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Numerical computation and properties of the two
dimensional exponential integrals

Seyhmus Yardimer*', Murat Olgun * and Cagla Can®

Abstract

In this paper, we investigate problem of convergence of the two-
dimensional exponential integral (TDEI) functions arising in the study
of the radiative transfer in a multi-dimensional medium. In our study,
generalized exponential integral function’s ( GEIF ) are expressed with
double improper integrals as given in the original expression. Then we
study the properties and asymptotic behaviour of the TDEI functions.
We also give numerical computations of the values of TDEI functions.
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1. Introduction

The two-dimensional exponential integral (TDEI) functions play an important role in
various fields of theoretical physics, quantum chemistry, theory of transport process, the-
ory of fluid flow and theory of radiative transfer in a multi-dimensional medium [6], [7],
[11]-[13], [19], [22]. The TDEI functions are especially useful for the study of anisotropic
scattering in a two-dimensional medium with a scattering phase function [12], [13], [22].
Breig and Crosbie derived a series expansion and recurrence relations suitable for numer-
ical computation of the one-dimensional exponential integral functions [7]. It is shown
that the absorption of solar radiation by the earth’s atmosphere is given in terms of
first-order exponential integral function. The fundamental integral equation of the ra-
diative transfer of two-dimensional planar media with anisotropic scattering was derived
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by Crosbie and Dougherty [11]. Note that the TDEI functions are the kernel of that
integral equation. The TDEI functions play an important role in the investigation of
the two-dimensional radiative transfer in an absorbing-emitting cylindrical medium and
determination of the radiative flux [12]. The generalized exponential integral functions
are studied in [1]-[5], [10], [17]. In [2] GEIF ’s are expressed with the single integrals. In
our study, GEIF ’s are expressed with double improper integrals as given in the original
expression . This depends on the truth that the uniform convergence of integrals gives
more precise results. Also in [2] GEIF ’s are given In terms of Bessel functions, in the
form of series. This GEIF ’s approximation gives ruder results compared to ours. This
study uses a different methodology from [1], [2], [10], [17] and results are achieved with
higher accuracy. The TDEI functions examined in this work are defined as

T

(L1)  en(r,B) =

no1 o0 o0
o | [ lexo(or) /Y exp (~ia) dady
s
where P> =22+ ¢y + 72 and n=1,2,... .
Note that the TDEI functions are two-dimensional analogs of the exponential integral
functions [14].

(1.2)  E.(r)= /t_" exp (—7t) dt,

n = 1,2,... . The exponential integral function (1.2) plays an important role in various
fields of theoretical physics, quantum chemistry and theory of transport process [8], [9],
[16], [20], [21].

Many properties of the TDEI functions depend on the uniform convergence of the im-
proper integral (1.1). In this paper, we study the problem of convergence of the TDEI
functions e, (7, 8). We also investigate the properties, asymptotic behaviour and numer-
ical computation of the TDEI functions.

2. Uniform convergence

Let us consider the improper integral

where (7,8) € D C R%

2.1. Definition. [18]. Integral (2.1) is said to be uniformly convergent with respect to
(r,8) € D if it is convergent for all (, ) and if, given any £ > 0, there is a sufficiently
large number Ry independent of (7, 3) and such that for any R satisfying the inequality
R > Ry there holds the inequality

//f(T,ﬁ,m,y)dxdy <e

R2—-wp
where wg is the ball of radius R with centre of the origin.

2.2. Theorem. [18]. If for the function f (1, B, x,y) in question there holds the inequality
[f (7. 8,29 < ¢(2,y), (1,8) €D
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and the improper integral

/°° 7 ¢ (z,y) dzdy

is convergent then integral (2.1) convergences uniformly with respect to (1,3) on D.

For all € > 0 we define the domain

D(e)={ (1.8) € 2, 7 €e,00), B & (-00,00) },

where
Q={ (r,8) eR* 7€[0,00), B €(—00,00) }.

