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Abstract

We investigate how the category of Hom-entwined modules can be made into a monoidal
category. The sufficient and necessary conditions making the category of Hom-entwined
modules have a braiding are given. Also, we formulate the concept of Hom-cleft extension
for a Hom-entwining structure, and prove that if (A, «) is a (C,~)-cleft extension, then
there is an isomorphism of Hom-algebras between (A, «) and a crossed product Hom-
algebra of A°°C and C.
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1. Introduction

Entwined modules were introduced by Brzezinski and Majid [2, 3], which contained the
Long modules, Yetter-Drinfeld modules and Doi-Koppinen modules, etc. So it is very
important to study entwined module. As a generalization of entwined modules, Hom-
entwined modules were defined by Karacuha [14] as special examples of Hom-corings.

As we know, braided monoidal categories are special categories, whose importance is
that the “braiding” structures provide a class of solutions to quantum Yang-Baxter equa-
tions. Thus constructing a class of braided monoidal categories is an interesting job.
Caenepeel et al. studied how the category of Doi-Hopf modules can be made into a
braided monoidal category [5], which have been generalized to entwined modules and
Doi-Hom-Hopf modules [13,17].

The definition of the normal basis for extension associated to a Hopf algebra was intro-
duced by Kreimer and Takeuchi [15]. Using this notion, Doi and Takeuchi [11] character-
ized H-Galois extensions with normal basis in terms of H-cleft extensions. This result can
be extended for Hopf algebras living in symmetric closed categories [12]. A more general
formulation in the context of (weak)entwining structures can be found in [1,3].

The main goal of this paper shall discuss how to make the category of Hom-entwined
modules into a monoidal category, and introduce a definition of cleft extension for Hom-
entwining structures and with it to obtain a general cleft extension theory. In Section
3, we construct a monoidal category of Hom-etwined modules and give the sufficient and
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necessary conditions making the monoidal category into a braided category. In Section
4, we introduce the notion of (C,~y)-Hom-cleft extension (A°Y, a|gecc) < (A, a), being
(A, @) a Hom-algebra, (C,7) a Hom-coalgebra and A®“ a sub-Hom-algebra of A. We
prove that if (A4, @) is a (C,~y)-Hom-cleft extension, then there is an isomorphism of Hom-
algebras between (A, a) and a crossed product Hom-algebra of A°°C and C.

2. Preliminaries

Throughout this paper, k will be a field. More knowledge about monoidal Hom-
(co)algebra, monoidal Hopf Hom-algebra, Hom-entwined modules, etc. can be found in
[4,6-10,13,14,16,18-24]. Let M = (M, ®, k,a,l,r) be the monoidal category of vector
spaces over k. We can construct a new monoidal category H (M) whose objects are or-
dered pairs (M, p) with M € M and p € Aut(M) and morphisms f : (M,u) — (N,v)
are morphisms f : M — N in M satisfying v o f = f o u. The monoidal structure is
given by (M, ) ® (N,v) = (M ® N,u®v) and (k,idy). All monoidal Hom-structures are
objects in the tensor category H(M) = (H(M), ®, (k,idy,),a,1,7) introduced in [4] with
the associativity and unit constraints given by

avnc((men)@p) =pim)® (ney (),

l(lz@m)=7r(m®x)=zu(m),

for (M, ), (N,v) and (C,~). The category H(M) is termed Hom-category associated to
M.

2.1. Monoidal Hom-algebra

Recall from [4] that a monoidal Hom-algebra is an object (A, o) € H(M) together with
a linear map ma: A® A — A, ma(a ®b) = ab and an element 1 € A such that

a(ab) = a(a)a(b), a(a)(be) = (ab)a(c), (2.1)
a(l) =1, al = a(a) = 1la, (2.2)
for all a,b,c € A.

A right (A, a)-Hom-module consists of an object (M, 1) € H(M) together with a linear
map ¥ : M ® A — M,¢¥(m ® a) = ma satisfying the following conditions:

p(m)(ab) = (ma)a(b), ml = p(m), (2.3)
for all m € M and a,b € A. For ¢ to be a morphism in H(M) means
u(ma) = p(m)ala). (2.4)

We call that v is a right Hom-action of (A4, ) on (M, u).

Let (M,u) and (M', i) be two right (A, a)-Hom-modules. We call a morphism f :
M — M’ right (A, «)-linear, if fou = po f and f(ma) = f(m)a. My denotes the
category of all right (A, a)-Hom-modules.

