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Approximation of fixed points of multifunctions in
partial metric spaces
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Abstract

Recently, Reich and Zaslavski [S. Reich and A.J. Zaslavski, Conver-
gence of Inexact Iterative Schemes for Nonexpansive Set-Valued Map-
pings, Fixed Point Theory Appl. 2010 (2010), Article ID 518243, 10
pages| have studied a new inexact iterative scheme for fixed points of
contractive multifunctions. In this paper, using the partial Hausdorff
metric introduced by Aydi et al., we prove an analogous to a result
of Reich and Zaslavski for contractive multifunctions in the setting of
partial metric spaces. An example is given to illustrate our result.
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1. Introduction

The study of iterative schemes for various classes of contractive and nonexpansive
mappings is a central topic in metric fixed point theory. It started with the work of
Banach [3] who proved a classical theorem, known as the Banach contraction principle,
for the existence of a unique fixed point for a contraction. The importance of this result
is also in the fact that it gives the convergence of an iterative scheme to a unique fixed
point. Since Banach’s result, there has been a lot of activity in this area and many devel-
opments have been taken place. In metric fixed point theory, there are many existence
and approximation results for fixed points of those nonexpansive mappings which are
not necessarily strictly contractive. Some authors have also provided results dealing with

*Universita degli Studi di Palermo Dipartimento di Matematica e Informatica Via Archirafi,
34 - 90123 Palermo (Italy).
Email: daniela_paesano@libero.it

fUniversita degli Studi di Palermo Dipartimento di Matematica e Informatica Via Archirafi,
34 - 90123 Palermo (Italy)
Email: pasquale.vetro@unipa.it



the existence and approximation of fixed points of certain classes of contractive multi-
functions [4, 5, 7, 9, 12, 13]. In [12] Reich and Zaslavski introduced and studied new
inexact iterative schemes for approximating fixed points of contractive and nonexpansive
multifunctions. More recently, Aydi et al. [2] introduced a notion of partial Hausdoff
metric type, that is a metric type associated to a partial metric. In [2] the authors using
the partial Hausdorff metric proved an analogous to the well known Nadler’s fixed point
theorem [9]. In this paper, using the partial Hausdorff metric we prove an analogous to
a result of [12] for contractive multifunctions in the setting of partial metric spaces. An
example is given to illustrate our result.

2. Preliminaries

First, we recall some definitions of partial metric spaces that can be found in [6, 8, 10,
11, 14]. A partial metric on a nonempty set X is a function p : X x X — [0, 400) such
that for all z,y,z € X:

(pl) = =y & p(z,z) = p(z,y) = p(y,v);

(p2) p(z, ) < p(z,9);

(p3) p(z,y) = p(y, 2);

(p4) p(.ilj, y) S p($7 Z) + p(Z, y) - p(Z, Z)

A partial metric space is a pair (X, p) such that X is a nonempty set and p is a partial
metric on X. It is clear that, if p(z,y) = 0, then from (pl) and (p2) it follows that x = y.
But if z = y, p(z,y) may not be 0. A basic example of partial metric space is the pair
([0, 4+00), p), where p(z,y) = max{z, y}.

Each partial metric p on X generates a Ty topology 7, on X, which has as a base the
family of open p-balls {B,(z,€) : € X, e > 0}, where

By(z,e) ={y € X : p(z,y) <p(z,z) + €}
forallz € X, e> 0.
Let (X,p) be a partial metric space. A sequence {z,} in (X, p) converges to a point
z € X if and only if p(z,z) = lirf p(z,zn). A sequence {z,} in (X,p) is called a
n— oo

Cauchy sequence if there exists (and is finite) lim+ p(Tn,Zm). A partial metric space
n,m—+oco

(X, p) is said to be complete if every Cauchy sequence {z,} in X converges, with respect
to 7p, to a point € X such that p(z,z) = lUm  p(zn,zm).

n,m—4oo

A sequence {z,} in (X,p) is called 0—Cauchy if lim+ P(Zn, Tm) = 0. We say that

(X, p) is 0—complete if every 0—Cauchy sequence in X converges, with respect to 7,, to
a point z € X such that p(z,z) = 0.

Now, we recall the definition of partial Hausdorff metric and some property that can
be found in [2]. Let CB?(X) be the family of all nonempty, closed and bounded subsets
of the partial metric space (X, p), induced by the partial metric p. Note that closedness
is taken from (X, 7,) and boundedness is given as follows: A is a bounded subset in (X, p)
if there exist o € X and M > 0 such that for all a € A, we have a € Bp(zo, M), that is,
p(xo,a) < p(wo, o) + M.