2.3. Theorem. i) The two-dimensional exponential integral function ey (7, ) is uni-
formly convergent with respect to (7,) on D (e).
1) The function e, (T, ) is nonuniformly convergent with respect to (1, 8) on .

Proof. 1)

en (1,8) = 27T 7

where 72 = 2% + y2 + 72,
If we define

g(r,B,z,y) = {QXP (—m) / (\/ 2 +y?+ 7'2)71“} exp (—i8z)

[exp (=) /"] exp (—ifz) dedy

é\g

then

oo

n 1 x°
en (7, o //g (7,8, 2,y) dedy.

oo

For all £ > 0 we have

9.7, 8,2,9)| < exp (=27 + 47 +&7) [e"\/a? 47 + &2

]

= 2me "exp(—¢) < oo.

and

\/x2+y —|—€2) /" V12 + y? + e2dady

8\8
('D

So from the Theorem 2.1 we find that the function &, (7, 8) is uniformly convergent with
respect to (7,0) on D (g).
1) For all (1, 3) € Q we have

oo oo

En (T,ﬂ) =

—r) /r" " exp (—ifz) dzdy

2w

—00 — 00

exp (—r) /r" T dzdy.

2w

— 00 — 00
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Let us consider
where ¢ (1,2,y) =exp (—7).

¢ (7,0,0) = exp (—7) > 0. Then there is a ball w with centre at the origin and radius so
small that |o (7, z,y)| > W(T’QO’O)‘ = EXP(Q_T) > 0 on that ball.

Therefore
// o (7, 2,9)| /r" T dady

//sa (r,2,y) /r" " dady
&//1/r”+1d9ﬂdy — oo for 7 — 0

o (r,2z,y) /r" dzdy

é\g

\

Therefore the function &, (7, 8) is nonuniformly convergent with respect to (7, 3) on Q. i

3. Properties of the TDEI function

Let G € R,, and D € R,, where R,,, and R,, denote m-dimensional and n-dimensional
spaces, respectively.
We shall consider an integral of the form

(3.1) F@%z/f@mﬂn (€€q)

taken over an unbounded domain D such that it has the point at infinity as its only
singularity for any € € G.
3.1. Theorem. [18|. If the function f (£,1n) is continuous on

GxD:={€qG, ne D}

and if the integral (3.1) is uniformly convergent with respect to & on G, then the function

F €)=/f(£7n)dn

is a continuous function with respect to £ on G and for all §, € G

£E—¢&p

lim /f(é,n)dn:/gli)rgof(f,n)dn
D

3.2. Theorem. [18]. If the conditions of Theorem 3.1 hold then the function F (§) can
be integrated with respect to & on G under the integral sign, that is

[r©de=[a [ renan=[an[rena
G G D D G

3.3. Theorem. The function e, (7, 8) is continuous with respect to (7,8) on D (g).
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Proof. Let (70, 8,) is any point of D (¢). In view of Theorems 2.2 and 3.1 we get

. . ™! rr n+1 .
Jim en () = Jim T [ [lew(or) /oo (<ife) dady
B—Bo B—Bo oo —oo

T—)T

_ / / lim [exp r) /Y exp (—ifz) dady

—00 —00

OOexp —x? +y? —1—70)

n+1
o oo ( x2+y +T)
= €n(7'07ﬁ0).

exp (—ifyx) dzdy

Therefore the function e, (7, 8) is continuous on D (¢). 1

3.4. Theorem. [18]. If £ is a scalar variable running through a closed interval [a, b] and
the function f (§,7) is continuous together with its partial derwatwe on [a,b] x D and
if integral (3.1) is convergent while the integral

of

Fi(§) = aE

== f(&mn)dn

is uniformly convergent with respect to £ € [a,b] then F (&) = F1(¢), that is

/f&n /a—gfgn

3.5. Definition. [23]. Suppose f: R — C is a locally integrable function on R.
The function

~ 1 .
f(B) = E ]R/f (z) exp (—ifx) dx

is called Fourier transform of the function f.

