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Abstract: The two-parameter family offλ ,n(z) = λ z
(ez−1)n , λ ∈ R\{0}, z ∈ C\{0}, n ∈ N\{1}, is considered in this paper. The

existence and nature of the real fixed points offλ ,n(x), x ∈ R \ {0} are described forn odd andn even. It is found that the function
fλ ,n(z) possesses infinitely many singular values. It has also been shown that some critical values offλ ,n(z) lie in the closure and other
lie into the exterior of the disk centered at origin and having radiusλ .

Keywords: Fixed point, critical value, singular values.

1 Introduction

The fixed points and singular values are generally very important to study the behavior of dynamical systems. The real

dynamics of functions is mostly centered around fixed pointsand has become an interesting research area, partially due

to applicability of it for describing properties of the Julia sets and Fatou sets [1,5,6,9,15]. Some advanced results on

transcendental dynamics can be seen in [8]. The real dynamics of the cubic polynomials and generalized logistic maps

are investigated in [4] and [7] respectively. The real fixed points of one parameter families of functions are found in [3,

10,11] and the real fixed points of two-parameter family are described in [2]. The singular values of one parameter

families are shown in [12,13] and the singular values of two-parameter family are found in [14].

Let f : C → C. A point z∗ ∈ C is said to be a critical point off (z) if f ′(z∗) = 0. The valuef (z∗) corresponding to a

critical pointz∗ is called a critical value off (z). A point w∈ Ĉ = C∪{∞} is said to be an asymptotic value forf (z), if

there exists a continuous curveγ : [0,∞)→ Ĉ satisfying limt→∞ γ(t) = ∞ and limt→∞ f (γ(t)) = w. A singular value off

is defined to be either a critical value or an asymptotic valueof f . A point x is said to be a fixed point of functionf (x) if

f (x) = x. A fixed point xf is called an attracting, neutral (indifferent) or repelling if | f ′(xf )| < 1, | f ′(xf )| = 1 or

| f ′(xf )|> 1 respectively.

Let

F =

{

fλ ,n(z) = λ
z

(ez−1)n : λ ∈ R\{0},z∈ C\{0},n∈ N\{1}

}

be two-parameter family of transcendental meromorphic functions which is neither even nor odd. Forn= 1, the singular

values and fixed points ofλ z
ez−1 are already investigated in [11].

The present paper describes the fixed points and singular values of fλ ,n ∈ F . In Theorem1 and Theorem2, the existence

∗ Corresponding author e-mail:msajd@qu.edu.sa c© 2017 BISKA Bilisim Technology

 http://dx.doi.org/10.20852/ntmsci.2017.129


108 M. Sajid: Real fixed points and singular values of two-parameter family

and nature of real fixed points offλ ,n(x) are investigated forn odd andn even respectively. It is found that the function

fλ ,n ∈ F has infinitely many singular values in Theorem3. It is seen that, in Theorem4, the function f ′λ ,n(z) has no

zeros in the right half plane. In Theorem5, the functionfλ ,n(z) maps the left half in the closure and into the exterior of

the disk according to two different regions respectively, centered at origin and having radiusλ . Further, in Theorem6, it

is shown that some critical values offλ ,n ∈ F lie in the closure and other lie into the exterior of the disk centered at

origin and having radiusλ .

Lemma 1.Let g(x)=1− nx
1−e−x , x∈R, n∈N\{1}. Then,limx→−∞ g(x)= 1, g(0)= 1−n, limx→+∞ g(x)=−∞, g(x∗)=−1

and g(x∗∗) =−1, where x∗ and x∗∗ are the unique negative real roots of the equation(2−nx)ex−2= 0 for odd n∈N\{1}

and even n∈ N\{1} respectively.

Proof. It is easily seen that

lim
x→−∞

g(x) = 1−n lim
x→−∞

x
1−e−x = 1−n×0= 1

g(0) = 1−n lim
x→0

x
1−e−x = 1−n×1= 1−n

lim
x→+∞

g(x) = 1−n lim
x→+∞

x
1−e−x = 1−n×∞=−∞

g(x∗) = 1−
nx∗

1−e−x∗ = 1−
nx∗

nx∗/2
=−1 since 1−e−x∗ = nx∗/2

g(x∗∗) = 1−
nx∗∗

1−e−x∗∗ = 1−
nx∗∗

nx∗∗/2
=−1 since 1−e−x∗∗ = nx∗∗/2.