2.2. Monoidal Hom-coalgebras

Recall from [4] that a monoidal Hom-coalgebra is an object (C,~) € H(M) together
with two linear maps A¢ : C' — C®C, Ac(c) = ¢1®co (summation implicitly understood)
and ¢ : C — k such that

77 He) @ Ac(er) = e1, ® (e1, ® 77 (e2)), Ac((e)) = v(er) @ (ea), (2.5)

ec(v(e)) = ec(c), ciec(ea) =7 1(¢) = ec(er)er, (2.6)
for all c € C.
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A right (C,~)-Hom-comodule consists of an object (M,u) € H(M) together with a
linear map ppr : M — M ® C, py(m) = mjg) @ myy) (summation implicitly understood)
satisfying the following conditions:

1 (mpgp) ® A(mpy) = mygo) ® (Mg @ v~ (mpy)), (2.7)
mpjec(mpy) =~ (m), (2.8)
w(m)) ® p(m)p) = p(mp)) @ y(mpy), (2.9)

for all m € M. We call that pj; is a right Hom-coaction of (A, ) on (M, u).

Let (M, u) and (M’ i) be two right (C,~)-Hom-comodules. We call a morphism f :
M — M’ right (A, a)-colinear, if fou = po fand f(m)g @ f(m)y = f(m) @mpy. M€
denotes the category of all right (C,~)-Hom-comodules.

2.3. Monoidal Hom-Hopf algebra

A monoidal Hom-bialgebra H = (H, 3, mp,1, Ay, €5) is a bialgebra in the category
H(M). This means that (H, B, mg,1) is a monoidal Hom-algebra and (H, S, Ay, ex) is
a monoidal Hom-coalgebra such that Ay and ey are Hom-algebra maps, that is, for any
h,g € H,

Ap(hg) = Ag(h)Au(g9),Au(l) =1®1, (2.10)

en(hg) =en(h)en(g),en(l) = 1. (2.11)
A monoidal Hom-bialgebra (H, () is called a monoidal Hom-Hopf algebra, if there exists

a morphism (called the antipode) S : H — H in H(M) such that
S(h1)hy =eg(h)1l = h1S(hs), (2.12)

for all h € H.

2.4. Hom-Doi-Koppinen datum

Let (H, ) be a monoidal Hom-bialgebra. Recall from [14] that a right (H, 3)-Hom-
comodule algebra (A, a) is a monoidal Hom-algebra and a right (H,)-Hom-comodule
with a Hom-coaction p4 such that p4 is a Hom-algebra morphism, i.e., for any a,a’ € A,

(aa")i) ® (aa')py = apajy @ apjajy, (2.13)

pa(l)=1®@1,paoca=(a®f)opa. (2.14)
A right (H, 8)-Hom-module coalgebra (C,~) is a monoidal Hom-coalgebra and a right
(H, 8)-Hom-module such that, for any ¢ € C and h € H,

(ch)1 @ (ch)2 = c1h1 ® caha, (2.15)

ec(ch) = ec(c)en(h),~(ch) = v(c)B(h). (2.16)

A Hom-Doi-Koppinen datum is a triple [(H, ), (A, «), (C,~)], where (H, () is a monoidal
Hom-Hopf algebra, (A, «) a right (H, 8)-Hom-comodule algebra and (C,~) a left (H, f)-
Hom-module coalgebra. A Doi-Koppinen Hom-Hopf module (M, u) is a left (A, «)-Hom-
module which is also a right (C,~)-Hom-comodule with the coaction structure pps such
that

py(ma) = mygag) @ mpjap),

for all m € M and a € A.
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2.5. Hom-entwining structure

A (right-right) Hom-entwining structure is a [(4, «), (C, )]y consisting of a monoidal
Hom-algebra (A, «), a monoidal Hom-coalgebra (C, ) and a linear map ¢ : C® A — ARC
in H(M) satisfying the following conditions, for all a,a’ € A, ¢ € C,

(ad')y @ () = aypdy @ y(c¥Y), (2.17)
oz_l(aw) @ @c¥ = a_l(a)M, ®ct @ e, (2.18)
lay@c’ =14®@c¢, (2.19)

agec(c’) = asc(c). (2.20)

Here we use the following notation 9 (c ® a) = ay ® c¥ for the so-called entwining map 1.
¥ € H(M) means that the relation

ala)y @7(c)” = alay) ® y(c¥). (2.21)
If the map % occurs more than once in the same expression, then we use different sub-

and superscripts: ¥, U, 1,9, - - -

Given a Hom-entwining structure [(4, «), (C,7)]y. A right-right [(4, ), (C, 7y)]y-entwined
Hom-module is an object (M, ) in H(M) is a right (4, a)-Hom-module, and a right (C,~)-
Hom-comodule with coaction ppar : M — M & C, m — mg @ myy) satisfying the condition,

for any m € M,a € A,
prr(ma) = mga™ (a)y @ y(mp}’).

