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Two classes of risk model with diffusion and
multiple thresholds: the discounted dividends
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Abstract

In this paper, we consider the present value of total dividends until ruin
in a perturbed risk model with two independent classes of risks under
multiple thresholds, in which both of the two inter-claim times have
phase-type distributions. We obtain the integro-differential equations
for the moment-generating function and the rth moment of discounted
dividend payments. Explicit expressions for the expectation of dis-
counted dividend payments are derived if the two classes claim amount
distributions both belong to the rational family.
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1. Introduction

The discounted sum of dividend payments until ruin is an important quantity in
assessing the quality of a dividend barrier strategy in insurance risk theory, which has
been studied in some papers and books, see e.g. [1], [3], [5], [8], [10], [13].

Recently, some researchers consider the ruin measures for a risk model involving two
independent classes of risks in the actuarial literature. Among them, [11] considered the
expected discounted penalty functions by assuming that the two claim number processes
are independent Poisson and generalized Erlang(2) processes. [15] supposed that the
claim number processes are independent Poisson and generalized Erlang(n) processes,
respectively, in which the Laplace transforms of the expected discounted penalty functions
are obtained. As an extension to these papers, [7] investigated the same ruin measures
in the risk model with two classes of renewal risk processes by assuming that both of the
two claim number processes have phase-type inter-claim times.
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There is a particular attention in considering risk models with multi-threshold divi-
dend strategies. For instance, [12] discussed the Gerber-Shiu expected discounted penalty
function in the compound Poisson risk model with multiple thresholds. [14] extended the
corresponding results to a Sparre Andersen model with generalized Erlang(n)-distributed
inter-claim times. In insurance risk models with multiple thresholds, the premium rate is
a step function of the insurer’s surplus. The premium policy is effective when the insurer
intend to keep a fixed retention ratio on its revenues and pays bonuses as an incentive to
its policyholders.

[9] investigated the discounted penalty function for two classes of risk processes with
diffusion and multiple thresholds, where both of the two claim number processes have
phase-type inter-claim times. It is natural to ask for the results on the discounted sum
of dividend payments until ruin for a corresponding risk model. The rest of the paper is
structured as follows. Section 2 describes the risk model. In Section 3, we derive systems
of integro-differential equations for the moment generating function. In Section 4, integro-
differential equations for the moments of discounted dividend payments are obtained.
Section 5 presents the main results and derives explicit expressions for the expectation of
discounted dividend payments when two classes claim amount distributions both belong
to the rational family. Section 6 gives a numerical example.

2. Notation and model description

The surplus process R(t) perturbed by diffusion satisfies
(21) R{)=u+ct—S(t)+0oB(t), t>0,

where u > 0 is the initial surplus, ¢ denotes the insurer’s premium income per unit time,
{B(t);t > 0} is a standard Brownian motion and o > 0 is the dispersion parameter, and
the aggregate-claim process {S(t) : t > 0} is defined by

Ny (t) Na(t)

t) = Z}Xi—i— ;Y t>0,

where {X1, Xo,---} and {Y1, Y, - } are independent and identically distributed (i.i.d.)
positive random variables representing the successive individual claim amounts from
the first and the second class, respectively. The random variables {Xi, X2, --} are
assumed to have common cumulative distribution function F(z) = 1 — F(z),z > 0,
with probability density function f(x) = F’(z), of which the Laplace transform is

fo e **f(z)dz, s € C, C denotes the complex space. Similarly, common cu-
mulatlve distribution function, density function and the Laplace transform of the den-
sity function of {Yl,Yg, -} are given by G(z) = 1 — G(z),z > 0, g(z) = G'(x) and

=["e x)dz. The renewal processes {N1(t);t > 0} and {N2(t);t > 0} denote
the number of clalms up to time t caused by the first and the second class of claim
respectively, and are defined as follows.

Ni(t)=sup{n:Ti +To+ -+ T, < t},
No(t) =sup{n: Vi+Va+---+V, <t},

where the i.i.d. interclaim times {74, 7%, - - - } have common cumulative distribution func-
tion Ki(t),t > 0 and density function ki(z) = Ki(z), and {Vi,V5,---} have common
cumulative distribution function K»(t),¢ > 0 and density function k2(x) = Kj5(x).

