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Application of nonhomogenous Cauchy-Euler
differential equation for certain class of analytic
functions
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Abstract

In this paper, some new subclasses of analytic functions with complex
order are introduced by means of a family of nonhomogenous Cauchy-
Euler differential equations as well as some differential operators avail-
able in literature. The main object of the paper is to determine coeffi-
cient bounds for the classes already mentioned, and obtain the results
relevant to well-known work.
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1. Introduction and preliminaries

Let A denote the class of analytic functions f in the open unit disk U = {z :
|z| < 1} normalized by f(0) = f/(0) — 1 = 0. Thus each f € A has a Taylor series
representation

(1.1) f(2) =Z+Zaizi-

A function f € A is said to belong to the class S*() if it satisfies

(1.2) §R<1+1<Zf/(z)—1)> >0, (z€U;éeC\{0}):

§\ f(2)
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In 1936, Roberton [7] proved that if f(z) = 2+ > .o, a;2" is in S*(1 — 3) and
C(1—p), then

ik +2(1 - B)] ik +2(1 - p)]

la;| < i—9) and |a;| < f (1eN“0<B<1)
In 1983, Nasr and Aouf [8] proved that if f(z) =z + Y 0, a;2" is in S*(b), then
i—2
k+2[b
|as| < M (ieN0<pB<1)

7!

A function f € A is said to be in the class C*(&;) if it satisfies the following
inequality

1 2f"(z)
1.3 RI14+ —
43 ( &)
A function f € A is said to be in the class K*(\ «, &) if it also satisfies the
following inequality

zZAz2f(2)+ A= NfE)] :
" HH%?( Azf'(z) + (1= N)f(2) _1>] >a0<@rslzelit eCA0:

)>a (s € Vs €C\ {0}).

To get more detailed information about the class of function K*(\, o, &3), we will
refer the reader to Altintas et al. (see for example [9]-]16]).

For a function f € A, we define the following differential operator:
Df(z) = f(2),
a—p+pB—A + A
Di(asB.m)f(z) = (o)) + (E=)a (),

a+p a+p
D3 (a, B, 1) f(2) D(Dj (v, B, 1) f(2)),

(1.5) Di(a, B, m)f(z) = DDy ', B, 1) f(2))-
If f is given by (1.1) then from (1.5) we have

(L6) DB u)f(z) = z+§:(a+‘“2l;_”+5)aﬂi

(feAaBuXA>0,a+8#0,neN,)

By specializing the parameters of DY (a, 5, 1) f(z) we get the following differential
operators. If we substitute

e 3=1,u=0,weget D¥(a,1,0)f(z) = D" f(z) = Z+Zi2(%_:)+1)”aizi
of differential operator given by Aouf, El-Ashwah and El-Deeb [1].

e a=1,3=o0,and =0, we get DY(1,0,0)f(z) = D" f(2) =2+ ;op(1+
A(i —1))"a;2" of differential operator given by Al-Oboudi [2].

ea=1 =0, p=0and A =1, we get D?(1,0,0)f(z) = D"f(z) =
z+ ZZ o(i)"a;z" of Salagean’s differential operator [3].
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ea=1 =1, A=1and p =0, we get DP(1,1,0)f(2) = D"f(2) =
Z+ Yooy () a2 of differential operator given by Uralegaddi and So-
manatha [4].

e =1, A=1and p = 0, we get DV («r,1,0)f(2) = D"f(2) = =z +
Sooeol g:_"{ )"a;2* of differential operator given by Cho and Srivastava, and
Cho and Kim [5, 6].

By using the operator DY (e, 3, 1) f(z) given by (1.6), we now introduce a new
subclass of analytic functions defined as follows:

A function f € A is said to belong to the class F'(n,a,b) if it satisfies

1 Dn+1(avﬁvu)f(z) *
§R{”b( Do 510/ ) _1> Tafsashhey

A function f € A is said to belong to the subclass of analytic functions of order
in U, denoted by ¥(n,«, 8, 1, A, (, 7, ), and is defined by

\I/(n7a7ﬁaﬂa )‘aC77a€) =
2[CDY (o, B, 1) f(2) + (1 = Q) DY (v, B, ) f(2)] Vs s
CDY (a, By ) f(2) + (1= Q) DY (e, B, ) f(2) ’
0<7,(<1,z€U;¢eC\{0}

1
3

{f 6(147)8?{1 +

Using the class ¥ (n, a, 8, 1, A, ¢, 7, €), we obtain the following subclasses studied
by various authors.

