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OZET: T*M, n —boyutlu M Riemannian manifoldunun kotanjant demeti olsun. Bu ¢alismadaki
amacimiz kotanjant demette modifiye edilmis Riemann genislemesine gore fibre koruyan projektif
vektor alanlarinin karakterizasyonunu yapmaktir.
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ABSTRACT: Let T*M be the cotangent bundle of an n —dimensional Riemannian manifold M. The
purpose of the present paper is give a characterization of fibre-preserving projective vector fields with
respect to modified Riemannian extension.
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INTRODUCTION

Let T*(M) be the cotangent bundle over M
and @ be a transformation of T*(M). If the
transformation & preserves the fibres, it is called
a fibre-preserving transformation. Consider a
vector field X on T*(M) and the local one-
parameter group {®,} of local transformations of
T*(M) generated by X. The vector field X is
called an infinitesimal  fibre-preserving
transformation if each &, is a local fibre-
preserving transformation of T"(M). A
transformation & of M is called a projective
transformation if it preserves the geodesics,
where each geodesic should be confounded with
a subset of M by neglecting its affine parameter.
Furthermore, & is called an affine
transformation if it preserves the connection.

We then remark that an affine transformation
may be characterized as a projective
transformation which preserves the affine
parameter together with the geodesics. An
infinitesimal fibre-preserving transformation X
on T*(M) is called an infinitesimal fibre-
preserving projective transformation if each &,
is a local fibre-preserving  projective
transformation of T*(M). Let § be a
Riemannian or a pseudo-Riemannian metric on
T*(M). It is well known that X is an
infinitesimal  projective  transformation  of
T*(M) if and only if there exist a 1-form 6 such
that (LyV)(Y,Z) =0(Y)Z+6(Z)Y for any
X,Y € IL(T*M). Where Ly denotes the Lie
derivation with respect to X.

Infinitesimal projective transformations on
tangent and cotangent bundles have been
researched by some authors {for example see
(Gezer, 2011; Hasegawa and Yamauchi, 2003;
Yamauchi, 1998; Yamauchi, 1999.)}. In this
paper, we aim to research infinitesimal
projective transformations on the cotangent
bundle with modified Riemann extension over
Riemannian manifolds.

MATERIALS AND METHODS

Let M be an n-dimensional smooth manifold
and denote by m: T*M — M its cotangent bundle
whose fibres are cotangent spaces to M. Then
T*M is a 2n- dimensional smooth manifold and
some local charts induced naturally from local
charts on M can be used. Namely, a system of
local coordinates (U,x!),i=1,...,n in M
induces on T*M a system of local coordinates
(r~t(U),xL,x" =p;),t=n+i=n+1,...2n,
where x! = p; are the components of covectors p
in each cotangent space T,'M,x € U  with
respect to the natural coframe {dx'}. Let

X=x'2
expressions in Uof a vector field X and a
covector (1-form) field w on M, respectively.
Then the vertical lift ¥ w of w, the horizontal lift
H X and the complete lift X of X are given,
with respect to the induced coordinates, by

(YYano and Ishihara, 1973).

and w =w;dx! be the local

V'w =w; 0y, (2.1)
HX =X'0; +ppl/iX' 0, (2.2)
and ¢X=X/0; —p,0;X"9; where 9;=
i,ai =2 and I are the coefficients of a
dxt axt J

symmetric (torsion-free) affine connection V. on
M. The Lie bracket operation of vertical and
horizontal vector fields on T*M is given by the
formulas: (YYano and Ishihara, 1973).

[F X, 7] ="#[X7]+" (poR(X,7))
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for any X, ¥ € I1(M) and 6, w € I9(M), where
R is the curvature tensor of the symmetric
connection V defined by R(X,Y) = [Vg, Vg] —
Vg1

The adapted frames {E,} = {E;, E;} on each
induced coordinate neighbourhood 7~1(U) of
T*M is given by (Yano and Ishihara, 1973).
5= X0 =0t peli aﬁ} 2.4
E; =76 = 0;.

The indices a,5,y,...= 1,...,2n indicate the
indices with respect to the adapted frame.
It follows from (2.1), (2.2) and (2.4) that

"= (o)

H — (Xj)
0

with respect to the adapted frame {E,}. The
straightforward calculations give:
Lemma 2.1: (Yano and Ishihara, 1973). The Lie
bracket of the adapted frame of T*M satisfies
the following identities:

[Ei, Ej] = psRjEr

51 £5] = ~TiE:

[ELE]=0
where R = R;j denotes the Riemannian
curvature tensor of (M, g) defined by

and

Su = 0T — 0,1y + T T — TRT.
Let us consider T*M equipped with the modified
Riemannian extension (gy,.) for a given torsion-
free connection V on M. In adapted frame {Eﬁ},
the modified Riemannian extension (gv,c)ﬁy and

its inverse (gv,c)ﬁy have in the following forms:
(Gezer et al., 2015).