In addition, we suppose that {X1, Xs,--- }, {Y1,Ya, -}, {IN1(¢); ¢t > 0}, {N2(t);t > 0}
and {B(t);t > 0} are mutually independent, and ¢ > E(X1)/E(T1) + E(Y1)/E(V1),
providing a positive safety loading factor.
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Under the multi-threshold risk model, there are L thresholds 0 = dp < d1 < -+ <
dr—1 < dr = oo such that when the surplus is between the thresholds d;—; and d;,
dividends are paid continuously at a constant rate 7, > 0. Furthermore, we assume
7n1 = 0, namely, when the surplus is below the level di, no dividends are paid, and 7; > 0
for 1 =2,3,---, L. Correspondingly, let ¢; denote the premium rate when d;—1 < u < dj,
thus, the net premium rate after dividend payments is ¢;+1 = ¢1 — 41 > 0. Thus the
surplus process {R(t);t > 0} can be expressed as

(2.2) dR(t) = aqdt + odB(t) — dS(t), di—1 < R(t) < d.

The time of (ultimate) ruin is defined as T' = inf{¢t|R(¢) < 0}, where T' = co if R(t) > 0
for all ¢ > 0. The probability of ruin is ¢(u) = Pr(T < co).

Denote by D(t) the cumulative amount of dividends paid out up to time ¢ and § > 0
the force of interest, then D = fOT e~%*dD(t) is the present value of all dividends until
ruin time 7. In the following text, we turn to the moment generating function under
multiple thresholds,

M(u,y) = B[e"|R(0) = u]
(for those values of y where it exists) and the rth moment
W(u,r) = E[D"|R(0) =u], re€N.

Note that W (u,0) = 1. We will always assume that M (u,y) and W (u,r) are sufficiently
smooth functions in w and y, respectively.

Throughout the text of the paper, all bold-faced letters represent either vectors or
matrices and all vectors are column vectors. We assume that the distribution K;(t) of
the inter-claim time random variable 7 is phase-type with representation (o', A, a),

where a' = (a1, a2, ,an), with a; > 0, 30 s = 1, A = (ai;)};—; is an n x n
matrix with a;; < 0,a;; > 0, for i # j, Z;;l a;; <0, for any ¢ = 1,2,--- ,n, and
a = (a1,a2, - ,an) with a = —Ae,, where x' denotes the transpose of x and e,

denotes a column vector of length n with all elements being one. Following [2], we have
Ki(t)=1—a'e?e,, ki(t)=a'ePa, t>0,and

(2.3)  kai(s) = /000 e ki(t)dt = a' (sT— A) 'a.

By the definition of phase-type distributions, each of the inter-claim times T;,i = 1,2, - - -,
corresponds to the time to absorption in a terminating continuous-time Markov Chain,

say, It(i) with n transient states {El, FEo,--- ,En} and one absorbing state Ey.
The distribution K2 (t) of the inter-claim time random variable V; is phase-type with
representation (37,B,b), where 87 = (81,82, -+ ,Bm), B = (bij)i=1 is an m x m

matrix, b = (by,b2,--- ,by)' with b = —Be,,. Then we have Ks(t) = 1 — 8" ePle,,,
ka(t) = BTePlb,t > 0, and ka(s) = [;° e *tka(t)dt = B (sI — B) 'b. J{” denotes the
terminating continuous-time Markov Chain of V;,i = 1,2,---, with m transient states
{F\, Fs, -, F,} and one absorbing state Fj.

Now, we construct a two-dimensional Markov process {(I(t), J(t));t > 0} by piecing

the {I{";i=1,2,---} and {J{";i=1,2,---} together,
I ={PYo<t<n, I)={I2}Ti<t<Ti+Ts, -,

Jt)={JVN0<t< Vi, J)={JP Vi St < Vit Voo

So {(I(t), J(t));t > 0} is the underlying state process with states {(E1, F1), (E2, F1),-- -,
(En7 F1)7 (E17 F2)7 (E27 F2)7 ) (E’ﬂ? F2)’ ) (E17 Fm), (E27 Fm)7 Tt (En7 Fm)}, initial
distribution v = B ® «, where ® denotes the Kronecker product of two matrices.
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For k=1,2%i=1,2,---,n;5=1,2,--- ,m, let M® (u,y) denote the moment gener-
ating function of D if the ruin is caused by a claim from class k and R(0) = u. Mi(f) (u,y)
denotes the moment generating function of D when the ruin is caused by a claim from
class k and initial state (I(()l), Jél)) = (E;, Fj), then the moment generating function can
be written as