3.6. Theorem. [18]. If f € L = L (R), then f .as bounded continuous functions, possess
the property

lim f(8) =

[B]—o0

3.7. Theorem. ¢, (7, 3) satisfies the following asymptotic equations:

(3.2) en(1,8)=0(1), (r,8) € D(e), T — oo.

(33) en(r,8)=0Q1), (1,8)€D(e), f— *oo.

34)  en(r,8) = En(r)+0(1), (1,8) € D(e), B — 0.
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Proof. Using Theorem 2.2 and 3.1, we obtain that, for all (7,3) € D (¢)

n—1 o0 oo
lim e, (7,8) = lim I / /[exp (—r) /r" ) exp (—ifz) dxdy
T—00 T—00 27’[’

A
i
yE
¥l=
—
—

[exp (—\/m) /7'2] exp (—ifz) dzdy

[exp (—\/m) /7'2] exp (—ifz) dzdy

Il
¥l=
8 ——3
8 ~——3
ﬂb—l
£

I
o

(3.2) holds.
Let us prove (3.3

=

en (1,8) = T;: /°° f[exp(r) /" exp (—ifz) dady
< i;z;; /DO (\/127_ 7 [exp (—\/x2 —|—7’2) / (\/ac? +7'2)n+1:| exp (—ifz) dm) dy
= 7\—;2;; 7 (\/12? 7f(7’, z) exp (—ifx) dm) dy

where

f(r,x) =exp (—\/x2+7-2) / (\/x2+7-2)n+1_

Then from the Definition 3.1 we get
Tn71 < .

3.5 en(1,8) = — ,B)d

35) en)=T= [ frp)d

and due to the following expression

7 |f (o) do = ]o exp (vt +72) / (Var+72)" o

oo

< 2exp(—r)/1/u"\/u2—72du<oo,

f € L(R) by virtue of Theorem 3.5
(3.6) lim f(r,8) =0.
|B]|— o0

From the Theorem 2.2, 3.1 and (3.5), (3.6) we get

')

n—1
. T g
Jim e (rB) = m_/ Jim_f(r.8) dy

= 07
i.e., (3.3) holds.



489

According to Theorem 2.2, 3.1 we obtain,

. ! n ‘
lme, (r.8) = lm T [ [ lexp(-r) /" exp (ife) dady
B N Ty ———
= o5 exp (—r) /r Lim exp (—ifz) dedy
Tn_l oo o0
= 5 //exp(—r)/rn+1d:cdy
Tn_l oo oo oo
= ///exp(—tr)/r"dtdwdy
i
—oo —oco 1
TTL71 oo o o]
= 5 //(ﬁ(ﬂﬂc,y)dwdy

|
3

where
o(r,z,y) = /exp(ftr) /rdt.
1

It is clear that last integral is uniformly convergent with respect to (7, z,y) on the domain
{re€le, o), (z,y) eR*}.
So making use of the Theorem 3.2 we have

hm en (1,8) = (t—1)"""exp (—tr) /r"dxdydt

1 —oc0 —o0

using the Theorem 2.2, 3.4 and (n-1) times integration by parts yield

' Tnfl 1 [e) . oo oo
[glir%)an (r,8) = ] 2—/ (t—1) //exp(—tr)/rdxdydt

—00 — OO

1
(3.7) n—l I/ (t — 1) exp(—t)/tdt.
1

The last term can be written in the following form

oo [e o]

/(tfl)"*lexp( Tt) /tdt = /tfl Zexp ( /tfl % exp (—t7) dt
1

1 1

+/(t —1)" texp (—tr)dt
1

—...—|—(—1)"+1/(t— 1) exp (—t7) dt

1

+ (=" / (t —1)exp (—tr) /tdt.
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If we use integration by parts for all term we get

oo}

ne1 (n=2)! (n=3)! (n—4)
/(t —1)" exp(—71t) /tdt = | e + g
1
n 2! no1 1! n 0!
e (D B ) L 4 ()" Hexp (<)
(3.8) +(—1)n / exp (—rt) /tdt
1
By means of integration by parts for the right-hand side of (3.8) then
T L 0l 12 W (n—4)
Il e e e

1

eyt Oy OB ()
(3.9) +% / exp (—t7) /t"dt label3.9

substitution of (3.9) into (3.8) gives

(oo}

(3.10) / (t —1)" exp (—7t) /tdt = (n — 1)!/7"" /exp (—7t) /t™dt

considering the substitution of (3.10) into (3.7) gives

e}

élg}) en (1,8) = /exp (—7t) /t"dt
1

= E,(7).