ci; 6/
e = (51 o)
_ ey _ (05
(gV,c) - <5ij —Cij>,

where c;; are the components of the symmetric
(0,2) tensor field ¢ on (M,V). Then the
quadratic differential form of this metric is
(Gv,e) = cijdxidx! + 267 dx'5y;.
Lemma 2.2: (Gezer et al.,, 2015). The Levi-
Civita connection V of the modified Riemannian
extension gy is given by;
i. VgE; =0
ii.VgEj =0
iii. Vg, B = —Ty Eg,
.V E; =T;;"E, + {psRhﬁs + % (Vicjn + Vicin — vhc,-j)} Eg.
Lemma 2.3: Let X be a fibre-preserving vector
field of T*M with the components (v, v?).
Then, the Lie derivatives of the adapted frame
and the dual basis are given as follows:

i LgE; = —(Ev")E, — (v*psRiai” + Eiv® — vT ) Ey
i, LgE = —(voTY, + EwF)Eg,
iii. Lgdx" = (E,v")dx™,
V. Lgdpp = (vV2DsRman® — v, + (Env®)8, )dx™ + (voTT + (Emv¥)8,) 6D

{For tangent bundles see (Gezer, 2011; Hasegawa and Yamauchi, 2003; Yamauchi, 1998; Yamauchi, 1999)}.
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RESULTS AND DISCUSSION associated 1- form 6 on T*M if and only if there

Theorem 3.1: Let (M,g) be a Riemannian exist

manifold and T*M its cotangent bundle with the ~ 4 = 4] € 31(M),
modified Riemannian extension. Then X is an M = My, € I3(M),
infinitesimal projective transformation with the B = B, € IY(M) satisfying

1) 6 =(6,6,) = (ﬁvi(vjvf), 0)
2) vk =p A + B,
3) VPR, + VAL = 6,5}
4) Vi(6;6%) + v"(ViRyji) + (Viv")Riens® + (Viv™)Rijn® + ARy " — ARRy;i* = 0
5) vV Mji + (Vjv")Mipy + (Viv™ My i + 2V,V; By + 2B Ry ji"" — ARM;j, = 0
where X = v"E,, + v*E , AL = Ev* and Myj, = Vicj, + Vicin — Vacyj.
Proof:
1) (LxV)(Ex By) = Lx (Vi By) — Vi, (LxEy) — Vigen By = 0(EDE; + 0(E;)Ey
= Vg, (vl + Ev*)Ey — V(

Uaraki'l'EiUE)EEE} = QIE}— + QJ—EI

= E(Ev*)Eg = (6:5] + 6,6F)Ex,
= E(Ev®) = 6,6 + 0;6F (3.1)
2) (LxV)(Ei By) = Lx(Ve,E;) — Vi, (LxE;) — Vieyep By = 0(EDE; + 0(E;)E;

= Ly(-Tin Ex) — Vg [-(voTy) + Ev*)Ex] — 'ﬁ[ E; = 0,E; + 6;E;

—(Eivk)Ek—(vapsRiaks+EivE—vaFika)EE]
= [~LyT) + ver& ) + (Egv)T), + (BT, + v (ET)) + E(EvF) — ver), Tk
—(Ev™)rt — (Ev™T), |Ex = (6:6F)Ex + (6,6F)E,
from which we get
0,6=0=06,=0 (3.2)
and

—LyT) + voTl L) + (Eqv)T) + v (ET)) + E/(Ev¥) — vor), T — (Ev™)TE = 6,6,
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= —VOE ) — vOE ) + veTh T} + (Egv)T) + v(ET),) + Ei(Ev®) — ver), ik —
(EJ—UE)FL-}}( = 9i6jk
= [v*Ria” + Vi(EvF)|Er = (6:5)Ex
= VR’ + Vi(EvF) = 6,6F
where E;v* = 4,7, In this case,
VR’ + VA = 6,5 (3.3)
substituting the equation (3.2) into the equation (3.1) it follows that,
E(Ev®) =0
vk = p.A,° + By (3.4)
substituting the equation (3.4) into the equation (3.3), we have;
v R + Vi (E(psi” + B)) = 6,6/
VR + VA = 6,6" (3.5)
contracting j and k in (3.5),
VORi X + VA = 6,57
from which, we obtain;

n
3) (LxV)(Es, E;) = Lx (Vi,E}) — Ve (LxEy) — Vg By = O(EDE; + 0(E))E;
= Ly [T En + {psRuji® + 5 (Vicjn + Ve — Vi) } Bz | = Vi, [~ (B )i — (vopsRiai® + B -
”arffc) EE] - v[—(Eivk)Ek—(vapsRiakS+EivE—vaF?k)EE]Ej = 0:F; + O
from which; if writing,

M;jp = Vicip + Vicin — Ve

if necessary actions are taken,

VRERTE — (EnvT) + Ei(Ejv*) + (Ev™)Th + (Ev™T) = 6,6/ + 6,6 (3.7
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and