2.4)  MP(u,y) =~ MY (u,y),

nl

where M (u, ) = (M (u,9), MIP (w, ), -+ MY (), MIP (), MEE (),

M7(7,];)(U7y)7 T Ml(f‘rz(uvy)7M2<fr2(u7y)7 7M7(m)l(u7y)) . Thus

(2.5)  M(u,y) =~ M(u,y) =~ MY (u,y) + M (u,p)].

Wi;(u, r) denotes the rth moment of I if (I{", J") = (E;, F}), then the moment can
be computed by

(2.6) W(u,r) = 'yTW(u, r),

where W(UH T) = (Wll(ua T)7 WQl(uv 7”), o 7Wn1(u7 T)v W12(u7 7‘), WQ?(“7 T)v A an(u, 7”),
) Wlm(u’ T)7 W2m(u7 T)a T 7Wn’m(u7 T))T'

3. The moment generating function

Let 661; and denote the differentiation operators with respect to (w.r.t.) u and vy,
respectively.

3.1. Theorem. The vectors M““)(u,y),dl,l <wu<d,l=12,....,Lk=1,2 satisfy
the following partial integro-differential system, respectively,
(022 ot —yie + ym) M<1)(u Y) + Lnsem @ AMD (u, )+
(3.1 B Ix.M! >(u Y) + Lsem @ ( aa’ f M(l) (u—z,y)f(z)dz+
(bBT) ® Lnxn fo' MY (u — 2, y)g(z)dz + (e ® a) F(u) = 0,

and

( S tag - Yo 5 + ym) M@ (u, y) + Lnsm @ AM (u, y)+

(3.2) B® Inng<2>(u V) 4 Lnxm ® (aa ") IS M® (y -z, ) f(z)dz+
(bB7) ® Inxn [ M® (u — z,y)g(z)dz + (b ® e,)G(u) = 0,

where Inxn denotes the n X n identity matriz, 0 denotes a column vector of length mn
with all elements being 0. F(u) = [ f(z)dz and G(u) = [ g(z

Proof. Taking into account an infinitesimal time interval (0,dt) for di—1 < u < dj,l =
1,2,..., L, there are four possible events regarding to the occurrence of the claim and
change of the environment: (1) no claim arrival and no change of state; (2) a claim arrival
but no change of state; (3) a change of state but no claim arrival; (4) two or more events
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occur. Using the total expectation formula, yields
M (u,y)
= eymdt {(1 + asdt) (14 by dt) EIMY (u + eudt + o B(dt), ye )]

Y1 4bud) S (a wdt) E[MY (u+ eidt + o B(dt), ye )]
k=1,k#i

F(1+audt) Y (bjndt)E[MS (u+ adt + oB(dt), ye )]
h=1,h#j
(3:3)  +(1 + bjjdt)(aidt)

xE {i Qs f0u+cldt+GB(dt) MS-)(U + cidt + o B(dt) — x7y675dt)f(x)dx
2 e oman J@)dz] + (1+ aiidt)(b;d1)
x E [Z Br f0u+cldt+aB(dt) Mi(:)(u + ¢dt + oB(dt) — z, ye_édt)g(z)dx:| }
—|—o(dif)T.:1
By the aid of Taylor expansion, we have
E[M (u+ cdt + o B(dt), ye )]
(3.4) = Mi(.l)(u y) +a dtM +y(e%¥ —1)

+ Zdta MLJ( ,Y)

3]\45].1) (u,y)
9y

+ o(dt).
Substituting (3.4) into (3.3), after some careful calculations, it follows that

o? w
( 2 8u2 + Cpy Du y5 dy + ynl) Mi(j'1>(u7 y) + Z aikMIS;>(’LL, y)+
k=1

65 E e o (£ ey MO - s )@+ [T (@)
+b; Z Br [ Mz(rl) —z,y)g(x)dz = 0.

Rewriting (3.5) in matrix form, we conclude (3.1). By similar arguments, we can obtain
(3.2). O