4. Numerical Computation

The numerical computation of TDEI functions have been studied by several authors.
Those computation methods consist asymptotic or binomial series for TDEI function
which include mass computatious [6]-[9], [11]- [16], [18]-[23]. On the basis of the uniform
convergence of &, (7, 3), obtained in this paper we constructed a new simple and an
accurate algorithm for the calculation of TDEI function even in a modarate PC. The
computations were performed for large values of parameters 7 and . In this paper
the TDEI functions were calculated on the Mathematica 8.0 international mathematical
software. The comparative examples of computer calculatious for the TDEI functions
are given in Tables 1-4. As can be seen from tables, our computational results are in
agreement with literature [7]. Also from Tables 1-4 we see that the calculation results
of the TDEI functions show good rate of convergence in the range of parameters 7 €
[107%,1] and B € [1,20].



T B=1 B=2 B=5 B =10 B =20
A = 6.143314628912719 A = 5.850334088713723 A = 5.216596350515581 A = 4.622405662773734 A = 3.979468204969179
0.001 +iE—1 —i9.375391894121577E — 10 —i6.184411880623505E — 17 +i4.417437057588218E — 18 +9.718361526694078E — 17
B = 6.1433 B = 5.8503 B = 5.2166 B = 4.6224 B = 3.9795
A = 4.537901067889449 A = 4.245006981521351 A = 3.6118092517793587 A = 3.0192768074691063 A = 2.381847868201705
0.005| +i1.766974823035287E — 17 +iE —1 —i1.018351544013959F — 10 +i9.055745968055847E — 17 +i1.987846675914698F — 17
B = 4.5379 B = 4.2450 B =3.6118 B =3.0193 B = 2.3818
A = 3.849813982491566 A = 3.557142202395409 A = 2.9252064348968837 A = 2.3367504277586297 A =1.7117877639753523
0.01 | i— 3.837162415267503E — 11 —i4.966478929026777E — 13 —i2.298302965135789F — 11 —1.558030050211364E — 12 —43.533949646070574F — 17
B = 3.8498 B = 3.5571 B = 2.9253 B = 2.3368 B =1.7118
A = 2.9488329356872187 A = 2.657383190971331 A = 2.0326700716719333 A = 1.4637881869087266 A = 8.941114707500399E — 1
0.025| +i1.553338671316446E — 10 +41.993293375806704F — 12 —9.81770526868218F — 12 —41.071335664531752E — 11 —45.300924469105861F — 17
B = 2.9488 B = 2.6574 B = 2.0327 B = 1.4638 B = 8.9411E — 1
A = 2.281453068639485 A = 1.9933445935560798 A = 1.3870213973918706 A = 8.639169226626785E — 1 A = 4.026457744554906E — 1
0.05 | —i5.300924469105861E — 17 +i1.046233699931526E — 10 —41.026298209581762E — 11 —i4.310311171953727E — 12 —i2.696189610344371E — 22
B = 2.2815 B = 1.9933 B = 1.3870 B = 8.6392E — 1 B = 4.0265E — 1
A = 1.64017231138455 A = 1.3617758308830468 A = 8.043034952598128E — 1 A = 3.8435848086003923E — 1 | A = 1.0713555332477835E — 1
0.1 +HiE—1 +i7.0578181485961E — 12 —i1.985758332545723E — 12 +8.28269448297791E — 17 +i6.092564529322131E — 12
B = 1.6402 B = 1.3618 B = 8.0430E — 1 B = 3.8436E — 1 B =1.0714E — 1
A = 4.2370709749072205E — 1 A = 2.5067102641438316E — 1 | A = 4.630293776083369E — 2 A = 3.0239699124587406E — 3 | A = 1.552042299070299E — 5
0.5 +iE —1 HiE -1 +iE—1 +i1.224674029569061E — 16 +iE—1

