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Abstract. In this paper, the Hamming measure, Generalized Hamming mea-
sure, Euclidean measure, and Generalized Euclidean measure are introduced
for Interval-valued intuitionistic fuzzy matrices. Their fundamental properties
are established. Furthermore, a scalar multiplication operation by a scalar
(λ, µ) is introduced for interval-valued intuitionistic fuzzy matrices and its
algebraic properties, including the distributive laws are established. Several
illustrative examples are presented to demonstrate the validity of the proposed
theoritical results.

1. Introduction

The concept of fuzzy sets introduced by Zadeh [7] provides a powerful mathe-
matical framework for modeling uncertainty by allowing each element to possess a
degree of membership in the unit interval [0, 1]. Since its introduction, fuzzy set
theory has been successfully applied in a wide range of areas, including decision
making, pattern recognition, control systems, image processing and optimization.

To extend the descriptive capability of fuzzy sets, Atanassov [1] introduced in-
tuitionistic fuzzy sets (IFSs) which characterize each element by both membership
and non-membership degrees. Subsequently, Atanassov and Gargov [3] proposed
interval-valued intuitionistic fuzzy sets (IVIFSs), where the membership and non-
membership degrees are represented by intervals instead of precise numerical values.
This extension provides a more flexible framework for modeling uncertainty and in-
complete information arising in practical applications.

2. Preliminaries

Definition 2.1 ([1]). Let X be a universal set and let µA : X → [0, 1] and νA :
X → [0, 1] be the membership and non-membership functions, respectively. Then,

A = {⟨x, µA(x), νA(x)⟩ | x ∈ X}
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is called an intuitionistic fuzzy set (IFS) on X. The family of all intuitionistic fuzzy
sets on X is denoted by IFS(X). Here µA : X → [0, 1] is called the degree of
membership of x in A, and νA : X → [0, 1] is called the degree of non-membership
of x in A. Moreover, µA(x) and νA(x) satisfy the following condition:

∀x ∈ X, µA(x) + νA(x) ≤ 1.

Remark 2.1 ([6]). Let I = [0, 1] and let D(I) denote the set of all closed subintervals
of I. Throughout this paper, the elements of D(I) are denoted by capital letters
such as M , N .

For an interval M = [ML,MU ] the values ML and MU are called the lower
and upper endpoints of M , respectively. In particular 0 = [0, 0], 1 = [1, 1] and
∀a ∈ [0, 1], a = [a, a].

Definition 2.2 ([3]). Let X be a universal set. Suppose that MA, NA ∈ D(I)

satisfy MA
U (x) +NA

U (x) ≤ 1. Then,

A = {⟨x,MA(x), NA(x)⟩ | x ∈ X}

is called an interval-valued intuitionistic fuzzy set (IVIFS) on X. The family of all
interval-valued intuitionistic fuzzy sets on X is denoted by IVIFS(X).

Definition 2.3 ([2]). Let X be a universal set and A,B ∈ IVIFS(X).
(i) Ac = {⟨x,NA(x),MA(x)⟩ | x ∈ X},

(ii) A ⊓B =


〈
x,

[
min

{
MA

L(x),MB
L(x)

}
,

min
{
MA

U (x),MB
U (x)

}]
,[

max
{
NA

L(x), NB
L(x)

}
,

max
{
NA

U (x), NB
U (x)

}] 〉
| x ∈ X

,

(iii) A ⊔B =


〈
x,

[
max

{
MA

L(x),MB
L(x)

}
,

max
{
MA

U (x),MB
U (x)

}]
,[

min
{
NA

L(x), NB
L(x)

}
,

min
{
NA

U (x), NB
U (x)

}] 〉
| x ∈ X

,

(iv) A+B =


〈
x,

[
MA

L(x) +MB
L(x)−MA

L(x) ·MB
L(x),

MA
U (x) +MB

U (x)−MA
U (x) ·MB

U (x)

]
,[

NA
L(x) ·NB

L(x), NA
U (x) ·NB

U (x)
] 〉

| x ∈ X

,

(v) A ·B =


〈
x,

[
MA

L(x) ·MB
L(x),MA

U (x) ·MB
U (x)

]
,[

NA
L(x) +NB

L(x)−NA
L(x) ·NB

L(x),

NA
U (x) +NB

U (x)−NA
U (x) ·NB

U (x)

]〉
| x ∈ X

.

Definition 2.4 ([6]). Let X = {x1, x2, . . . , xn} be a universal set, µ̃Ã(xi) ⊆ [0, 1]
and ν̃Ã(xi) ⊆ [0, 1], xi ∈ X such that inf µ̃Ã(x) = sup µ̃Ã(x) and inf ν̃Ã(x) =
sup ν̃Ã(x) with sup µ̃Ã(xi)+ sup ν̃Ã(xi) ≤ 1. Then, an interval-valued intuitionistic
fuzzy set Ã is an IFS defined as:

Ã =
{〈

xi, µ̃Ã(xi), ν̃Ã(xi)
〉
| xi ∈ X

}
.