4. The moments of discounted dividend payments

4.1. Theorem. The vector W (u,r),di—1 <u < d;,l =1,2,..., L, satisfies the following
integro-differential system,

(022 dz tads _7’5) W (u,r) +T77lW(U r— )+Ime®AW(u,r)+
(4.1) B ® LnxnW(u,r) + Ime ® (aa” fo ) f(x)dat

(bB") @ Luxn [ W(u —z,r)g(z)da =
with boundary conditions

(4.2) W (u,7)|u=0 =0, W(u,r)| = Wi(u,r)|

u=d; u=d}"’

and
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Proof. Adding (3.1) to (3.2) and noting that M(u,y) = MY (u,y) + M@ (u,y), which
results in

(5 & e 0 +ym) Mw.y) + L ® AM(u,y)+
(4.4) B ®© LnxnM(u,y) + Inxm ® (aa’) [ M(u — z,y) f (z)dz+

(bB") ® Inxn [y M(u — 2, y)g(x)dz + (em ® a) F(u)

+(b®en)G(u) =0.

Since W (u,r) = E[D"|R(0) = u], we have the following representation

o0 yT
(4.5)  M(u,y) = emn + Z‘; W)
Substituting (4.5) into (4.4) and equating the coefficients of y"(r € N). Then by virtue of
a = —Ae, and b = —Be,,. Further, I;nxm @ Aemn = —Inxm ® (aaT)emn: —e, ®a
and B® I, xnemn = —(bﬂT) ® Inxn€mn = —b ® e,. Hence, we achieve (4.1).
When v = 0, ruin is immediate and no dividends are paid. That is to say W (u, r)|u=0 =

0. Utilizing the continuity of W (u,r) and thanks to [16], we have the boundary condi-
tions (4.2) and (4.3). O

4.2. Remark. We assume that m =1 and G(0) = 1, from Eq.(4.1), which yields

(4.6) (%2% +agy - T5) W (u,r) + ryW (u,r — 1)

+ AW(u,r) + (aa') [ W(u — z,7) f(z)dz = 0,

where dj—1 <wu < d;,l =1,2,..., L. Furthermore, when L = 2 and the distribution K (t)
is a generalized Erlang(n) distribution, we recover Theorem 4.1 in [5] from (4.6), which
consider the perturbed renewal risk model with a threshold dividend strategy.

5. The expectation of discounted dividend payments

In what follows, we consider the case r = 1 for W (u, ), the expectation of discounted
dividend payments. For notational convenience, let W(u) = W(u,1). From Theorem
4.1, we have for d;_1 <u <d;,l =1,2,..., L, that

(%2 + it = 8) W) + e + T © AW (u)+
(bBT) ® Inxn [y W(u—2)g(z)dz = 0,

and with boundary conditions W (u)|u=0 = 0, W(u)| _,— = W(u)|,_+, dvgi")
- - u:d;
_ dW (u)
du u:dl*

5.1. Laplace transforms. Motivating by [12], we relax the constraint d;—1 < u < d;
in (5.1) and consider the case of u > di—1. Let W;(u),u > dj—1,0l = 1,---, L be the
solutions of the following non-homogeneous integro-differential equations:

(%2% + Cl% - 6) Wl(u) + I7n><'m & AWZ(U) + B ® I7L><7LWl(u)+
Lnsm @ (ac ") [foufdl’1 W, (u—z)f(z)dz + f:—dl—l W(u —z)f(z)dz
Jr(bﬂT) @ LInxn [fou—dfl Wi (u — x)g(x)dx + f:—dl—l W (u — x)g(x)dx
+memn =0, u> di—1.

(5.2)
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From the theory of differential equations, it follows that

mmn

(5.3)  W(u) =Wi(u)+ > ki;®y(u), d1<u<d,

where k;; is constant coefficient for each ! and j, and ©;;(u),j = 1,2, - ,mn, are mn
linearly independent solutions to the associated homogeneous integro-differential equa-
tions

(U; du? + le - 6) @l(u) + Ime ® A@l(u)+
(54) B®In><n®l( )+Im><’m® aa fou_d171 ®l(u7$)f($)d$+
(b/@T)®In><n udi—1 @l('IJL*m) (:p)dm:(]’ w>di_q.