We use ﬁc(w) to denote the category of [(4, o), (C,7)]y-entwined Hom-modules together
with the morphisms in which are both right (A, «)-linear and right (C,)-colinear.

3. Braiding on the Hom-category of Hom-entwined modules

Definition 3.1. We call [(A4, a), (C, )]y a momoidal Hom-entwining datum, if [(4, «), (C,
7)]y is a Hom-entwining structure and A and C' are monoidal Hom-bialgebras with the
additional compatibility relations, for all a € A and ¢, € C,

a1y @ agy @ AdY = Aylay) ® (cc’)w, (3.1)

eala)lo = ealay)ls. (3.2)

Proposition 3.2. Let [(A, a), (C,7v)]y be a momoidal Hom-entwining structure. Then the
tensor product of two Hom-entwined modules (M, ) and (N,v) is again a Hom-entwined
module (M ® N, u® v) with the structure maps given by

pPMeN (M ® n) =mp @ njp ® My, (3.3)
(m ® n)a = ma; ® nag, (3.4)
forallm e M,n € N and a € A. Thus the category ﬁg(w) is a Hom-category.

Proof. We show that (M ® N, u ® v) is a Hom-entwined module. For all m € M,n € N
and a € A, we have

pueN((m ®n)a) = (ma1)g ® (naz)p) ® (mai))(naz)y)
“Har)y @ nge az)w @ y(mp)y(npg’)
= mpja " (a)1y ® nge (a)2w ® y(mpPnp)’)
= myga " (@)y1 @ niga (a)ya @ Y((mpynpy)?) (by(3.1))
= (myg) ® np)a " (a)y ® y((myy n[l])w)

:’I?’L[QOé
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Thus (M ®N, p®v) is an object of j\v/[g(w) Let (M, p), (N,v) and (W, ) be Hom-entwined
modules. The isomorphisms

apyNw :  (MIN)@W - M® (Ne W)
(m@n)@w > pm) ® (v(n) @<~ (w)),
T M®k— Mm®ez— zu(m),
e k@M — M,x®@m — zu(m),
obviously satisfy the pentagon axiom and the triangle axiom. We observe that (k,id) is
an object of MY (1) via the trivial (A, a)-Hom-action and (C,~)-Hom-coaction given by
ra = ea(a)r and p, = x ® 1. It is clear that (k,id) is a unit object of MG (1). Hence
MG () is a Hom-category. O
Let [(A, ), (C,v)]y be a momoidal Hom-entwining datum. We know that a braiding
on MG (%) is a natural family of isomorphisms
tM7N:M®N—>N®M
in ﬁg(w) such that, for all (M, ), (N,v) and (W,s),
(tdy @ taw) o an,mw © (tm,N ® idy) o 5]41,N7W = an,w,M © tr,New, (3.5)
a1_3,1M,N oty,p ®idy o aJT/jl,P,J\/ oudy @ty,poamNP =tMeN,P- (3.6)
Consider amap Q : C®C — AR A in H (M) with twisted convolution inverse R. We use
the following notations Q(c®d) = Q' (c®d)®@Q?*(c®d) and R(c®d) = R'(c®d)® R?*(c®d),
for all ¢,d € C. Thus we have
Q' (c2 ® d2)R'(c1 ® d1) ® Q*(c2 ® da)R*(c1 ® dy) = ec(c)1a ® ec(d)1a, (3.7)
RY(c2 ® d2)Q"(c1 ® d) ® R*(c2 ® d2)Q*(c1 ® dy) = ec(c) 14 @ ec(d)1 4.
Consider two Hom-entwined modules (M, ) and (N, v), we define
tuN - MON - NQM,m®@n (n[o] ® m[o])Q(n[l] & m[l]),
for all m € M,n € N. It follows from (3.7) and (3.8) that )/ v is bijective.
Example 3.3. Let [(4, «), (C,7)]y a Hom-entwining structure. The (A ® C,a ® v) can

become a Hom-entwined module with the right (A, a)-Hom-action and right (C,~)-Hom-
coaction given by

(@@ c)b = aa~ ' (b) @ v(c), (3.9)
pascla®c) = (o (a)y ®c1) ®y(cd), (3.10)
forallae A and ce C.