The following relations and operators are defined for two IVIFSs, Ã1 and Ã2:
(1) Ã1 ⊆ Ã2 ⇔ ∀x ∈ X,{

sup µ̃Ã1
(x) ≤ sup µ̃Ã2

(x) and inf µ̃Ã1
(x) ≤ inf µ̃Ã2

(x)
}
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and {
sup ν̃Ã1

(x) ≥ sup ν̃Ã2
(x) and inf ν̃Ã1

(x) ≥ inf ν̃Ã2
(x)

}
.

(2) Ã1 = Ã2 ⇔ Ã1 ⊆ Ã2 and Ã1 ⊇ Ã2.
(3)

Ã1 ∩ Ã2 =
{〈

x,
[
min

{
inf µ̃Ã1

(x), inf µ̃Ã2
(x)

}
,min

{
sup µ̃Ã1

(x), sup µ̃Ã2
(x)

}]
,[

max
{
inf ν̃Ã1

(x), inf ν̃Ã2
(x)

}
,max

{
sup ν̃Ã1

(x), sup ν̃Ã2
(x)

}]〉 ∣∣∣ x ∈ X
}
.

(4)

Ã1 ∪ Ã2 =
{〈

x,
[
max

{
inf µ̃Ã1

(x), inf µ̃Ã2
(x)

}
,max

{
sup µ̃Ã1

(x), sup µ̃Ã2
(x)

}]
,[

min
{
inf ν̃Ã1

(x), inf ν̃Ã2
(x)

}
,min

{
sup ν̃Ã1

(x), sup ν̃Ã2
(x)

}]〉 ∣∣∣ x ∈ X
}
.

Definition 2.5 ([6]). Let P̃l =
(
p̃
(l)
ij

)
n×n

(l = 1, 2), that is, P̃1 and P̃2, be two
interval-valued intuitionistic fuzzy matrices. The composition of these matrices is
defined as P̃ = P̃1 ◦ P̃2 = (p̃ij)n×n, where for i, j = 1, 2, . . . , n and l = 1, 2

p̃
(l)
ij =

([
a
(l)
ij , b

(l)
ij

]
,
[
c
(l)
ij , d

(l)
ij

])
,

p̃ij =

n⋃
k=1

(
p̃
(1)
ik ∩ q̃

(2)
kj

)
=

([
max

k

{
min

{
a
(1)
ik , a

(2)
kj

}}
,max

k

{
min

{
b
(1)
ik , b

(2)
kj

}}]
,[

min
k

{
max

{
c
(1)
ik , c

(2)
kj

}}
,min

k

{
max

{
d
(1)
ik , d

(2)
kj

}}])
.

Theorem 2.1 ([6]). Let P̃1 and P̃2 be two interval-valued intuitionistic fuzzy ma-
trices. Then, the matrix P̃ = P̃1 ◦ P̃2 is also an interval-valued intuitionistic fuzzy
matrix.

Definition 2.6 ([6]). Let P̃ = (p̃ij)n×n be an n × n matrix, where p̃ij =

([aij , bij ], [cij , dij ]) for i, j = 1, 2, . . . , n. If the following conditions are satisfied,
P̃ is called an interval-valued intuitionistic fuzzy similarity matrix and is denoted
by IVIFSM.

(1) Reflexivity: p̃ij = ([1, 1], [0, 0]), i = 1, 2, . . . , n.
(2) Symmetry: p̃ij = p̃ji, which implies that [aij , bij ] = [aji, bji] and

[cij , dij ] = [cji, dji] for i, j = 1, 2, . . . , n.

Theorem 2.2 ([6]). Let P̃ = (p̃ij)n×n be an interval-valued intuitionistic fuzzy

similarity matrix. Then, the matrix P̃ 2 = P̃ ◦ P̃ =
(
p̃ij

)
n×n

is also an interval-

valued intuitionistic fuzzy similarity matrix.

Definition 2.7 ([6]). Let Ã be an IVIFS. The pair (µ̃Ã, ν̃Ã) is called an interval-
valued intuitionistic fuzzy number. The family of all interval-valued intuitionistic
fuzzy numbers is denoted by IVIFN. An interval-valued intuitionistic fuzzy number
is of the form α̃ = ([a, b], [c, d]), where [a, b] ⊆ [0, 1], [c, d] ⊆ [0, 1], b+ d ≤ 1.

From the definition, α̃∗ = ([1, 1], [0, 0]) is the largest IVIFN. For a = b and c = d,
α̃ is an intuitionistic fuzzy number.
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Definition 2.8 ([6]). Let P̃ = (p̃ij)n×n be an n × n matrix. If ∀ 1 ≤ i, j ≤ n, p̃ij
is an IVIFN and

p̃ij = ([aij , bij ], [cij , dij ])

where [aij , bij ] ⊆ [0, 1], [cij , dij ] ⊆ [0, 1] and bij + dij ≤ 1 for i, j = 1, 2, . . . , n,
then P̃ is called an interval-valued intuitionistic fuzzy matrix. The family of all
interval-valued intuitionistic fuzzy matrices is denoted by IVIFM.