B = 4.2371E — 1

B = 2.5067E — 1

B = 4.6303E — 2

B = 3.0240FE — 3

B = 1.5520FE — 5

hS
I

1.3554692860259693F — 1
+iE -1
B = 1.3555E — 1

A = 5.351461855900747E — 2
+iE — 1
B =5.3515E — 2

hS
I

2.3951848541335623E — 3
+iE — 1
B = 2.3952F — 3

A = 1.3321816513904781F — 5
+1i7.07480153754363F — 18
B = 1.3322E — 5

A = 4.719616145834231F — 10
—19.101430204813521FE — 16
B = 4.7196E — 10

Table 1. Value of 1 (7, 8)

16V




T B=1 B=2 B=5 B =10 B =20 3
A = 9.924434723782973E — 1 A = 9.919160966891798E — 1 | A = 9.896973641980313F — 1 A = 9.853780518462402E — 1 A = 9.761947163307826E — 1 N
0.001| +i1.413579858428229E — 19 +iE—1 —i4.915307297290383E — 10 +i1.413579858428229F — 19 +16.069070914791562E — 11
B = 9.9244F — 1 B =9.9192E — 1 B =9.8970F — 1 B = 9.8538E — 1 B =9.7619E — 1
A = 9.702643422545342E — 1 A = 9.676568670129494E — 1 | A = 9.567681149630682F — 1 A = 9.35805855570027F — 1 A = 8.928151526927118E — 1
0.005| +i2.208718528794109E — 20 +i1.413579858428229F — 18 +47.112741170587211E — 11 —7.619368247065852E — 11 —3.180554681463517E — 18
B = 9.7026FE — 1 B = 9.6766F — 1 B =9.5677TFE — 1 B = 9.3590F — 1 B = 8.9282F — 1
A = 9.474592559549746F — 1 A = 0.423160462390637E — 1 | A = 9.210350252606401E — 1 A = 8.810187337876387E — 1 A = 8.014083467390319F — 1
0.01 —i4.586072717261649E — 15 +43.533949646070575F — 18 +43.577803230650029E — 12 +i2.827159716856459F — 18 —1.464519149540784E — 11
B = 9.4746E — 1 B = 9.4232E — 1 B = 9.2104E — 1 B = 8.8102E — 1 B =8.0141E — 1
A = 8.915415485850164E — 1 A = 8.791975102541199E — 1 | A = 8.204982431226492F — 1 A = 7.412356049804204F — 1 A = 5.837991466302784F — 1
0.025| +i4.417437057588218E — 19 +13.639194635321662F — 13 +i1.435944127455608E — 12 —i2.8175139356756 E — 13 +1.250068888192043F — 12
B = 8.9154F — 1 B = 8.7920E — 1 B = 8.2950F — 1 B = 7.4124F — 1 B = 5.8380E — 1
A = 8.176587748648632E — 1 A = 7.045528161372075E — 1 | A = 7.056034104084425E — 1 A = 5.618241448033833E — 1 A = 3.472878771358602E — 1
0.05 | +i2.255574835843579E — 13 +i1.766974823035287E — 18 —i8.834874115176437E — 18 +i4.594134539891746E — 17 —11.943672305338816E — 17
B = 8.1766E — 1 B = 7.9455E — 1 B = 7.0560E — 1 B = 5.6182E — 1 B = 3.4729E — 1
A = 7.041062167438795E — 1 A = 6.634519064258186F — 1 | A = 5.201241100703188E — 1 A = 3.27613339905977E — 1 A = 1.2428402294804283E — 1
0.1 —4i7.496678717427851E — 13 —13.909705677063143E — 12 +11.855323564187051E — 17 +11.060184893821172E — 17 +iE—1
B =7.0411E — 1 B = 6.6345E — 1 B =5.2012E — 1 B =3.2761E — 1 B =1.2428E — 1
A = 2.812151426498713E — 1 A = 2.015863821445704E — 1 | A = 5.496848551136895E — 2 A = 5.0600102554520555E — 3 | A = 3.7076101127100064FE — 5
0.5 +iE—1 +iE—1 +iE—1 —i3.224667578916283E — 15 +iE — 1