5.1. Remark. When u — oo, ruin does not happen all the time and dividends are
always paid at a constant rate nr. So we have limy,— oo W(u) = "TLemn. We can found
that ke, are really particular solutions of (5.2). It follows from the general theory of
differential equations that

(5.5) Wi(u)= %e'rnn + Zij@Lj(u)7 u>drp-1,
j=1

Taking a change of variables z = v — d;—1 and ®;(z) = W;(u) = Wi(z + dj—1), then
we obtain from (5.2),

(02 dz2 +Cldz 76) (I,l( )+Ime®A‘§l(Z)+
(5.6) B® Lnxn®i(2) + Lnxm ® ( aa fo ®,(z — ) f(z)da+
(bBT) ® Inxn [y ®i(z —2)g(z)dz +Ti(2) =0, 220,

where
) T = Inxn @ @al) (1 W@)f(z 4 dir —2)do
’ +(bB") ® Inxn [ N1 W (z)g(z + di_1 — x)dz + Memn.
Next define the following Laplace transforms: &;(s = [T e " ®(x)du, Ii(s) =

J5T e **Ty(x)dx. Taking Laplace transforms on both s1des of (5.6) and rearranging, we
have
[( 3 3 + s — 6) Imnscmn + Imxm @ A+ B ® Inxn+
(53) I © (a0 ) () + (D7) @ Lxnii(5)] 1(s) =
G 21(0) + pi(s)®:(0) — Tu(s),
2

where p; (s )— Gs+a, 21(0) = Wi(di-1), ®1(0) = Wi(di—1).

Let Ll ( ) 3 +cs _5) Imnxmn+Im><m®A+B®]n><n+Im><m®(aa )f( )+

bB") ® Inxng( ), and L;*(s) is the adjoint of matrix L;(s) for I = 1,2,--- , L. Thus,
when det[L;(s)] # 0, we get from (5.8)

N

= L;"(s) o? -
5.9 o] = — = —P;(0 $,(0)-T .
( ) l(S) det[Ll(S)] 2 l( )J’_pl(s) l( ) Z(S)

For a given [ the generalized Lundberg’s equations det[L;(s)] = 0 has exactly mn roots
in the right half of the complex plane when ¢ > 0, see e.g. [7] for details. We denote them
by pu1, pi2,- -, pi,mn respectively, and for simplicity, we assume that they are different
from each other.
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Divided difference plays an important role in the present paper. Now we recall di-
vided differences of a matrix L(s) w.r.t. distinct numbers r1,r2,- -, which are defined
recursively as follows:

L(s) = L(r1) Llr1,s] — L[r1, ro]

L[Tl,s] = ?, L[Tl,rQ,S] = S — 19 y

and so on.

Since each element of ®;(s) is finite for all R(s) > 0, pi1, pi2, - - , pr.mn are also roots
of numerator in (5.9). Utilizing a similar technique to Theorem 4.2 in [7], we obtain from
(5.9) the following theorem.

5.2. Theorem. The Laplace transforms of ®,(y) for 1 =1,2,--- | L are represented by
®i(s) =
11 (s=p1) ) 5

(5.10) o AL o prnns 5] (5 @H0) + pu(s)@i(0) — Bu(s) ) +

mn

2 ~
Li*[pus -+ s promn] G 21(0) — >° Li*[pu, - -+ s puilTalpua, - - - 7Pl,mn75]}~

i=1
5.2. The homogeneous integro-differential equations. The solutions to the asso-
ciated homogeneous integro-differential equations (5.4) are uniquely determined by the
initial conditions @;(d;_1) and ©j(d;—1). In the following, we apply Laplace transforms
to find the solutions of (5.4).
let z =u—d;—1 and Bi(z) = Oy(u) = Oy(z+dj—1), 1l =1,2,--- , L, then (5.4) can be

rewritten as

(T + el —6)Bu2) + Inxm ® ABU(2)+
(5.11) B ® LnxnBi(2) + Lnxm @ (aa”) [7 Ei(z — z) f(x)dz+

(bB7) @ Inxn [ Bi(z —x)g(zx)dz =0, z>0.

