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Spectral singularities of the matrix Schrodinger
equations

Elgiz Bairamov* and Serifenur Cebesoy!

Abstract

In this paper, we investigate analytical and asymptotical properties of
the Jost function of the matrix Schrédinger equation. Later, using the
analytic continuation and the uniqueness theorems of analytic functions
we study the eigenvalues and the spectral singularities of that equation.
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1. Introduction

Schrodinger differential equations subject to the general point interaction can be found
in many real world problems. These equations describe observed evolution phenomena.
For instance, many chemical, physical phenomena and pharmacokinetics do exhibit point
interaction effects [1]. The spectral analysis of Schrédinger equations with general point
interaction have been investigated in detail in [2]-[6]. To be more precise, we should
note that these equations have bound states, i.e., eigenvalues with square-integrable
eigenfunctions and spectral singularities. It is well known that the bound state of quan-
tum mechanical system correspond to the energy. Also a physical interpretation for the
spectral singularities that identifies with the energies of scattering states having infinite
reflection and transmission
coefficients. So spectral singularities correspond to the resonance states having a real
energy. Consequently, the spectral analysis of Schriodinger equations with
spectral singularities are important to study in quantum mechanics. So in this paper, we
investigate the spectral analysis of general matrix Schrédinger equations with spectral
singularities.

*Department of Mathematics, Ankara University, 06100 Tandogan, Ankara, TURKEY
Email : bairamov@science.ankara.edu.tr

TDepartment of Mathematics, Ankara University, 06100 Tandogan, Ankara, TURKEY
Email : scebesoy@ankara.edu.tr



1008

The spectral analysis of differential equations with spectral singularities was inves-
tigated by Naimark [7]. Schwartz studied the spectral singularities of a certain class
of abstract linear operators in a Hilbert space [8]. The following definition of spectral
singularities is given by Schwartz.

Let H be a Hilbert space and A : H — H be a linear operator such that its spectrum
o(A) consists of an interval J of the real axis and a finite number of complex numbers
outside J. We will denote the resolvent operator of A by R, (A) := (A — uI)~", where
u € C. Let Jo be a finite subset of J. Assume that for any finite subinterval A of J,
whose closure do not contain any point of Jy, the limit operator

1
EA = lim b [Ru+ie (A) — Ru—ie (A)] d/.l,
/

exists in the strong limit sense, so that Ea is a linear bounded operator on H. Denote
by d the distance from the interval A to the set Jo. If

lim || Ea ||= o0
d—0

then any point of the set Jo, is called a spectral singularity of the operator A. For the
selfadjoint operators | Ea ||< 1, so that selfadjoint operators have no spectral singulari-
ties.

The sets of the spectral singularities for closed linear operators on a Banach space was
given by Nagy [9]. Nagy shows that the set of spectral singularities defined according to
his general definition coincides in the case of differential operators as defined by Naimark
and Lyance [7], [10]. Pavlov established the dependence of the structure of the spectral
singularities of Schrodinger operators on the behaviour of the potential function at infinity
[11].

Note that the principal functions corresponding to the spectral singularities are not
the elements of the Hilbert space. Also, the spectral singularities belong to the continuous
spectrum and are not the eigenvalues. However, the spectral
singularities play a certain critical role in the spectral analysis of operators. Their exis-
tence is accompanied by specific phenomenon which are new in the sense that they do
not occur either in the spectral analysis of selfadjoint or normal operators.

The spectral singularities of the Sturm-Liouville operators with the general boundary
conditions was investigated in detail by Krall [12], [13]. Some problems of spectral theory
of differential equations and operators with spectral singularities were also studied in [14]-
[19].

Let S be a n-dimensional (n < oo) Euclidian space and we denote by L*(R,S) the
Hilbert space of vector-valued functions with values in S and the norm

191 = [ 1512 d.

Let L denote the operator generated in L?(R,S) by the matrix Schrédinger equation
(1.1) —y”—|—Q(a:)y:>\2y ,— 00 <z <00

where @ is a non-self adjoint matrix-valued potential function (Q # Q*) and X\ is a
spectral parameter. It is clear that, the operator L is non-selfadjoint. L is called the
matrix Schrodinger operator.

In this paper, we investigate asymptotics and analytical properties of Jost
function of (1.1). We also obtain the resolvent of L. Later, we study the eigenvalues and
the spectral singularities of L using the analytic continuation and
uniqueness theorems of analytic functions. Afterwards we prove that the equation (1.1)
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(i.e. the operator L) has a finite number of eigenvalues and spectral
singularities and each of them is of finite multiplicity under the condition

sup {exp (e\/M) HQ(x)H} <oo , €>0.