B =2.8122F — 1

B = 2.0159E — 1

B = 5.4968FE — 2

B = 5.0600E — 3

B = 3.7076E — 5

hS
I

1.0756980583160117E — 1
+iE -1
B = 1.0757TE — 1

A = 5.336330710138579E — 2
+iE — 1
B = 5.3363F — 2

A = 3.7075424200455013F — 3
+iE — 1
B = 3.7075E — 3

A = 2.9869304279352523F — 5
—15.866908592109352F — 19
B = 2.9869FE — 5

A = 1.538334495203213FE — 9
—12.63033517911171FE — 18
B = 1.5383E — 9

Table 2. Value of ¢3 (7, 8)



B=1

B=2

B=5

B =10

B =20

0.001

A = 4.990024511109741F — 1
—142.261727773485167E — 21
B = 4.9900FE — 1

A = 4.989982320156957F — 1
—11.776096495894175E — 12
B = 4.9900FE — 1

A = 4.989706876695545F — 1
—142.714073328182201FE — 19
B = 4.9897E — 1

A = 4.9888175736258644F — 1
—11.442151075825898E — 9
B = 4.9888E — 1

A = 4.9856897323705635F — 1
+15.790023100122029EF — 19
B = 4.9857E — 1

0.005

A = 4.950516902549029F — 1
—12.544443745170813E — 19
B = 4.9505E — 1

A = 4.949762046326981F — 1
—11.90159059838535F — 13
B = 4.9498FE — 1

A = 4.9449751991327523FE — 1
+12.261727773485167E — 19
B = 4.9450FE — 1

A = 4.930242429216283F — 1
—11.133479574912619E — 13
B = 4.9302E — 1

A = 4.8819820352499177E — 1
—17.237528875152536 E — 18
B = 4.8820FE — 1

0.01

A = 4.9018922746454213FE — 1
+14.229134084646993E — 15
B = 4.9019FE — 1

A = 4.899385430768269F — 1
+18.469661622952918E — 15
B = 4.8994FE — 1

A = 4.883821102053627F — 1
+11.809382218788134FE — 18
B = 4.8838E — 1

A = 4.837637107484798E — 1
+iE — 1
B = 4.8376E — 1

A = 4.69496901043039E — 1
—11.970457721187423E — 12
B = 4.6950F — 1

0.025

A = 4.760365743919093FE — 1
+18.834874115176437E — 20
B = 4.7604E — 1

A = 4.748853995162321F — 1
—16.626155586382327E — 19
B = 4.7489E — 1

A = 4.6805408708589463E — 1
+12.827159716856459E — 18
B = 4.6805E — 1

A = 4.4938184179542284F — 1
—13.180554681463517E — 18
B = 4.4938E — 1

A = 3.9923273619928473E — 1
+2.216955693995738E — 12
B = 3.9923E — 1

0.05

A = 4.536942695174573F — 1
+14.28843815505793FE — 12
B = 4.5369E — 1

A = 4.5029816049684535F — 1
—18.607344654558792E — 12
B = 4.5030E — 1

A = 4.313003524176357TFE — 1
+16.523616104772877E — 13
B = 4.3130E — 1

A = 3.849140185306733F — 1
+i1.711286844512507E — 13
B = 3.8491E — 1

A = 2.8307826133448905FE — 1
+11.753696007240177E — 12
B = 2.8308E — 1

A = 4.129052504262309F — 1
+12.260774994155964F — 11
B =4.1291E — 1

A = 4.0381514638243077FE — 1
—141.210519571178468E — 11
B = 4.0382E — 1

A = 3.5787773372208315E — 1
+iE —1
B = 3.5788E — 1

A = 2.662095412797268F — 1
+iE — 1
B = 2.6621E — 1

A = 1.2689054916664513FE — 1
+iE — 1
B = 1.2689E — 1

0.5

A = 2.0269794527722496 FE — 1
+iE — 1