This completes the proof of lemma.

2 Real fixed points of fλ ,n ∈ F and their nature

Let us define, forn odd,

λ ∗ =
x∗

f (x∗)
= (ex∗ −1)n

wherex∗ is given in Lemma1.

The following theorem gives the nature of real fixed points ofthe functionfλ ,n ∈ F for n odd greater than 1:

Theorem 1.Let fλ ,n ∈ F for odd n∈ N\{1}.

(a) The function fλ ,n(x) has a unique real fixed point xλ for λ >−1 and no real fixed point forλ <−1. The fixed point

xλ of fλ ,n(x) is negative for−1< λ < 0 and is positive forλ > 0.

(b) The fixed point xλ of fλ ,n(x) is attracting for−1 < λ < 0 and 0 < λ < λ ∗, rationally indifferent forλ = λ ∗ and

repelling forλ > λ ∗.

Proof.

(a) For fixed points offλ ,n(x), λ x
(ex−1)n = x. For n odd greater than 1, it gives a unique fixed pointxλ = ln(1+λ 1/n).

Therefore, the fixed pointxλ of fλ ,n(x) is real forλ >−1 and no real fixed point forλ <−1. Consequently, the real

fixed pointxλ of fλ ,n(x) is positive ifλ > 0 and negative if−1< λ < 0.

(b) Sincexλ is a fixed point offλ ,n(x), then

f ′λ ,n(xλ ) = λ
(1−nxλ)e

xλ −1
(exλ −1)n+1 (1)
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Substitutingλ = (exλ −1)n in Equation (1), we get

f ′λ ,n(xλ ) = (exλ −1)n (1−nxλ)e
xλ −1

(exλ −1)n+1 = 1−
nxλ

1−e−xλ
.

It is easily seen that, using Lemma1, −1 < f ′λ ,n(xλ ) < 1 for −1 < λ < 0. Hence, the fixed pointxλ of fλ ,n(x) is

attracting for−1< λ < 0.

Again, by Lemma1, it is found that−1< f ′λ ,n(xλ )< 1 for 0< λ < λ ∗, f ′λ ,n(xλ ) =−1 for λ = λ ∗ and f ′λ ,n(xλ )<−1

for λ > λ ∗. Therefore, the fixed pointxλ of fλ ,n(x) is attracting for 0< λ < λ ∗, rationally indifferent forλ = λ ∗ and

repelling forλ > λ ∗.

This completes the proof of theorem.

Remark.The fixed pointxλ of fλ ,n(x) is increasing ifλ increases.

Let us define, forn even,

λ ∗∗ =
x∗∗

f (x∗∗)
= (ex∗∗ −1)n

wherex∗∗ is given in Lemma1.

For n even greater than 0, the description of the fixed pointsfλ ,n ∈ F are different than forn odd greater than 1. The

following theorem shows the nature of real fixed points of thefunction fλ ,n ∈ F for n even greater than 0,

Theorem 2.Let fλ ,n ∈ F for even n∈N\{1}.

(i) The function fλ ,n(x) has two real fixed points for0< λ < 1, a unique real fixed point forλ ≥ 1 and no real fixed

point for λ < 0. One fixed point x−λ is negative for0< λ < 1 and other fixed point x+λ is positive for0< λ < 1 and

for λ ≥ 1.

(ii) The fixed point x−λ is attracting for 0 < λ < 1 and the fixed point x+λ is attracting for0 < λ < λ ∗∗, rationally

indifferent forλ = λ ∗∗ and repelling forλ > λ ∗∗.

Proof.

