F) ||S|| =s1(S) > s2(S)>...>0;
2) For S,T € L(E,F) sa(S+T) < s,(S)+ ||T];
3)For T € L(Ey,E),S € L(E,F) and R € L(F,Fy) sn(RST) <||R| s (S) || T;
4)If S € L(E, F) and dim(S) < n , then s,(S) =0;

(5) If id : I3 — 13 is the identity map, then s,(id) = 1.

On the other hand s,(S),n > 1 is called the n-th s-number of the operator S.
The advanced analysis of these numbers has been given in books of A.Pietsch [4,5].Par-
ticularly, in Hilbert spaces case for any n > 1 ¢,(S) = sn(S) = A (|S]) = )\n(|S*S’|%)
(for the more informations see [1]). On the other hand for S € Co(H), where H is a
Hilbert space, the significant method for computation of s,(S),n > 1 has been given by
Dzh.E. Allakhverdiev in [13].
3.3. Theorem. If S = ®55_1Sm, S € L(X) and for any m > 1, n, = dimX,, < oo,
then for n > mi + mao + ... + ms, k > 1 it is true that ¢, (S) < sup ||Sm] -

m>k+1

o~~~ —

Proof. Firstly, for any k € N define the operator Py : X — X in following form
Pi(xm) :=={z1,22, ..., 2x,0, ...}, for z = (z) € X
In this case for k € N
SPi(Tm) = (Bp=19m) (Px(zm)) = {S121, S272, ..., SKTk, 0,0,0, ...}

and SP, € L(X).
Therefore, for any = (zm) € X it is clear that

1
© P
(S = SP)(zm)l = |{07~--70,Sk+1wk+1,.-~}|—< > IISmxmllﬁL>

m=k+1

. :
< o ISwllP llzmlly, | < sup [I1Sw]lll]
m>k+1

m=k+1

Hence ||S — SPi|| < sup ||Sm|l. From this and definition of Gelfand numbers it is
m>k+1

implied that for n > mq + ma + ... + my, k > 1 it is true that ¢, (S) < sup ||Sm|l-
m>k+1



d

3.4. Theorem. Let S = ®55—1Sm € L(X) and the operator S : X — X is invertible,
i.e. there exist S7' and S™' € L(X¥). Then inf <cn(S), n>1.

1
1<m<n [[Sm' ||
Proof. Tt is known that in this case S™' = ®%_; 5.} and ||Sfl|| = 7sr:u>pl ||S,;1H.
Now define
Jn = (@m=1Xm), — (Om=1%m), , n>1,
Qn = (B%m1Xm), — (@hcaXm),  n 21,
IJn({z1, -y zn}) = {z1,22, .70, 0, ...},
Qn{z1, .oy Tn, Tng1, ... }) = {z1, T2, ...Tn }
From these definitions it is obtained that the operator
Ry = QnSJn : (@Zzlxm)p — (@Zzlxm)p

is in form R, ({z1,22,...,xn}) = {S121, S22, ..., Snxn}, n > 1 for any {z1,z2,...,xn} €
(@%:1%771)1)'
Therefore, there exist R,;* ,the inverse of the operator R,, n > 1 and

R = @haSat, Ry (@), — @hadn),, B = swp S0, n>1

Since the mapping c¢: S — (cn(S5)), S € L(X) is a s-number function, then from the
property of s-number function it is clear that

1 = culid: (Dpo1Xm), — (Omo1Xm),) = ca(RaRy") < en(QnSJTn) | Ry |
<NQull en(S) 1all | B2 || < en(S) | R in > 1

HRI,IH < en(9), ie. m < ¢cn(S), n > 1. In other words, for each
n e [Ism

>1iti i e < .
n > 1 it is true that ISITITILfS’nHS;LlH < cn(S)

Hence

O

3.5. Corollary. If S = ®pi—1Sm, Sm = amid , ay, € C |, id : X,, — X,, for each
m > 1, then inf |om| <en(S) < sup |am|, n> 1.
1<m<n m>n

3.6. Remark. In case when oy, € R, a1 > a2 > ... > an > ... > 0 and dimX,, =
1,m > 1, then from Corollary 3.5 it is obtained that for every n > 1 ¢, (S) = an, n > 1.

This result has been obtained in [4].

Now prove the following results which explained some relation between Gelfand num-
bers of direct sum operator and its coordinate operators.
3.7. Theorem. Let us S = ®;5—15m, S : X — X. In this case for every n > 1

supc!™ (Sm) < en(S),
n>1

where c&m)(sm) is denoted by the n-th Gelfand number of the operator S, € L(Xn),
m > 1.
Proof. If the following operators
Dy Xy — X, T X— X, m>1
define in forms
Dpzm ={0,0,...,0,2m,0,...} ,2m € Xm,
T (Tm) = Tm, (Tm) € X, Tm € Xy, m > 1,



then Dy, Ty, are linear bounded operators and || Dy || < 1,||Tm| < 1,m > 1. Moreover,
it is clear that Sy, = TS Dy, m > 1.

Hence from third condition in definition of s-functions for any n > 1 and m > 1 it is
established that c™ (Sm) = 7™ (TrnSDm) < | Tl ¢n(S) | Dl < cn(S).

From last relation the validity of claim is evident.

On the other hand the following assertion is true. O

3.8. Theorem. If S =@5°_1S5,, € L(X), then for any n,m > 1 it is valid that
cn(S) < cn(Sm) + sup [|Snl|
n#Em

Proof. Indeed, from second condition in definition of s-functions it is established that
cn(S) = c(0®0®..P0DSm®0D . +51DS2®...®Sm1PDO®Smi1 @ ...)

(0008 .. 008 S B0B ... )+ ]S1952B ... B Sm-1DB0D Shmi1 & ..
¢n(Sm) + sup [|Sull, n =1, m =1
n#m

IN

O
3.9. Theorem. If § = ®%_,S, € L(¥) and S® = 51 &5 @ .. &S e 0 ...,
S® . x — X p>1, then |c.(S) — cn(S(p))‘ < sup [|Swm|,n>1.

m>p+1

In particular, if § € Coo(X), then lim ¢, (S®) = ¢, (S), n > 1.

p—> 00

Proof. Since Gelfand number function is a s-number function, then in this case the va-
cn(S) fcn(S(p))H < HSf S®| p>1and

lidity of assertion is clear from inequality ‘
2.2. Theorem.

3.10. Remark. In Hilbert spaces case the analogous results have been obtained in [14].
Acknowledgement The authors would like to thank to Prof. C. Orhan (Ankara Uni-
versity, Turkey) for his interesting and encouragement discussions.
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