—oo<z<oo

2. Jost function

Suppose the matrix function @ satisfies

oo

(2.1) /(1+|x\)|\@<x)|\dm<oo.

— o0

We introduce the notation

0t (z) = / lQldt, nf(x)= / 0t (t)dt,

(@) = / QWldt, i (x)= / 0 (t)dt.

— 00

Let E*(x,\) and F~(z,\) denote the solutions of (1.1) subject to the conditions

lim ET (z,\) e =1, AeCh:={A:2e€C, ImA>0},
&Tr—r 00
and
lim F~ (z,)) e =1, AeCy,
T—r—00

respectively, where I denotes the identity matrix in S. Under the condition (2.1) the
solution ET (z,)) has the following integral representation [20]

ET (z,)) = ™1 + /K+ (z,t)e™dt, XeCy.

We also denote the solution of the equation

—z”—&-zQ(x):)\Zz , —o0o <z <00,
subject to the condition
lim 2z~ (x,\) e =1, AeCy
T—>—00
by E~ (z, \).

Under the conditon (2.1), the solution E~(xz,A\) has the similar integral
representation

E™ (z,\) =¢ ™I+ /K_ (z,t)e " Mdt, XeCy
where the matrix-functions K= (z,t) are differentiable with respect to = and ¢ and satisfies

D) K @) <y e i @) - i (D},

r+t
2

x4+t
2

ey |k @oTietyh| < gant (5 et o),
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) exp i (t)

e K @orgecyh| < ooty

1
ZQ(z =2 2

The matrix-functions E*(z,\) and E~(z,)\) are analytic with respect to A in
Ct:={A: X €C, ImA >0} and continuous up to the real axis.
Now, let us introduce

D) :==W [E™(z,)),E"(z,))], XeCy4,

where W [E~ (z, \), E* (x, \)] is the Wronskian of the solutions of E~ (z, A) and E* (z, \).
The function D is called Jost function of (1.1). Note that Jost function is analytic in C4
and continuous on the real axis.

Theorem 2.1. The function D satisfies

(2.5)  D(\) = 20\ — 2K(0,0) — 2K (0,0) + /f(t)e“tdt
0
where

F(t) = KL (0,0) = K (0, =) = K (0,4) + Ky (0,~t) = K~ (0,0) K (0,1)
—K'(0,0) K~ (0, =) + K~ (0, —t) » K (0,8) + K, (0,—t) x K" (0,¢)
in which (*) is the convolution operation and f € L1(R,S).
Proof. By the definition of the Wronskian of the solutions E~(x,\) and E*(x,\) we
have
D(\) = E™ (0, )E;(0,A) = Bz (0, )E™(0,A).

Using the integral represantations of E~ (z,\) and E™(z, \) we obtain (2.5). It follows
from (2.2) — (2.4) that f € L1 (R, S). O

Theorem 2.2. The following asymptotics hold
(2.6)  D(X\) =2iA —2K7(0,0) — 2K7(0,0) + o(1) A€ Cy, |A — oo,
(2.7) DN\ =2M+0(1) AeCy, |\ — oo

Proof. a) Let A € R. By the Riemann-Lebesgue lemma for the Fourier transforms we
get that [21]

(2.8) /f(t)e"“dt =o(l) , NER, |\ — £oo.
0
b) Let A € C4. In this case, by the Lebesgue theorem we obtain that [21]
(2.9) /f(t)emdt —ol) , AeCy, A= oo
0
It follows from (2.8) and (2.9) that
(2.10) /f(t)emdtz o(1) , AeTy, [N = oo
0

From (2.5) and (2.10) we have (2.6). In a similar way we may also prove (2.7). O
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3. Eigenvalues and Spectral Singularities of L

Let us suppose that
(3.1)  G(\) :=det D(X)

Also, 04(L) and o,(L) will denote the eigenvalues and spectral singularities of L, respec-
tively. By the definition of eigenvalues and spectral singularities of differential operators
we can write [7], [10]

(32) oa(L)={z:2=XA€Cy,G(\) =0}
(33)  ows(L)={z:2=2 AR\ {0},G(\) =0}.

Definition 3.1. The multiplicity of a zero of G in Cy is defined as the multiplicity
of the corresponding eigenvalue and spectral singularity of L.

In order to investigate the quantitative properties of the eigenvalues and the spectral
singularities of L, we need to discuss the quantitative properties of the zeros of G in C,..

Let M; denotes the zeros of the function G in C; and Ms denotes the zeros of the
function G on the real axis. Therefore, using (3.2) and (3.3) we obtain

(34) oa(L)={z:2=X A€ M}

(35)  ows(L) ={z:2=X* e M} \{0}
Lemma 3.2. (i) The set My is bounded and has at most countable number of elements

and its limit points can lie only in a bounded subinterval of the real azis.
(i) The set Ms is compact and its Lebesque measure is zero.