(i) For fixed points offλ ,n(x), λ x
(ex−1)n = x. For evenn ∈ N\{1}, the fixed points are given asxλ = ln(1±λ 1/n). It

follows that fλ ,n(x) has two real fixed points for 0< λ < 1, a unique real fixed point forλ ≥ 1 and no real fixed

point for λ < 0. For 0< λ < 1, it is easily seen that one fixed pointx−λ is negative and other fixed pointx+λ is

positive. Forλ ≥ 1, the real fixed pointx+λ of fλ ,n(x) is positive.

(ii) Sincexλ is a fixed point offλ ,n(x) andλ = (exλ −1)n, then we have

f ′λ ,n(xλ ) = (exλ −1)n (1−nxλ)e
xλ −1

(exλ −1)n+1 = 1−
nxλ

1−e−xλ
.

By Lemma1, it is easily found that−1 < f ′λ ,n(x
−
λ ) < 1 for 0< λ < 1 and−1 < f ′λ ,n(x

+
λ ) for 0 < λ < λ ∗∗. It

follows that the fixed pointx−λ is attracting for 0< λ < 1 and the fixed pointx+λ is attracting for 0< λ < λ ∗∗.

Again, using Lemma1, f ′λ ,n(x
+
λ ) = −1 for λ = λ ∗∗ and f ′λ ,n(x

+
λ )< −1 for λ > λ ∗∗. Therefore, the fixed pointx+λ

of fλ ,n(x) is rationally indifferent forλ = λ ∗∗ and is repelling forλ > λ ∗∗.

The proof of theorem is completed.
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3 Singular values of fλ ,n ∈ F

The following theorem shows that the functionfλ ,n ∈ F has infinitely many singular values,

Theorem 3.Let fλ ,n ∈ F . Then, the function fλ ,n(z) possesses infinitely many singular values.

Proof. For critical points,f ′λ ,n(z) = λ (ez−1)n−nz(ez−1)n−1ez

(ez−1)2n = 0. It gives(nz−1)ez+1= 0. Using the real and imaginary

parts of this equation, we have
y

siny
−

1
n

eycoty− 1
n = 0 (2)

x=
1
n
− ycoty (3)

It is seen that, from Figure1, Equation (2) has infinitely many solutions since intersections on horizontal axis are increased

if interval increases on it.

Fig. 1: Graph of y
siny −

1
neycoty− 1

n for n= 3

Suppose{yk}
k=∞
k=−∞,k6=0 are solutions of Equation (2). From Equation (3), xk = 1

n − yk cotyk for k = ±1,±2,±3, . . . .

Consequently, it gives thatzk = xk + iyk are critical points offλ ,n(z) since f ′λ (zk) = 0, and then the critical values are

given by fλ ,n(zk). It is observed thatfλ ,n(zk) are distinct for differentk. It follows that fλ ,n ∈ F has infinitely many

critical values.

The finite asymptotic value offλ ,n(z) is 0 sincefλ ,n(z)→ 0 asz→ ∞ along positive real axis.

Thus, it shows thatfλ ,n ∈ F possesses infinitely many singular values.

Remark.For the zeros off ′λ ,n(z) on imaginary axis, from Equation (4), it is found that cosy− i siny = 1− iny. This

equation givesy= 0. Therefore,f ′λ ,n(z) has no zeros on imaginary axis.

Let H+ = {z∈ Ĉ : Re(z)> 0} be the right half plane. The following theorem gives that thefunction f ′λ ,n(z) has no zeros

in the right half planeH+:

Theorem 4.Let fλ ,n ∈ F . Then, the function f′λ ,n(z) has no zeros in H+.
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Proof.SupposeRe(z)> 0, andf ′λ ,n(z) = λ (1−nz)ez−1
(ez−1)n+1 = 0 which implies thate−z = 1−nz. Then,

cosy− i siny
ex = 1−nx− iny (4)

Firstly, wheny 6= 0, then, by imaginary part of Equation (4), siny
y = nex > 1. This is not true fory > 0 and fory < 0

becausesiny
y is an even function.