Proof. 1t is straightforward to check that (A ® C,a ® ) is a right (A, )-Hom-module.
Here we shall check that (A ® C,a ® 7) is also a right (C,~)-Hom-comodule. In fact, for
a€ AandceC,

(@' @y H((a®c)p )®Ac(( )
1

=a M a Ma)y) ® 7 (e1) ® (v(eh) @ y(cst2))
= a *(a)yy ©@ (01)®(7(021\I’)®7(C22¢))

=a (o (a )w)@w Her) @ (Y(e2))” @ 7(c2,)?)
= a Ha N a)yw) @1, © (v(er,)” ® )

=a Yo a)y)y ®@e1, ® (7(e1,Y) ® o)

=(a® ) oo ® ((a® Aoy @7 ((a® e)y)),
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which proves that (2.7) holds. The other conditions can be checked straightforwardly. The
compatibility can be proved as follows: for a,b € A,c € C,

pasc((b® c)a) = pagc(ba™ (a) @ y(c))
= (a" (ba™(a))y ® v(e1) @ Y(v(e2)?)
(™ (b)a™*(a))y ® v(e1) @ ¥((c2)?)
o~ (B)pa*(a)e @ y(c1)) @ y(v(c™))
va (e a)w) ®y(e)) @ y(v(e)”)
v ®@c)a” (a)w ®y(y(e)Y)
as desired. n

Lemma 3.4. With notations as above, the map ty N is right (A, «)-linear for all Hom-
entwined modules (M, p) and (N,v) if and only if

(bay ® b1w)Q( @ c¥) = Q( @ )A(b), (3.11)
forallbe A and ¢, € C.

Proof. Suppose that tagc agc is (A4, a)-linear. Then, for a,a’,b € A and ¢,¢ € C, we
have

tagc,asc(((a®c) ® (a' ® ))b) = tagcasc((a®c) ® (a @ ))b. (3.12)
Since
LHS = tagc,aec((a @ c)b @ (a' @ ¢)bs)
= tac.asc((aa™ ! (b1) @ () @ (a'a™! (by) @ y(c)))
= (a M (d' a7 (b2))y ©7()1)Q' (v(1(¢)) ® v(7(c)2"))
® (e (aa™ (01)w ® Y()1)Q*(Y(1(¢)s") ® 7(7(c)2"))
= (o (d' a7 (b2))ya Q' (Y(1()F) @ 1(1(e)2"))) @ v (v ()
® (@™ aa™ (01))wa  (Q*(v(1(¢)) @ v(7(c)2"))) @ v(v(e)))
and
RHS = (((a™"(a')y ® &) ® (a7 (a)w © 1)) Q(v(cy") ® v(c2")))b
= ((a M (a")y ® 4)Q (v(c¥) @ v(ca")))bu
® (@ H(a)w @ c1)Q*(¥(cy) @ v(ca")))ba
= ((a M@)o Q' (v(cy") @~(e2"))))a ™ (br) ® ¥*(c)))
® (o™ (a)wa (@ (Y(cy") @ y(e2”))))a ™ (ba) ® ¥*(c1)),
we have

(@ (d'a™ (b)) pa  (Q (Y (1(¢)) ® ¥(7()2"))) @ (v (1))

® (o Haa " (b)wa H(Q*(v(v(¢)2") @ v(7(c)2"))) @ v(v(e)1))
= (o (a)ypa Q' (7(cY) @ v(e2"))))a (b1) @ 7*(c}))

® ((a M (a)ea N Q*(Y(y") @ v(ea"))))a (b2) @ 7*(c1)).

By taking a = a’ = 14 in the above equality and then applying id4 ® ec ® idg ® ¢ to
both sides, we can get

(bay @ b19)Q(Y @ ) = Q(' ® c)Aa(b). (3.13)
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Conversely, suppose that (3.11) holds, and consider two Hom-entwined modules (M, 1)
and (N,v). For all m € M,n € N and a € A, we have

tan((m@n)a) =ty n(mar @ nas)
= ((naz)jg) ® (ma1)(o))Q((naz)y @ (ma)p)
= (npje (a2)y © mgia (a1)w)Q(y(np) @ y(mpy"))
= (ngja (@)2p @ mga™ (a)10)Q(v(npf) @ Y(mp"))
= v(ng) e (azy Q' (Y(np))¥ @ y(mp) ™))
® p(mp))a " (awQ*(v(np))? @ v(mp)Y))
= v(ng) e Q' (v(ny)) ® y(mpy))ar)
® p(mpg)a~ (Q*(y(npy)) © v(mpy))az)
= (nga Q' (v(npy) ® ¥(mp))))ax
® (mpja~ (Q*(v(np)) @ y(myy)))))az
= (n)@" (npyy @ mpy)))ar ® (M@ (npy) @ myy)))ag
= ty,n(m ® n)a,
which follows that ¢y n is (A, o)-linear. O

Lemma 3.5. With notations as above, the map tyr n is right (C,~y)-colinear for all Hom-
entwined modules (M, p) and (N,v) if and only if

QY (dy® c2)y ® Q*(chy ® )y ® c’fbcfp = QY| ®ec1) ® Q%] ® 1) ® cadh, (3.14)
forall ¢, € C.