Proof. From (2.7), we can obtain
t
(36) | K= (@0l < en* (5

)

where ¢ > 0 is a constant. Using (3.1) and (3.6), we get that the function G is analytic
in C4, continuous on the real axis and satisfies the following

(3.7) G\ =2A+0(1) , AeTq,|A = o0

Equation (3.7) shows that the sets M; and M, are bounded. Since D(\) is analytic
in C4, then the set M; has at most countable number of elements. By (3.7) and the
boundary value uniqueness theorem of analytic functions, we get that the set My is closed
and p(Ms2) = 0, where u(Mz) denote Lebesgue measure of the set M, [22]. O

From (3.4), (3.5) and Lemma 3.2 we obtain the following theorem.

Theorem 3.3. Under the condition (2.1)

(i) The set of eigenvalues of L is bounded, is no more than countable and its limit
points can lie only in a bounded subinterval of the positive semiaxis.

(ii) The set of spectral singularities of L is bounded and p(oss(L)) = 0.

Now, let us assume that, for some € > 0,

[ee]

(3.8) / exple |2]) Q)| < oo.

—o0

From (2.2) — (2.4), we get the following

(39) K= @ Ol |KE@ Ol | K@, 0)] < coxp [—d“t)}

2
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where ¢ > 0 is a constant. Also under the condition (3.8) we have
(3.10) IS ()] < ce™ 2"

by (3.9).
Theorem 3.4. Under the condition (3.8), the operator L has a finite number of
eigenvalues and spectral singularities and each of them is of finite multiplicity.

Proof. By using (3.9) and (3.10) we observe that the function G has analytic continuation
to the half plane Im A > —£. So, the limit points of zeros of G' can not lie in R. Using
Lemma 3.2, we get that the bounded sets M; and M> have a finite number of elements.
Since G is analytic for ImA > —35, we obtain that all zeros of G in C, have a finite
multiplicity. So that the sets 04(L) and oss(L) have a finite number of element with a
finite multiplicity. O

Now, let us suppose that

(3.11) /exp(ew/| 2 DIQ@)|dz < c0 , €>0
which is weaker than (3.8).

It is evident that under the condition (3.11), the function G is analytic in Cyand
infinite differentiable on the real axis.

Let us denote the sets of all limit points of My and M2 by Ms and My respectively,
and the set of all zeros of G with infinite multiplicity in C4 by Ms. It is obvious from
the uniqueness theorem of the analytic functions that

M3 C ]\427 M, C ]\/.[27 Ms C M2, Ms C M5, My C M

and p(Ms) = pu(Ms) =0 [22].
Lemma 3.5. Under the condition (3.11), the function G and its derivatives provide
the following inequality:

(3.12) )G<">(A)]g,4n . n=1,2.., ImA>0

where

Al = 2+622/t67§\/{dt

0
(3.13) A, =2 /t"e—%ﬁdt, n=23..
0

are constants. In addition, for all n € N

(3.14) A, < Bb"nln"

holds where B,b are constants.

Proof. We easily get the proof of the Lemma using (2.5) and (3.1). O
Theorem 3.6. If (3.11) holds, then Ms = @.

Proof. Using Lemma 3.2, for sufficiently large T" > 0, we get

T oo
In |G(M)| In|G(M)|
(3.14) / T dX\| < oo, / 1 dX\| < o0

oo T
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Since G(\) # 0, we obtain

h
(3.15) /lnH(s)du(Mg,,s) > —o0

0
by (3.12), (3.14) and Pavlov’s Theorem, where H(s) = inf A:‘lfn , t(Ms, s) is the Lebesque

measure of the s-neighbourhood of M5 and h > 0 is a constant [5]. Substituting (3.14)
into the definition H(s), we arrive at

H(s) < Binf{b"s"n"} < Bexp {fbflsflefl}
and
InH(s) < —b ‘s 'e?

Consequently,
h

1
/gd,u(M5,3) < o0
0
holds by using (3.15) for arbitrary s, if and only if u(Ms,s) =0 or M5 = @. O

Lemma 3.7. G has a finite number of zeros with finite multiplicity in C..

Proof. Since M3z C Ms and My C Ms, we get
(3.16) Mz = M, =o.

By using Lemma 3.2 and (3.16), we obtain the finiteness of the sets M; and M,. Because
of Ms = @, all of the zeros of the function G have finite multiplicities. O

From Lemma 3.7, we get the following theorem.
Theorem 3.8. The operator L has a finite number of eigenvalues and spectral sin-
gularities and each of them is of finite multiplicity if condition (3.11) holds.
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