¥(n,1,0,0,1, A\, ,b) = B(n, A\, , b),

¥(0,1,0,0,1,0,0,b) = S*(b),

¥(0,1,0,0,1,1,0,b) = C(b),

¥(0,1,0,0,1,0,0,1 — 8) = S*(1 — B),

v(0,1,0,0,1,1,0,1 = 8) = C(1 - B),

U(0,1,0,0,1, N\, 0, &) = K(\ , &),

¥(n,1,0,0,1,0,a,b) = F(n,a,b)-
The main object of the present investigation is to derive some coefficient bounds
for functions in the subclass ®(n, a, 8, u, A\, ¢,7,&,7) of A satisfying the following

nonhomogenous Cauchy-Euler differential equation
d? d
(1.8) 22T5+2(1+T)zd—f +7(1+71w=14+7)(2+7)g(z)
(w=f(z) € A;9(z) € ¥(n, o, B, 11, A, (,7,§); 7 € R\] — 00, —1])-

Also note that

é(n7 ]‘70? 07 17)\3 Oé,b7 u) = T(n7 )\,O[, b7 H)?

(D(Oa 17 07 Oa la )‘7 Q, b7 /J/) = SK()‘v a, ba :U/)v

®(n,1,0,0,1,0,,b, ) = SD(n,a, b, )
To get more detailed information about the above said classes, we will refer the
reader to [16] and [17].



2. Coefficient estimates for the function class ¥ (n,«, 3, u, A\, ¢, 7, &)
Now we give our first result as follows:

2.1. Theorem. Let the function f € A be defined by (1.1). If the function f is
in the class ¥(n,a, B, u, \, ¢, 7,£), then

T30 + 20€|(1 = 7))l + g+
Mo+ ((p+ M) —1) + flla+ (p+ M) — 1) + 5]

| < JENTieN\ {1}

Proof. Let the function f € A be given by (1.1). Define a function

(2.1) H(z) = (DY (e, B, 1) f(2) + (1 = QDX (, B, 1) f (),
where DY (a, 3, 1) f(2) is differential operator be given in (1.6). We note that the
function H is of the form

(2.2) H(z)=z+ Z T,24 %,
i=2

i

_ ([a+C(u+)\)(i*1)+5][a+(u+k)(i* 1)+5]")
[Oé—‘rﬁ]n""l
Using (1.7) and (2.1), we get

/

(2.3) §R{1 + 2(25(;) - 1)} > 7, (2 €U)
Now we define a function h(z) by

e (1) -
(2.4) h(z) = T .
We also suppose
(2.5) h(z) =1+ ciz+cp2® 4.
So we obtain
20 (G 1) =Gl astaR b,
or, equivalently,
(2.7) 2H'(2) — H(2) = H(2)6(1 — ) (crz + c22% + - -)-

Using (2.7), we conclude that
(2-1)T2 = &1 —7)ea,
B-=1)F3 =& —)[c1T2 + c2],

(4-1)%y =&(1 = y)[c1%3 + ca%a + 3],
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(2.8) -1D%, =1 —y)[ca1Tim1 + %2+ -+ i1
As el <2, 1=1{1,2,3,---}, so from (2.8) we have
(2.9) |Ta| = |€(1 = y)er| < 2[¢](1 =)

2|¢3| = |§(1—’Y)[0132+02 | |§| (1—79)[2%2 + 2]

(2.10) <2[e|(1 = )1 +2[¢](1 = )]
(2.11) 3|‘I4‘ = |€ (1—=9)[c1%3 + 2% + C3]|
or

6]Ta| < 20€|(1 —7)[T5 + T2 + 1]]

(2.12) <2061 —y)[L+2[¢|(1 —7)][2+ 2|1 — v
Using (2.9), (2.10) and (2.12), we get
I[,l7 +2¢]d ,
|{3:2}S ’ (2|_:||.)' ?.]:07
[0 +21 =]
o < AL 5o
similarly
[Tl +2)¢| (=)
[Ta| = = (315! ,J=0,1,2
therefore

3, < =l 210 =)
1 (i —1)! ’
By using the relationship between the functions f(z) and H(z), we have

= (oS V=1 + Ao+ (e NG5
(2 [a—|—5]”+1 (2]

j e N*.

implies
] < TTZ20 + 21€) (1 = )] (o + B+
T illa+ (u+ M=)+ Bllat (p+ M) —1) + 5

n’jEN*viEN\{l}'