Proof. Suppose that tagc,agc is (C,y)-colinear. Then, for ¢,¢’ € C, we have

(@ H(Q (v(ch) ®¥(c2))p) ®¥(chy))
® (0N Q*(v(ch) ®v(c2))w) @ (c11)) ® ¥ (o) Py (c12)”
= (Q'(7(chp) ®v(c12)) ® ¥(c11)) ® (Q*((cha) ® Y(c12)) ® Y(c11)) ® Y(e2)y(ch).-

Applying idg ® ec ® id4 ® ec ® ido to both sides, we can have (3.14).
Conversely, assume that (3.14) holds. Take two Hom-entwined modules (M, u) and
(N,v). Then, for m € M, and n € N, we have

pren (ta,N(m ®n))
= pmen (] @ mg)Q(n) @ mpy))
= (g (Q" (npyy ® mpy))y
@ mpge (Q%(np @ mpy))w) ® Y(np )y (ma”)
= (v (ng)a Q' (Y (npj2) © v(mpj2)))y
® 1 (mpe) ) a” M Q% (v(npy2) ® Y(mpp)))w) @ Y(np? )y (mp”)
= (v Mmoo H(Q (v(np))2 ® Y(mpy)2
® (u~ (m)a™ (Q*((npy)2 ® y(my
= ((Vﬁl(”[o]) Q' (v(n 1) @ y(mpn)
® (1~ 1(m[o]) HQ* (v (nppn) ® y(mpunp
= (ngoia Q' (Y(ngy) ® Y(mygiy)))
® (mpoje” (Q*(Y(ngy) @ ¥(mpgy))))) @ mpnpy
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= ((n0))@" (o) @ myo)})) ® (o)) Q% (yo)a) @ Mpo)))) © mpynyy
= (tm,ny @ido)(pmen((m @ n))),
which follows that (¢ta7,n) is (C, y)-colinear. O

Lemma 3.6. With notations as above, (3.5) holds for all Hom entwined modules (M, ),
(N,v) and (W,<) if and only if

(A4 ®ida)Q(d" ®c) = QY ®ea) @ Q" ® V) ® Q% (¢ @ 2)y Q% (" ® ¢1¥), (3.15)
forall e,d,d" € C.

Proof. Suppose that (3.5) holds. We take M = N = W = (AQC,a®~). Fore¢,d, " € C,
on the one hand, we have

(idn ® tarw) © anw © (tary @ idw) oyt vy (10 c) @ (1®d)® (1))
= (@' (V(ch) @ e2)) ® () ® ((Q(v(ch) @ (e1,”)) @ Y(e))
a QP (7(ch) @ e2)ypQ*(7(ch) ®(e1,"))) @(ery))
= (@' (7(ch) ®@7(e2,))) ® () ® ((Q'(v(e5) @ (e2,”)) @ A(e))
a M Q% (V(ch) ®(e2,))p@2(7(c5) @ Y(e2,”))) ® 1)
On the other hand,
anwm otunew (1@ ® (1o d)® (1oc"))
= a(Q'(v(ches) ® Y(e2))1) @72 ())
® (Q'((ches) ®v(c2)2 @ ¥(e)) @ (o™ H(Q*(7(caes) ® ¥(e2))) ® 1))
= (@' (V(ch) ®7(e2,))) ®72(c)) ® ((Q1(v(ch) ®(e2,")) @ ¥(eY))
a N Q% (V(ch) @ 7(e2,))p@%(Y(ch) @ (")) @ 1),

Applying idg @ ec ® idsg @ ec @ Ridg @ ¢ to both sides, we get (3.15).
Conversely, if (3.15) holds. Let (M, u), (N,v) and (W,s) be Hom-entwined modules.
We easily compute that