B = 2.0270E — 1

A =1.6215841061428077FE — 1
+iE — 1
B =1.6216E — 1

A = 5.843514756064822F — 2
+iE — 1
B = 5.8435E — 2

A = 7.175956423511752F — 3
—15.978291420340211E — 15
B =T7.1760E — 3

A =7.267195676212158F — 5
+iE —1
B = T7.2672E — 5

A = 8.726359085360859F — 2
+iE —1
B = 8.7264FE — 2

A = 5.059279476996788FE — 2
+iE -1
B = 5.0593E — 2

A =4.997178810918784F — 3
+11.104359264397054F — 18
B = 4.9972F — 3

A = 5.5981429368903135F — 5
—13.337882737606331E — 19
B =5.5981FE — 5

A = 4.09183571344698F — 9
+iE —1
B = 4.0918E — 9

Table 3. Value of 3 (7, 3)

€6¥




T B=1 B=2 B=5 B =10 B =20
0.001| 3-3283365604269766E — 1 3.328331613610311F — 1 3.3282070307744514E — 1 3.328173992319921F — 1 3.327684851036903E — 1
+4.632018480097623F — 21 —i1.852807392039049F — 20 | +i3.705614784078098E — 20 | —i5.123697977723025E — 14 | +i1.02120053559172E — 9
0.005| B-3084168843703876F — 1 3.308297036009815E — 1 3.3074636124698376F — 1 3.3045341230211234F — 1 3.2932152187417696F — 1
—i6.33283776575847E — 20 +i6.436868196427692F — 14 +iE— 1 +i3.047532523055772E — 10 | +i6.712438193978458E — 13
0.01 3.283668166582222F — 1 3.2832041450482136F — 1 3.279999313606849F — 1 3.2689163817018646FE — 1 3.2275697847261525E — 1
: +i2.334533695204764F — 14 | —i4.668935305507558E — 14 | +i7.237528875152537E — 19 —47.437146200877148E — 11 —i5.587372291617758F — 17
0.025| 3-2104310438498374E — 1 3.207762091456098E — 1 3.18970362083023E — 1 3.130302814359257E — 1 2.0300972611874663E — 1
: +i1.467757187226319E — 12 | —i1.130863886742583E — 18 | —i2.261727773485167E — 18 | —i2.705897472175359E — 12 | +i4.099130355815903E — 11
0.05 3.0917216818702864F — 1 3.0822102734798826F — 1 3.02023610866854F — 1 2.832990350153646F — 1 2.3065645383776914F — 1
+i2.915508458008224F — 19 | +43.220960448136829E — 13 | +i2.261727773485167E — 18 | +i6.43233237426568E — 13 —i9.830608248932432F — 13
o1 2.866606684383088E — 1 2.835510063837311E — 1 2.6473792076651495E — 1 2.1692835774847108E — 1 1.2200667108444716E — 1
: +i3.486063214786459F — 13 | +i7.067899292141149E — 20 —i1.953758586363162F — 12 | —i5.654319433712919E — 18 +iE — 1
05 1.5579006769776246E — 1 1.3293249152133196F — 1 5.86308091984218F — 2 9.188975045090655F — 3 1.2516086082822907F — 4
: +iE — 1 +iE — 1 +iE — 1 —i1.104359264397054F — 18 +iE — 1
1 7.252504637283796 F — 2 4.690751377329581F — 2 6.173857960619937F — 3 9.31476402535588E — 5 9.484194215269618E — 9
+iE — 1 +iE — 1 —i5.521796321985272F — 19 | +49.518492990879253E — 18 —42.229293299158516 FE — 21

Table 4. Value of g4 (7, 8)
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