_vapsRhaksri’]l' - Ehvkri’} + vdr‘f(zlkrif} + v"Ey(psRiji®) + %thhMijk + UERkjih — V*DsRyji Toh —
(Erv®)psRusi® = 50 ToMijn — 5 (Egv®)Myjn + (Bv")psRins® + 5 (Ejv™) My + (Eiv®)psRiarc” +
VpsEiRjar® + Ef(Ev®) — (BEv®)Tf — vA(EiTR) — vopsRian’Tik — (Ev™)Tk + vOTfT +
(Ev™)psRin® + %(Eivh)thk =0 (3.8)
From this formula: E,v" = V,v" — T v® , we can write in (3.7),

VE, T — TH(Vpvk — Tiv®) + Ef(Viv* — Tivs) + T (Vjv" — Thv®) + T (vl — Thvs) =
05/ + 6,6/

= VRELTE = TH(Vav*) + TR (Thv) + E(Vv%) — vSETE - TE(Ew®) + T (Vo) — ThTivS
+I5(Vo™) — TNThvS = 6,6f + 6,6/

= [vPETE + TATAvS — vSETE — TE TS| + [Ei(Vvk) — TR (,0%) + TE (Vv")] = 6:8) + 6,6

VR ¢ vi(Vv¥)
= Uthijk + Vi(Vjvk) = 91-5]!‘ + 0J61k

where, we contracting both sides with s/,

= Uthijj + VL(VJU]) = Hl-n + 9]511
0 6
1 .
= 91’ = mvl’(vj'vj) (39)
from (3.6) and (3.9), we have
1 j 1 i
~(Vi4}) = —=Vi(Viv/)

from (3.8) we obtain,
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_ ) ) _
_vapsRhaksri’]l' _Ehvkrii]l' + varf?kri’} + v"Ep (psRyji®) + ;thhMijk + Uthjih — vpsRy;i°Th —

2 1

(Erv®)psRui® — %var(;lkMijh - % (Erv®)M;jn + (Ev")psRiens® + § (Ejv")Mip +

(Ev™)psRiar® +v°psEiRjai’ +E;(Ev*) — (Ew®I — v3(ET})
2 1

I 5 1
—vPsRian Tl —(Ejv" )Tl + vOTETh + (Ev™psRin® + 5 (Ev™)Myj, =0
2 1

if these expressions are used; 1 — V;(V;v%), 2 > v, (ViR

Vi(V;vF) + vops(ViRiy) + v En(psRyji®) + %UhEhMijk + V" Ry ji" — VD5 R Tk, —
(Erv)psRnji® — %varngijh - % (Erv®)Myjn + (Ev™)psRien”

1 1
+5(Ej17h)Mihk + (EvM)psRiar’ + (Ev™psRijn® + > (Ev™)Mpj =0
From this formula: E,v" = V,v"* — TR v*

_ ) _
Vi(Vjv*) + vops(ViR{uk) +V"En(psRuji®) + 5 v EnMyj + VPR " —v PRy *Toy —
4 3 4

%)

(Erv®)psRiji® _%varc?kMijh - %(EHVE)Mijh + (Vjv")psRini® —(T/av®)PsRicni
D e —
3 i

1 1
+2 (Vv Minie = 5 (T30 ) Mg + (VivIPsRjar” — TEDsRar” +
3

1 1
(Viv")psRijn® — (T vY)psRin® + > (Viv™)Mp . — 3 (TvS)Mpj = 0
4 3

hen necessary index changes are made and these expressions are used,;

3- %(thhMijk + (Vjvh)Mihk + (Vil?h)thk)’ 4 — UhpS(VhR}iji)
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Vl(Vjv’_‘) + Uaps(Vinak) + vhps(VhRf(ﬁ) + % [vhthijk + (Vjvh)Ml’hk + (Vivh)thk] +

(Viv")psRini® + (Viv)psRiar® + (Viv™MpsRijn® — (TEv™psRiar’ + UERkjih - (EEUE)PsthiS -

~(Egv®)Myjp, = 0

where equation (3.4) is used and if necessary actions are taken,

psViViA; + ViV;By + vops(ViRiy ) + v"ps(VARE ;) +

1
> [V Mji + (Vo) Mipg + (Vv My ] + (Viv")psRins® + (Viv®)psRiar® + (Viv™psRin® —

1
(TEv™MPsRak” + DsAfRyji" + BnRyji™ — AlpsRyji® — ;AﬁMijh =0

= ps[Vi(ViA3 + vORf) + v™(VaRy;7) + (V™) Riens® + (Viv™Ryjn® — TRV R’ + AfRii" —

1
AZ’this] + E [thhMijk + (Vjvh)Mihk + (Vivh)thk + ZlejBk + 2Bthjih — A,IéMl]h] =0

if we used equation (3.3) we get;

v:(6;65) + Uh(vthiji) + (V") Rni® + (Viv™Ryjn® + A?lejih — AfRyji° =0

and

VM + (Vo) Mg + (Vo™ My + 2V,V,By + 2By Ry i — AfMijn = 0

CONCLUSION

Let T*M be the cotangent bundle of an
n —dimensional Riemannian manifold M. We
give a characterization of fibre-preserving
projective vector fields with respect to modified
Riemannian extension gy .
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