(idy @ taw) o anw © (b ® idw) 0y vy (M @ (n© w))
= v(np))a(Q" (ny @~ 1(m[1]))) wig Q" (wiyy @ (™" (mpe)) ) ?))
® (0~ (m) o (Q%( ) w) @ (wiy @ (1 (myg)) ) ¥)))
= v(n) Q" (npy @~ (m[u)))@ wio) @ (wp @ (v (mpgy)*)))
® (™ (mpgye)) e Q% (npy @ v~ (mp)))w) Q7 (wiy @ Y (v (mpoyu))¥))))
= v(n)(Q" (np @ v (mpy))) @ (wig Q" (wpy @ (M) )
® (™ (mpgye) o Q% (npy @ v (mp))e)) Q% (wpyy @ (mpoyu))¥))
= v(njo) Q" (n1) @ mp},)) ® (Wi Q" (wyy ® (myyy,)?)
® (L2 (mpg)a Q% (np) @ myr,)e))Q° (wiy @ (my),)¥))
= v(np)(Q" (np @ mpy,)) ® (wig Q" (wy ® (mpyy,)Y)
® pH (mp)) (@ Q% (npy @ mpy, )w) e QP (wp @ (mpy,)Y))))
=anw.m ot New(m® (n®@w)),

which proves that (3.5) holds. O

n[1

The proof of The next lemma is similar to the proof of Lemma 3.6, so we omit it.
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Lemma 3.7. With notations as above, (3.6) holds for all Hom entwined modules (M, p),
(N,v) and (W,<) if and only if

(ida ® Ax)Qc® ") = QY2 ® ")yQMN (e © ) @ Q% (e’ ® ) ® Q* (2 @ ), (3.16)
foralle,d,d" € C.

We summarize our results as follows:

Theorem 3.8. Let [(A,a), (C,7)]y a monoidal Hom-entwining datum, and Q : C ® C —
A® A a twisted convolution invertible map in H(M). Then the family of maps

tuN  MN = NQM,menr— (n[o] ®m[0])Q(n[1] ®m[1])

defines a braiding on the category of Hom-entwined modules ﬁg(z/}) if and only if Q
satisfies Equations (3.11) and (3.14)-(3.16).

Now, we shall apply Theorem 3.8 to Doi-Koppinen Hom-Hopf modules. Given a Hom-
Doi-Koppinen datum [(H, /), (4, ), (C,v)], we have a Hom-entwining datum [(A4, a), (C,

7))}y with 1 given by
P:CA—-A®C, c®a— alayg) ®’y_1(c)a[1] =ay®c’. (3.17)

The Hom-category ﬁg(w) of Hom-entwined modules associated to the induced Hom-
entwining datum [(4, ), (C, )]y is denoted by ﬁ(H)g

A Hom-Doi-Koppinen datum [(H, ), (4, ), (C, )] is called a monoidal Hom-Doi-Koppinen
datum, if it satisfies the following condition,

arjg) ® s @ (caqp))(c'agp)) = app @ agje ® (cc’)apy, (3.18)
foralla€e Aand ce C.

From Theorem 3.8, we have the following result.

Corollary 3.9. Let [(H, ), (4, @), (C,7)] be a monoidal Hom-Doi-Koppinen datum, and
Q:CC — A® A a twisted convolution invertible map in H(M). Then the family of
maps

tuN : MON = N M,men (’I”L[O] & m[o])Q(nm & m[l])

defines a braiding on the category of Doi-Koppinen Hom-Hopf modules ﬁ(H)g if and only
if Q satisfies the following equations, for any b € A and c,c,c’ € C,

(1) (04(52[0]) ® 04(51[0}))@(0/52[1} ® Cbl[l}) = Q(v(d) ®v(c))Aa(b),

(2)
a(Q(cy ® c2) o) ® a(Q*(ch ® ¢2)0))
® (v QM (ch ® e2) ) (v He1) Q% (ch ® e2)))
=Q' () ® e1) ® Q*(d) ® 1) ® cach,
(3)

(A4 @ida)Q((" @) = QN @ e2) @ Q'(" @7 He)Q* (¢ @ e2)y))
® a(Q*( @ )i Q*(¢" @7 (e1)Q*(¢ @ c2)pyy),
(4)
(ida @ AQ)Q(c® ") = a(QY (e ® C//)[o])Ql(’Y_l(cl)Ql(CQ ® )y © )
® Q*(7 U e)Q e @ "y @) @ Qe ® ).
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4. Hom-coalgebra cleft extensions for Hom-entwining structures

Let (A, a) be a object of JV[%W) with the Hom-coaction p4. For (M, u) € ﬁg(w), The
Hom-invariants of C' on M are the set

MC = {m € M|pp(m) = p~*(m)1 @ (1)}
Specially, we have A°C = {a € A|pa(a) = a?(a)l) ®y(1p)}. For m € MeoC it follows
that p(a) € M. We use ju|yseoc for denoting the restriction map of y on MeC.

Lemma 4.1. For (A,a), (M, p) in ﬁg(w), we have
(1) (A°C | geoc, 1) is a Hom-algebra.
(2) (M€, | pseoc) is a right (A%, a| geoc )-Hom-module.