Taking Laplace transforms on both sides of (5.11) yields
[(%282 + s — 5) Imnan + Ime & A + B ® Inxn+
Inxm @ (2 ") f(s) + (bBT) ® Lnxng(s)] Bis) = G E((0) + pi(5)Z1(0),

where Z;(s) = [;° e **Ei(z)dz. Then, we have

(5.12)

(5.13) Ei(s) = % (%E{(O) +pl(s)El(0)> .

Since ©;(di—1) = E,(0),0;(di—1) = E;(0), invert (5.13) leads to

(5.14) Oy(u)=£L"" L) ‘ﬁ@’(d )+ pi(8)Ou(di-1) u>d

. l det[Ll(s)] 9 1 I—1 pi \ar—1 s Z ai—1.

5.3. Claim sizes with rational Laplace transform. Let us now restrict the further
analysis to the case of the claim amount distributions F'(z) and G(z) both with rational
Laplace transforms, that is,

£ qmlfl(s) ~ tmzfl(s)

US) Gmy (8) (=) g (8)
where qm, —1($), tm,—1(s) are polynomials of degree mi;—1 and ms—1 or less, respectively,
while ¢, (s) and tm, (s) are polynomials of degree m; and mo with only negative roots,
and satisfy qm;—1(0) = qm; (0), tmy—1(0) = tim, (0). Without loss of generality, we assume
that qm, (s) and tm, (s) have leading coefficient 1. This wide class of distributions includes
the Erlang, Coxian and phase-type distributions, and also the mixtures of these.

+
, mi,ma € N
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Multiplying both numerator and denominator of (5.13) by h(s), where
h(s) = [dm, (8)tmy (8)]™". We get for [ =1,2,--- | L that

= Ll*(s) ( 0‘2 ’ )
5.15) Ei(s) = s)—=—21(0) + b(s)pi(s)=:(0) | .
6.15) E(s) = prot s (0 GO + b= 0
It is obvious that the factor h(s)det[L;(s)] of the denominator is a polynomial of de-
gree mn(mi + ms + 2) with leading coefficient (02/2)™". Therefore, the equation
h(s)det[Li(s)] = 0 has mn(m1 + m2 + 2) roots on the complex plane. We can factorize
h(s)det[L;i(s)] as follows

o2\ M mn mn(mi+ma+1)
616) (] = (5) M=o [ +ro)

where R;; for each | and j has positive real part and we assume that all of them are
distinct from each other. )

Since pi(s) with degree 1, the numerator L;"(s) (h(s)%EE(O) + h(s)pl(s)El(O)) in
(5.15) is a polynomial with degree less than mn(my + mq + 2) for each I. By the partial
fraction decomposition, we get

_ mn 19l. mn(mi+ma+1) X
5.17) Ei(s) = — J_ seC
( ) l( ) ]z::l 5 — pij ; S+le )

where 95, for j = 1,2,--- ,;mn, and x;;, for j = 1,2,--- ;mn(mi + ma + 1), are the
coefficient matrices defined respectively by

L (p5) (6(p) 5 E1(0) + Blpwy (1) Z1(0) )

(5.18) O = — ,
o2 mn(mi+ma+1) mn
(F)mm (Rux + piy) IT (o —p15)
k=1 i=1,i%j
and
* 02 = —
Li* (—Ri;) ((=Fi;) 5E4(0) + b(—Riy)pu(—Ri)Z1(0) )
(5.19) x;; = .
o2 mn mn(mi+mao+1)
| H o+ )| (Rus — i)
k=1 i=1,i#j
Inverting (5.17) yields
mn mn(mi+ma+1)
(5.20) Ei(z) = > Oyeit + > xe 1, 2 >0
j=1 j=1

To conclude, we have

5.3. Theorem. If the claim-size distributions F(x) and G(z) both belong to the rational
family, then the solutions of the associated homogeneous integro-differential equations
(5.4) are given by

mn(mi+ma+1)

@z(u) _ Zﬂljemj(u*dz—ﬂ + Z lee*RI,j(“*dl—ﬂ,
j=1 Jj=1

(5.21) w>dj_1,l=1,2,--- L,
where 915 and x,; are given by (5.18) and (5.19), respectively.
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Next, we turn to derive the expressions of W, (u), for { = 1,2, --- , L. For this purpose,
multiplying both numerator and denominator of (5.10) by h(s), by virtue of (5.16) and
then canceling the same factor [] (s — pi;), we derive from (5.10) that

j=1
5 _ 1
(I,l(s) - o\ mn mn(mitmat) X
(%) M7 Ry
* o2 2
(5.22) (DL o prns o] (5 #10) = Pu(s)) +