Now, by choosing different values of ¥(n, «, 5, u, A, {,7, &), we have the following
corollaries:

2.2. Corollary. If a function f € A is in the class V(n,a, u, A, C,7,€), then

[0 +2J¢](1 = )]fa]"+
i+ C(p+ M) = D+ (4 A) (@ = D"

Jai| < j €N ieN\ {1}



2.3. Corollary. If a function f € A is in the class B(n, A\, a,b), then
ad] < j+2[b|(1 — )]

- 1—1 1+)\( 1)][4]

2.4. Corollary. If a function f € A is in the class S*(b), then

—,J € N" i e N\ {1}

[Tj=oLi + 2ol
<= i eNfieN\ {1}
’a | (Z _ 1)[ 6 (S \{ }
2.5. Corollary. If a function f € A is in the class C(b), then
H ] +2|b[

Jaif <

2.6. Corollary. If a function f € A is in the class S*(1 — f8), then

,j €N" i e N\ {1}

[L22h+20-8)]
’ai|7 ] ,j € N* i e N\ {1}
2.7. Corollary. If a function f € A is in the class C(1 — ), then
[L200 +2(1 - B)]

|ai| < 5 ,j €N ie N\ {1}-

2.8. Corollary. If a function f € A is in the class K(\, a, &), then
o < Tl 20— &)1 )

(e =D+ Ai—1)]
2.9. Corollary. If a function f € A is in the class F(n,a,b), then
[0l +2[b|(1 = o)

,jeN" i e N\ {1}

| < N*,i e N\ {1}-
2.10. Corollary. If a function f € A is in the class B(n, A\, b), then
12205 +2|b]]

R e ) R

3. Coefficient bound for the class ®(n,a, 3, u, A, (,7,§,7)

3.1. Theorem. Let the function f € A be defined by (1.1). If the function f is
in the class (I)(nvaaﬁaﬂv)‘a<7735>7)7 then

lai] < (1 +7)@+7) T2l +2[¢] (1 = N)[a+ g+

Y= Mar NG D+ Bllat (pr NG-D AP+ DG+ L+7)
jeN*ieN\ {1}

Proof. Let the function f € A be given by (1.1). Also let

(3.1) f(z) =2+ vz € U(n, @, 8,1, \,(,7, &), implies

=2

(3.2) ’Uz} <
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T2 + 2] (1 = Dl + 87+
Mo+ C(ut+NG—1)+Bllat (ut+Ni—1)+ 8"’

jeN*ieN\ {1}

Since
1+7)(2+7)

Grn)i+1+7)

Using (3.2) we get

] < 1+7)@+7)[E22 +2/¢(1 = ]la + gt
T illa+ (NG +Blla+ (p+AN)E—1)+ 8" +7)(i+1+7)
jeN*ieN\ {1}

Next we have the following corollaries:
3.2. Corollary. If a function f € A is in the class ®(n,a, p, A\, (,7v,&,7), then
(1+7)2+ 7)ol + 2[¢| (1 = )le)" !

Mo+ (p+Ni—=Da+(p+NE—-D)"6GE+7)6E+14+7)
3.3. Corollary. If a function f € A is in the class ®(n, o, X\, (,v,§,7), then
(1+7)2+7) T2 + 2[¢] (1 — 7))+
a4+ G —D]a+AG—D]"GE+7)6E+147)°
3.4. Corollary. If a function f € A is in the class ®(n,«a,(,v,&,7), then
ad] < (1+7)2+7) 225 + 2[¢] (1 — 7))+

T ila+ - Dlla+ GE-D] i+ T)(i+1+7)
3.5. Corollary. If a function f € A is in the class SK(\,7,&,7), then
(1L+ 1)@+ Il + 2/ - )]
G-I =A+X)GE+7)(E+1+7)
3.6. Corollary. If a function f € A is in the class SD(n,v,&,7), then

1+ 7)2+7) P25 +20¢] (1 — )]
G-I +1)GE+1+71)

|az|S vJEN*7Z€N\{1}

Jai| < jeNieN\ {1}

jeN*ieN\{1}

Jai| < jeNieN\ {1}

Jai| < jeNieN\ {1}
4. Conclusions

There are many different types of operators can be reached in the literature, see
for example: [18]- [23], and many more. Some similar results can also be found for
different type of classes associated with the many different differential operators.
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