Proof. Straightforward. O
Let us put Hom®(C, A) consisting of right (C,~)-colinear morphisms f : C' — A, that
is, f(c)jo) ® fle)p) = flcp)) @ cpypy for c€ Cand foy=ao f.
Lemma 4.2. Hom%(C, A) is an associative algebra with the unit ec14 and multiplication
(f xg)(c) = fler)g(ca),
for f,g € Hom®(C, A) and ¢ € C.
Proof. Straightforward. O

By Reg(C, A) we denote the set of morphisms w € Hom®(C, A) which are invertible
under the convolution * in Lemma 4.2.

Definition 4.3. We say that (A°C, a|cc) < (A, ) is a (C,y)-Hom-cleft extension, if
there exists a morphism w € Reg(C, A).

Proposition 4.4. If (A%, a|ecoc) < (A, a) is a (C,~)-Hom-cleft extension, we have
W (e2)yp @ e = a”Hw ()L @ v(Lpy), (4.1)
forallce C.
Proof. Since (A,a) € ﬁg(d}), the Hom-coaction can be written as pa(a) = l[o]a_z(a)w ®
7(1[1]¢). Then we have, for any c € C,
ec(c)a(ly)) ® 1y
=11y ®w
= 1jg)(w(e1 Jw™t
= a(1g) (w(c)w™ (c2))y @ (1)
= a(1g) (w(er)pw ™ (e2)w) @ y(1p™Y)
= (Lgw(er)y)alw™ ( 2)w) @ (1Y)
= o?(w(er)o)(w ™ (e2)w) ® y(v(w(er))”)
= o*(w(en,))a(w™ (e2)w) @ y(7(e1)")
= a(w(er))a(w ™ (v(e2)2)w) @ v(v(e2”),
which implies that Eq (4.1) holds. O

Lemma 4.5. Assume that (AC o geoc) = (A, @) is a (C,~)-Hom-cleft extension via w
and (M, p) € MG (). Then, for any m € M, mgw™'(my)) € M. As a consequence,
if M = A, we have aggw ™ (ap)) € AcoC
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Proof. We compute

pr(mgw ™" (myy)))
= mpyoa (W (mp)))e @ y(mgp)’)
(

= 5 () Do ©(mpy?)

= 1~ (myg)) e (w ™ (v(mp)2)y) @ (Y(mp)1)?

= p” (mp)) (o (w (mm))a_l(l[o])) ®v(11y)
2

Hence mygw ™! (mp) € MeoC, O

Theorem 4.6. Suppose that (AC a| geoc) = (A, ) is a (C,7)-Hom-cleft extension via
w. For (M,u) € MG (W), then (M,pn) = (M @ C, | preoc @ ) as right (C,~)-Hom-
comodules, where the (C,~)-Hom-coaction on (M @ C, | yreoc ®7) is

prrcecao(m @ c) = (= (m) ® c1) @ y(ca).

In particular, if we consider M = A, we have (A, a) = (A“C @ C, a| seoc @) as both right
(C,~)-Hom-comodules and left (ACOC | geoc )-Hom-modules, where the (A%°Y | a| geoc')-Hom-
action on A®°C ® C defined by b- (a @ ¢) = o~ (b)a ® v(c), for all a,b € A®C and ¢ € C.

Proof. We define Oy : (MY @ C, | ppeoc @ y) — (M, 1) by ©p1(m @ ¢) = mw(c) and
Qs (M, p) — (M©CRC, | preoc @7) by Qar(m) = miojojw " (mgja) ®myy). For m € M,
we have
Onr 0 Qr(m) = (mygow ™ (myg))w(mp))
= (u~ (myg))w ™ (mp),))w (v (myyy,))

= (n™H (mygp)w ™ (mpy, ) a(w(mpy,))

= Mmjo](W (w™ ( 1]1)W(m 1]2))

= mygec(mp))la =

which follows that ©,; o Qs = id. Next, we check that Qp; 0o ©); = id holds. In fact, for
any m € M and ¢ € C, we compute