For A,B € CBP(X) and = € X, define

p(x,A) = inf{p(z,a), a € A}, §,(4, B) =sup{p(a, B) : a € A} and
0p(B, A) sup{p(b,A) : b € B}.

2.1. Remark (see [1]). Let (X,p) be a partial metric space and A any nonempty set in
(X,p), then

(2.1)  a€ Aif and only if p(a, A) = p(a, a),



where A denotes the closure of A with respect to the partial metric p. Note that Ais
closed in (X, p) if and only if A = A.

In the following proposition, we bring some properties of the mapping d, : CB?(X) X
CBP(X) — [0,400).
2.2. Proposition (|2], Proposition 2.2). Let (X,p) be a partial metric space. For any
A, B,C € CBP(X), we have the following:

(7)) : 0p(A,A) =sup{p(a,a):ac A};

) (A, A) < 6,(A, B);
(413) : 0p(A, B) =0 implies that A C B;

)+ 5,4 B) < 5,(A,C) +6,(C, B) — inf ple,c).

)

Let (X, p) be a partial metric space. For A, B € CBP(X), define
HP(A7 B) = max {6P(A7 B)7 6P(B7 A)} .
In the following proposition, we bring some properties of the mapping Hp.

2.3. Proposition (|2], Proposition 2.3). Let (X,p) be a partial metric space. For all
A,B,C € CBP?(X), we have

(h1) : Hy(A,A) < Hy(A, B);
(h2) : H,(A,B) = H,(B,A);
(h3) : Hy(A,B) < Hy(A,C)+ Hy(C,B) — Ciélgp(c, c).

2.4. Corollary (|2], Corollary 2.4). Let (X,p) be a partial metric space. For A,B €
CBP(X) the following holds:

H,(A, B) =0 tmplies that A = B.

2.5. Remark. The converse of Corollary 2.4 is not true in general as it is clear from the
following example.

2.6. Example ([2], Example 2.6). Let X = [0, 1] be endowed with the partial metric
p: X x X = R" defined by

p(z,y) = max{z, y}.
From (i) of Proposition 2.2, we have
Hy(X,X)=0p(X,X)=sup{z:0<z<1}=1#0.

In view of Proposition 2.3 and Corollary 2.4, we call the mapping H, : CB?(X) X
CBP(X) — [0,400), a partial Hausdorff metric induced by p.

2.7. Remark. It is easy to show that any Hausdorff metric is a partial Hausdorff metric.
The converse is not true (see Example 2.6).
3. Main result
The following theorem is the main result.
3.1. Theorem. Let (X,p) be a 0—complete partial metric space, T : X — CBP(X) a

multifunctions and {&;} and {0;} two sequences in (0,+00) such that

+oo “+oo
(3.1) Zsi < 400 and Z&i < 400.



Suppose that there exists k € [0,1) such that

(3.2)  Hpy(Tz,Ty) < kp(z,y) forall z,y € X.
Let Ty : X — 2X\{0} satisfy, for each integer i > 0,
(3.3) Hp(Tz,Tiz) <e¢, forallze X.

Assume that xo € X and that for each integer i > 0,
(3.4) ZTit1 € Tizs,  p(xi, xit1) < p(xi, Tizs) + d;.

Then, the sequence {x; 3':"8’ converges to a fized point of T'.

Proof. We first show that {x;};% is a 0-Cauchy sequence. To this end, let i > 0 be an
integer. Then, we have

P(Tit1, Tit2) ZTit1, Tit1%it1) + Oig1

IN A
S

(

(ig1, Txiz1) + 6p(Txig1, Tiv1xir) — _inf  ple,¢) 4+ dia
ceTz;qq
(=
(

ZTit1, Txiv1) + Op(Txiv1, Tig1Zi+1) + dit1
Tit1, Tit1) + Hp(Twiv1, Tit1@iv1) + ditr
p(@iv1, TTit1) + €1 + dita
Hyp(Tixs, Txit1) + €i41 + dit1
Hy(Tix;, Txs) + Hy(Twi, Twiy1) — céI’Il“f:;:l p(e,¢) + €it1 + dit1
<H

"B"B

(VAN VAN VAN VAN VAN

p(Txi, Txig1) + € + €41 + Jig1.
Hence,
(3.5)  p(wit1,wive) < kp(zi, ®iv1) + € + €1 + dit1.

Now, we show by induction that for each n > 1, we have

n—1

(36) p($n, In+l) S knp(m(h .’131) + Z ki(fn—i + 577.—7.' + En—i—1)~

=0

In view of (3.5), inequality (3.6) holds for n = 1,2. Assume that j > 1 is an integer
and that (3.6) holds for n = j. When combined with (3.5), this implies that

P(Tjt1,Tj12) < kp(x), Tjv1) + €41 + Gjv1 + €5
j—1
< K p(xo, 1) + Z K e+ 05— + €jmim1) +€j41 +0j41 + €
1=0

J
= K p(wo, w1) + Y K (€j1-i + 61—+ €5-0).