B(s)Li* (011, pr.omns s]pi () B1(0) + ()Lt [pir, -+, promn] 5 @1(0)

mn

- h’(s) Z Ll*[pllv' o 7pli]f‘l[pli7 o 7pl,mn78]} .
=1

Thanks to [9], which can be rewritten as

(5.23)
- N mn(mi+ma+1) L o2 ay -
B =y L ey {Q (RO - D) + Hu®0)
+ Dy (Lz*[mh“'  rmn) 5 @1(0) = 3 Li*[oin, -+, puilEiluiy - - ,pz,mn,S])}.
i=1

where Q;j;, Di; and H;; are given respectively by

o h(—le)Ll*[plla"' 7pl,'mn7_le] Jp— h(_R“)
(5.24) Qi = (s Fmad D) , Dy = mn(my+mz+1) )
(Rli - le) H (R” B le)
i=1,i#] i=1,i#]
and
(5.25) Hy; = b(=Ri)Li"[pir, -+ promn, —Rijlpi(—Ray)
: g mn(mi+mat1) '
(Rii — Ryy)
i=1,i#]

In order to obtain the Laplace inverses of (5.23), we recall the operator 7T’ for a real-
valued integrable function f(z) defined by T, f(z) = [ e "“~®) f(u)du, r € C,z > 0.
For properties of the operator T, see [4]. Now, we extend the definition of operator
T, for a real-valued integrable function to a matrix function w.r.t. a complex number
r. If each element is a real-valued integrable function of z in matrix ¥(z), we define
T.¥(z) = [ e "W (u)du, r € C,z > 0, and it is easy to see that

— T, \Il(x) — Trqu(x)

L — T2

T Tr¥(x) =TT, ¥(x) ,r1 #ra2 € C,z > 0.

Furthermore, from [6], we can get the Laplace inverse of \il[ﬁ, To,+++ ,Tn,s| as follows

(5.26) £t (‘i’[r1,r2,~~- ,rn,sD =(-1)" (ﬁTn> ().

Using (5.26) and inverting (5.23), which results in

mn(mi+mao+1)

) = e {(FQuR0) - Hy@©) e
22 j=1
(5.27) + DL [, prmn] @1(0)e” 97 — e 7% 4 [QyT(2)

mn

Dlj _X:ILI*[plh o 7p”](_1)mn—i <H'Tplj) Fl(z):| } 5 z 2z Oa
i= j=i

where * represents the convolution operator.
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Since ®;(z) = W;(u) = W;(z + d;—1), we can obtain the following theorem from
(5.27).

5.4. Theorem. If the claim-size distributions F(x) and G(zx) both belong to the rational
family, for 1 =1,2,---, L, when u > di_1, the solutions of the equations (5.2) are given
by

Wi(u) =

mn(mi+ma+1)

ﬁ {(%Quwf(dkl) +Hlel(dH)) ey (umdizy)
3 j=1

(5.28) -l-%QDszz* (11, s PLmn] Wi (dy—1 )™ Fa(e=dizn)
e Rujlu—di_1) o QT (v —di_1)

mn

= Dy L o, pul (1) (T:Y.ij) Li(u— dl—l)] }

1=1
where Qu;, Di; and Hy; are given by (5.24), (5.25), respectively.

5.5. Remark. Let [ =1 in (5.28), we have

1 mn(mi+mao+1)

= S QuWioe ™, o,
) =

Obviously, W(u) = Wi (u) for 0 < u < di. By virtue of W;.(u) = rW,_1(u). Thus,

when r = 1, W/(u) = emn, that is, W' (di—1) = emn,l = 2,3,--- , L. So, differentiating

(5.29) w.r.t. u and letting u = di, we can determine W1 (0). Thus, W(u), 0 < u < dy

can be obtain.

(5.29) Wi(u) =

6. Numerical illustrations

We now illustrate an application of the main conclusions in this paper with a numerical
example. We suppose that the claim amounts from class 1 and class 2 have density
functions, respectively,

flx) =pme ™", i >0,x>0, g(y)=pe ", p2>0,y>0.