QM o @M(m®c)
= (mw(e))jow ™" ((mw(e)) o)) @ (mw(c))p

= (myga~ (@ (w(e)y)w)w ™ (v(mpy)”)) © v(mp)’)
= (myoe (@™ (w(©))pw))w ™ (V(myga)¥) @ y(mp)”)
= (pH(mg)e (@ Hw(e))Jpw))w™ 1(7( 1Y) @ y(v(mpy)s”)
= (W (2 m) e (o w(e)pe))w (P (") @ v (¥ (1y)2”)
= (2 (m) (L) * (@™ w(e)pw))w ™ (¥ (1)r") @ ¥(v* (11y)2”)
= (2 (m)(a M (1) (w(e)y))w ™ (VP (1) ") @ v(¥* (1))
= (u2(m)a 3 (Lgw(c)y))w ™ Apf) @ v(1pfs)
= (u2(m)a (w(e)g))w ™ (Y(w(e)p1) @ Y(y(w(e)py)2)
= (p 2 (m)a N (w(e)w ™ (v(e2)1) @ v(7(c2)2)
= (p 2 (m)aH(w(e)w ™ (v(ea,)) @ y(v(e2,))
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= (2 (m)w(cr,))w™ (7(c1,)) ® Y(c2)
“Hm) (wlen Jw™ (e1,)) @ (ea)
)

m

m)lg®c

=pu
=~
=mQec,

as desired. O

Let (A%C alec) < (A,a) be a (C,v)-Hom-cleft extension via w. From Theorem
4.6, we have that (24 is an isomorphism of monoidal Hom-algebras, where the monoidal
Hom-algebra structure on A°C @ C' can be induced by 4:

]-ACOCXC = QA(lA),ﬁLAcoCXC == QA omag o (Qzl ® Q;ll)

The induced monoidal Hom-algebras on A°°C ® C is called a crossed product Hom-algebra
of A%°C and C, and denoted by A x C.
Next, we can obtain m 4coc o in other way. First, we need some preliminary results.

Lemma 4.7. Suppose that (A°C | jeoc) = (A, ) is a (C,)-Hom-cleft extension via w.
We define a morphism w : C ® A — A by

@(c,a) = (wlen)a™H(a)y)w ™ (v(ed)).
Then pa(w(c,a)) € A®C, for all c € C and a € A.
Proof. For if c € C,a € A, then

pa(w(c,a)) = a(w(c))ga™ («

Ju) ®

Ha)ppw ((e2)? )wr) ©
ay)w (v(c2)%)w) ®
ay)(a”? )

e
[y
~— ~— ~~—
Q\
[asy
—~
Q
[asy
—~ o~

Thus w(c,a) € A<C. O
Now, we construct a morphism A as follows:
A: CRA—-ARC, A(c®d) =w(c1 @ a (w(d)y) @y(cd).

By Lemma 4.7, we have A(c®d) € A°“®C. Using A, we define a multiplication m 4coc g
on A®% @ C by

M peoC e =(Ma @ idc) o (ma ® Ao (ide @w)) 0 daacec

o (idc ® aA,C,C) o (idc RA® idc) o (idA & FavalA’C) 0 aA,C,AQC-
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Concretely,
(a®c)(b@d) =(a  (a)((e *(w(c1)a* (@ (b)y))w ™ (c1)))

x (w(y(ea’))a*(w(d)w))w ™ (7P (c2,) "1)) ® 77 (ca,) Ya.

AcoC

Proposition 4.8. Suppose that (
Uia w. Then mAcoC®C — ﬁlAcoC@C.

, 0 geoc) = (A, ) is a (C,v)-Hom-cleft extension

Proof. Tt suffice to prove that m geocy o = Qa4 0ma o (2 ® Q1) holds. Indeed, for any
a,be Aand c,d € C, we have

23" ompccpo((a®e) @ (b@ d))
=((a M a)((a*(w(e)a™ (b)y)w ™" (ca))))
X ((W(y(ed,))a 2 (w(d)w))w ™ (7% (ea,)™1)))w (77 (e2,) 2)
=(a((a M wler)a  (B)y)a(w ™ (c)))))

X ((w(7(02¢21))04 2(w(d)w))w ™ (7P (e2%2,) ") )w (7 (c22,) "))
b)y)a(w ™ (cs")))
1

)
3
N 21)))))
x ((a(w ( (62 21)))0é Hw(d)w) (@™ (7 (e2'2,) "1w( (222) ™))
N )
)

=(a((a™ (w(er)a™ (B)y)a(w ™ (e2))))) (0 (w(ea2)w(d)))
=a(a)((a™ H(w(en)a  H(B)y)a(w ™ () (a(wleds))a ™ (w(d))))
=a(a)((w(en)a™ (b)y) (a(w™ (e21)) (w(ez2)a (w(d)))))
=a(a)((w(cr)a™ (0)y) (W (e’ )w(e'2))a™ (w(d))))
=a(a)((w(y™H(e)a™ (b))w(d))
=a(a)(w(e)(a” ! (b)a" (w(d))))
=(aw(c))(bw(d))
=mao ('@ N ((a®c) @ (bed)).
Thus we gain the desired result. O
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