=0



This implies that (3.6) holds for all n > 1. From (3.6), by (3.1), we get

“+oo +oo n—1
Zp(xm Tnt1) < Z (k"p(xo,a:l) + Z ki(en—i 4+ On—i + En—i—l))
n=1 i=0

n=1
“+oo n
= Z (k"p(mo,ajl) + Z kn_i(ei +6; + Ei—l))
n=1 i=1

—+oo
= k"plwo, 1) + (K + k' + &+ ) (e + 01+ €0)
n=1

+ (K + k' + B+ ) (€2 + 02 +e)

+ (k' +E 4 ) (e + 0t ea)+ -
—+o0 —+o0

“+oo
= Z k"p(zo, 1) + Z (ij)(ez +0i+€i-1)
n=1 i=1 =0

< (f kn) [p(;r:o,xl) + io(en +0n + en_l)] < +o00.
n=0 n=1

This implies that i’jli)rgoop(mi, x;) = 0 and hence {z;};5 is a 0-Cauchy sequence and
so there exists z* € X such that
(3.7) iiigloop(:ri,x*) =p(z*,z") =0.
We claim that z* is a fixed point of T, that is ™ € Tz*. From
H,(Tz;, Tx") < kp(x;,z*) for all i € N,
letting ¢ — +00, we obtain
(3.8) Zlg+m00 H,(Tz;, Tz") = 0.
As zi41 € Tix; for all 4, we have
p(Tit1,Tx") < 6p(Tizi, Tx™)
< Hy(Tizi, Tx;) + Hy(Tz;, Tx")
<ei+ Hy(Tx;, Tz").
Letting ¢ — 400, by (3.1) and (3.8), we obtain
(3.9) leeroo p(xiv1, Tz") = 0.
Now, using (3.7) and (3.9), from
p(z*, Tx") < p(z*, zi41) + p(zit1, Tx*) for all i € N,

as i — 400 we deduce that p(z*,Tz") = 0. Hence, p(z*,z") = p(z*,Tz") = 0 and so by
Remark 2.1 we get that z* € Tz™.
O

We also have the following result.

3.2. Theorem. Let (X,p) be a 0—complete partial metric space, T : X — CBP(X) a
multifunction and {8;} a sequence in (0,+00) such that

—+oo
(3.10) > 8 < +oo.
=0



Suppose that there exists k € [0,1) such that
(3.11) Hp(Tz,Ty) < kp(x,y) for all z,y € X.
Assume that xo € X and that for each integer i > 0,
(3.12) miy1 € Txi, p(xs,wiv1) < Hp(Tzi—1,Tx;) + 05.
Then, the sequence {x;} 55 converges to a fived point of T.
Proof. We first show that {z;};-% is a 0-Cauchy sequence. To this end, let i > 0 be an
integer. Then, we have
p(Tit1, Tit2) < Hp(Txi, Txit1) + dit1-

Hence,

(3.13)  p(Tit1,wiv2) < kp(wi, Tig1) + dit1.

Now, we show by induction that for each n > 1, we have
n—1
(3.14)  p(xn, Tnt1) < k"p(zo, 1) + Z k'8p—i.
i=0

In view of (3.13), inequality (3.14) holds for n = 1,2. Assume that j > 1 is an integer
and that (3.14) holds for n = 5. When combined with (3.13), this implies that

P(Tj41, Tj42) < kp(xs, Tiv1) + djp1
-1
<K p(zo,e1) + Y kTG + 5

i=0
This implies that (3.14) holds for all n > 1. From (3.14), by (3.10), proceeding as in
the proof of Theorem 3.1, we get

iop(xml’n+l) < +Zoo (k"p(a:o,xl) + nil kién_i)
n=1 n=1 =0
= f E"p(zo, 1) + f (i kj)éi
n=1 i=1  j=0
“+o0 +oo
< (;}k ) [plao,z1) + ;an] < +oo.

This implies that nmliinﬁ)o p(zi,z;) = 0 and hence {x;}% is a 0-Cauchy sequence
and so there exists * € X such that
(3.15) iiigloop(xi,x*) =p(z",2") =0.
We claim that z* is a fixed point of T, that is z* € Tz*. From
H,(Tz;, Tx") < kp(x;, ")  for all i€ N,
letting ¢ — 400, we obtain
ZIHEO H,(Tz;, Tz") = 0.
As x;41 € Tx; for all i, we have
p(xit1, T2") < 6p(Tx;, Tx™) < Hy(Txi, Tx™).
Letting ¢ — +o00, we get that

(3.16) i—léinoop(:ciJrth*) =0.