Hence, the Laplace transforms f(s) = Sill“, g(s) = Sif@. The inter-claim times from
class 1 occur following a Poisson process with parameter \, i.e. a = (1),A = (=\),a=
(M), and inter-claim times from class 2 occur following a phase-type distribution with the
following parameters: 8 = (1/2,1/2)", B = diag(—A1, —X2),b = (A1, A2) . In addition,
we assume that the multi-threshold layers L = 2 with 0 = dop < d1 < d2 = c0. So, we

have h(s) = [(s + p1)(s + p=2)]? and L;(s),1 = 1,2 are given by

A A A
( KJ(S) ! +/\sﬁfu11 + 2(514»”/422) 2(5145;22) N )
2442 _ M1 2442 )
2(s+p2) w(s) = Az + s+p1 + 2(s+p2)

where k(s) = %sQ +eags—80—X Let pp =1L,u2 =2 2A=2 1 =1, =30=10§=
0.01,d1 = 2,¢1 = 2and ¢z = 1.5. So, 72 = 0.5, and the positive security loading conditions
are satisfied. Under this hypothesis, the solutions of h(s)det[Li(s)] = 0 are —R11 =
—6.0539, —R12 = —5.3665, —R13 = —2.0000, — R14 = —1.5891, —R15 = —0.5883, —R16 =
—0.0127, p11 = 0.3244, p12 = 1.2861, and the solutions of h(s)det[L2(s)] = 0 are —Ro1 =
~5.3915, — Ray = —4.6356, — Raz = —2.0000, — Roa = —1.5608, — Ros = —0.5600, — Rag =
~0.0079, pa1 = 0.6041, pas = 1.5517.
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Differentiating (5.29) w.r.t. u, then letting u = di and using W'(d1) = emn, we have
W1{(0) = (90.7431,97.5835) . Substituting the value of WY (0) into (5.29) and noting
that the root s = —2.0000 is Singular, we have the expression of W (u) for 0 < u < 2,

W(u) =

—6.0539u
—5.3665u

e
(6.1) —56.9599 48.0343 —0.0078 —6.5805 15.5229 z,l.sgglu

—85.1765 78.8988 —1.2463 —6.0170 13.5409 c

(&

—0.5883u
—0.0127u

Letting the initial conditions =5(0) = (1,0)T,E2(0) = (0,1)T and E5(0) = (0,1)",
=2(0) = (1,0) T, respectively, by virtue of the asymptotic behaviour of W (u),u > 2, we
get the following two linearly independent solutions from (5.21) when u > 2,

—5.3915(u—2)

e

o—4.6356(u—2)
6.5218 —2.9357 —0.0069 —0.0053 —1.4173) o 1.5605(u—2)
e
e

G)21(“):<59.4285 1.1493  —0.0164 0.0118 —1.4228 —0.5600(u—2)

—0.0079(u—2)

—5.3915(u—2)

e

o 4-6356(u—2)
2.1362 21.4218 —0.0057 —0.0046 —3.4694) L 15608(u-2)
e
&

egz(u):( 19.4654 —8.3868 —0.0135 0.0103 —3.4830 0.5600(u—2)

—0.0079(u—2)

Combining (5.5) with (6.1) and utilizing the boundary condition
W(u)|,_,~ = W(u)|,_,+, then solving the linear equations, we have k21 = —0.4243, k22 =
-1 -1

—1.7921. Thus, we obtain W (u),u > 2,

W (u) = ( o >+
—4.6356(u—2)

o—5:3915(u—2)

(6.2) e
(—6.5956 ~37.1448 0.0131  0.0105 6.8190) L s605u—2)

e

e

—60.1005 145425  0.0312 —0.0235 6.8457 0.5600(u—2)

—0.0079(u—2)

Last, since vy = B ® a = (1/2,1/2) 7, we can obtain W (u) by W(u) =~ W (u), viz,

—71.0682¢~ %9939 1 63.4665¢ 207" — 0.6271e ! P
—6.3033¢7 078834 1 145319700127 0 < u < 2,
(6.3)  Wi(u) =< 50— 33.3481e5-3915(u=2) _ 113011 *63°6(u=2)
40.0222¢~1-9608(u=2) _ () 0065 0-2600(u—2)
+6.8323¢70-0070(u=2) =4y > 9,
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