Secondly, wheny = 0, thenz= x > 0 and, by real part of Equation (4), ex = 1
1−nx. For x > 1

2 andn ≥ 2, it is not valid

because the left hand side is positive and the right hand sideis negative. It is obviously not true whenx= 1
2. This is also

false for 0< x < 1
2 since it is easily observed that, by Figure2, there is no any intersection of the functionex with the

function 1
1−nx for n= 2,3,4,5, . . . .

Fig. 2: Graphs ofex and 1
1−nx for n= 2,3,4,5

Thus, it is concluded that the functionf ′λ ,n(z) has no zeros inH+.

Let H− = {z∈ Ĉ : Re(z)< 0} be the left half plane. In the following theorem, it is shown that the functionfλ ,n ∈F maps

the left half plane in the closure and into the exterior of thedisk according to two different regions respectively.

Theorem 5.Let fλ ,n ∈ F . Then, the function fλ ,n(z) maps H− in the closure and into the exterior of the disk centered at

origin and having radiusλ for |z| ≥ 1 and|z|< 1 respectively.

Proof. Consider the line segmentγ which is defined byγ(t) = tz, t ∈ [0,1] and suppose the functionh(z) = ez for an

arbitrary fixedz∈ H−. Then
∫

γ
h(z)dz=

∫ 1

0
h(γ(t))γ ′(t)dt = z

∫ 1

0
etzdt = ez−1

SinceM ≡ maxt∈[0,1] |h(γ(t))|= maxt∈[0,1] |e
tz|< 1 andm≡ mint∈[0,1] |h(γ(t))|= mint∈[0,1] |e

tz|> ε > 0 for z∈ H−, then

m|z|< |z| ≤ |ez−1|=
∣

∣

∫

γ
h(z)dz

∣

∣ ≤ M|z|< |z| (5)

Using the left side of Inequality (5), | z
(ez−1)n | ≤

1
|z|n−1 ≤ 1 for all |z| ≥ 1 andn∈N\{1}. Hence,| fλ ,n(z)|= |λ z

(ez−1)n | ≤ |λ |
for all |z| ≥ 1. It gives that the functionfλ ,n(z) mapsH− in the closure of the disk centered at origin and having radius
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λ for all |z| ≥ 1. Similarly, using the right side of Inequality (5), | z
(ez−1)n | >

1
|z|n−1 > 1 for all |z| < 1 andn ∈ N\{1}.

Therefore, it follows that| fλ ,n(z)|= |λ z
(ez−1)n |> |λ | for all |z|< 1. This shows that the functionfλ ,n(z) mapsH− into the

exterior of the disk centered at origin and having radiusλ for all |z|< 1.

The following theorem proves that the functionfλ ,n ∈F has some critical values in the closure and other into the exterior

of the disk centered at origin and having radiusλ according to two different regions respectively.

Theorem 6.Let fλ ,n ∈ F . Then, some critical values of fλ ,n(z) lie in the closure and other into the exterior of the disk

centered at origin and having radiusλ for z≥ 1 and z< 1 in the left half plane respectively.

Proof.All the critical points offλ ,n(z) lie in H− since, by Theorem4, f ′λ ,n(z) has no zeros inH+. Moreover, by Theorem5,

the functionfλ ,n(z) maps the left half planeH− in the closure and into the exterior of the disk centered at origin and having

radiusλ for |z| ≥ 1 and|z| < 1 respectively. Therefore, it follows that some critical values of fλ ,n(z) lie in the closure

and other into the exterior of the disk centered at origin andhaving radiusλ for z≥ 1 andz< 1 in the left half plane

respectively.

4 Conclusion

This paper is generalization of one parameter familyλ z
ez−1 as two-parameter familyλ z

(ez−1)n . The real fixed points

and singular values of two-parameter family of functionsfλ ,n(z) = λ z
(ez−1)n , λ ∈ R\{0}, z∈ C\{0}, n ∈ N\{1}, have

investigated. It is seen that the real fixed points offλ ,n(z) have different nature forn odd andn even. We have found that

the functionfλ ,n(z) has infinitely many singular values forn∈ N\{1}. We have also shown that some critical values of

fλ ,n(z) lie in the closure and other into the exterior of the open diskcentered at origin and having radiusλ according to

two different regions in the left half plane.
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