Now, using (3.15) and (3.16), from

p(z", Tx") < p(z”,zit1) + p(xig1, Tx")  for all i €N,
as ¢ — +oo we deduce that p(z*,Tz*) = 0. Hence, p(z*,z*) = p(z*,Tz") = 0 and so
x* € Tx™, that is =™ is a fixed point of T O

3.3. Lemma. Let (X,p) be a partial metric space, A, B € CBP(X) and a > 0. For any
a € A, there exists b= b(a) € B such that

(3.17)  p(a,b) < Hy(A,B) + .

Proof. Without loss of generality, we can assume that H,(A, B) > 0. If we choose h > 1

such that h H,(A, B) = Hp(A, B) + «, the existence of b € B satisfying (3.17) follows
from Lemma 3.1 of [2]. O

3.4. Lemma. Let (X,p) be a partial metric space, T : X — CBP(X) a multifunction.
Suppose that there exists k € [0,1) such that

(3.18) Hp(Tz,Ty) < kp(z,y)  for all z,y € X.
Then for all xo € X there erists a sequence {x,}j:g such that
(3.19) wmiy1 € Txi, p(mi,wiv1) < Hp(Twi—1,Tx;) + k.
Proof. We may assume k > 0. Choose z1 € Tzg. As Tzg, Txz1 € CBP(X) and z1 € T'xo,
there is a point x2 € T'xz; such that
p(z1,x2) < Hp(Tzo, Tx1) + k.

Now, since Tz1,Tz2 € CBP(X) and z2 € Tz there is a point z3 € T'z2 such that
p(z2,23) < Hp(Tz1,Tx2) + k°. Continuing in this way we produce a sequence {z; };%
of points of X such that x;11 € Tz; and p(x;, xit1) < Hp(Txi—1,Tx;) + k* for all i > 1.

O

From Theorem 3.2 and Lemma 3.4, we deduce the following result, which generalizes
Theorem 3.2 of [2].

3.5. Theorem. Let (X,p) be a 0-complete partial metric space. If T : X — CBP(X) is
a multifunction such that for all x,y € X, we have

where k € [0,1). Then T has a fized point.
To illustrate the usefulness of our result, we give the following example.

3.6. Example. Let X = [0, 2] be endowed with the usual metric. Define the multifunc-
tions T, T; : X — CBP(X) by

ro_ 155 ifze1]
{0} otherwise.

T {[; — 2] itz eo,1],

{0} otherwise.
It is easy to see that Theorem 2.1 of [12] is not applicable in this case. Indeed, for
19 8
m—l—sandy—g,wehave
19 8 12
H(T(—),T(= = H{0},[5, =
(T(11T(5)) (1o} 15. 2)

2,k 19 8
= gtg=kdlgg)



for any k € [0,1).
On the other hand, if we endow X with the partial metric defined by

T — if x,y € [0,1],
p(w)_{| vl y € [0,1]

|z4;y‘ + % otherwise.

Then (X, p) is a complete partial metric space and Tz is closed for all z € X.
We shall show that for all z,y € X, (3.20) is satisfied with k = 2.
Consider the following cases:

e Ifz €[0,1] and y € (1,2], then p(z,y) = 3y — £ > 1 and

T T
(T, Ty) = Hy((5 2] (0}
T x xz 1 1k
= SOVt < =2 .
max{8,4} 4_4<3 2<kp(x,y)
o If z,y € (1,2], then Hy(Tz,Ty) = Hp({0},{0}) = 0 and (3.20) is satisfied
obviously.
o If z,y €[0,1], with z <y, then
_ T T Yy
(T, Ty) = Hy((5 5L Y)
_ y—r y—x
= max{ 5 a4 }
_oy-r 2o
= " <3W-2)=kp(z,y)

It is easy to see that H,(T;xz, Tx) < 1/8°2 for all z € X. Moreover, for all zo € [0, 1]
the sequence {z; ;-":05 defined by zj41 = x;/4 — azi/4’+2 € T;z; for all ¢ > 0 is such that

Ait+2 < p(-’fi,Tixi) + m

Ty
1 12 = p(zi, Tizs) +
If zo € (1,2], then we choose x; = 0 for all ¢ > 0. . ‘
Thus, all the conditions of Theorem 3.1 are satisfied with ¢; = 1/8“L2 and §; = 1/4”2.

Moreover, z; — 0 and x = 0 is a fixed point of 7" in X.

p(xs, ig1) = -z +
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