Definition 2.9 ([6]). Let P̃ = (p̃ij)n×n be an n × n interval-valued intuitionistic
fuzzy matrix. The matrix p̃Tij = p̃ji for i, j = 1, 2, . . . , n is called the transpose of
the matrix.

Definition 2.10 ([5]). Let X be a universal set and

A = {⟨xi, uA(xi), vA(xi)⟩ | xi ∈ X} .

Two types of cardinality for set A are defined as follows:
(1) min

∑
count(A) =

∑n
i=1 uA(xi),

(2) max
∑

count(A) =
∑n

i=1 (uA(xi) + πA(xi)),
with

Ai ∩Ac
i = {⟨xi,min {uA(xi), vA(xi)} ,max {vA(xi), uA(xi)}⟩}

and
Ai ∪Ac

i = {⟨xi,max {uA(xi), vA(xi)} ,min {vA(xi), uA(xi)}⟩} .
Using these two cardinalities, the entropy measure given by Szmidt is as follows:

ESK(A) =
1

n

n∑
i=1

max
∑

count(Ai ∩Ac
i )

max
∑

count(Ai ∪Ac
i )
.

Remark 2.2. Here, the minimum cardinality of the element Ai ∩ Ac
i is denoted as

min count(Ai∩Ac
i ), and the maximum cardinality of the element Ai∪Ac

i is denoted
as max count(Ai ∪Ac

i ).
The entropy measure given by Wang [4] is as follows:

EWL(A) =
1

n

n∑
i=1

min {uA(xi), vA(xi)}+ πA(xi)

max {vA(xi), uA(xi)}+ πA(xi)
.

The entropy measure given by Huang [5] is as follows:

EHL(A) =
1

n

n∑
i=1

1− |uA(xi)− vA(xi)|+ πA(xi)

1 + |uA(xi)− vA(xi)|+ πA(xi)
.

Theorem 2.3 ([5]). For every IFS A = {⟨x, uA(x), vA(x)⟩ | x ∈ X}, ESK(A) =
EWL(A) = EHL(A) holds.

Definition 2.11 ([5]). Let X be a universal set, xi ∈ X and E : IVIFS(X) → [0, 1].
E(A) is called the entropy measure of an IVIFS A if the following conditions are
satisfied:

(E1) E(A) = 0 ⇔ A is a crisp set.
(E2) E(A) = 1 ⇔

[
u−
A(xi), u

+
A(xi)

]
=

[
v−A(xi), v

+
A(xi)

]
, xi ∈ X.

(E3) E(A) = E(Ac).
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(E4) E(A) ≤ E(B) ⇔ Under the conditions u−
B(xi) ≤ v−B(xi) and u+

B(xi) ≤
v+B(xi) for xi ∈ X, if A ⊆ B, then E(A) ⊆ E(B)

or
E(A) ≤ E(B) ⇔ Under the conditions u−

B(xi) ≥ v−B(xi) and u+
B(xi) ≥

v+B(xi) for xi ∈ X, if A ⊆ B, then E(A) ⊆ E(B).

Remark 2.3 ([5]). The conditions in (E4) may not hold for every IVIFS.

Definition 2.12 ([5]). Let X be a universal set, xi ∈ X, A ∈ IVIFS(X) and
E : IVIFS(X) → [0, 1]. For

E(A) =
1

n

n∑
i=1

min
{
u−
A(xi), v

−
A(xi)

}
+min

{
u+
A(xi), v

+
A(xi)

}
+ π−

A(xi) + π+
A(xi)

max
{
u−
A(xi), v

−
A(xi)

}
+max

{
u+
A(xi), v

+
A(xi)

}
+ π−

A(xi) + π+
A(xi)

=
1

n

n∑
i=1

2−
∣∣u−

A(xi)− v−A(xi)
∣∣− ∣∣u+

A(xi)− v+A(xi)
∣∣+ π−

A(xi) + π+
A(xi)

2 +
∣∣u−

A(xi)− v−A(xi)
∣∣+ ∣∣u+

A(xi)− v+A(xi)
∣∣+ π−

A(xi) + π+
A(xi)

the value is called the entropy measure of set A.

Definition 2.13 ([8]). Let X be a universal set, xi ∈ X and E : IVIFS(X) → [0, 1].
E(A) is called the entropy measure of an IVIFS A if the following conditions are
satisfied:
(ZP1) If A is a crisp set, then E(A) = 0.
(ZP2) If MA(xi) = NA(xi) for ∀xi ∈ X, then E(A) = 1.
(ZP3) If the fuzzy value of set A is smaller than that of set B, then E(A) ≤ E(B):

For MB(xi) ≤ NB(xi); MA(xi) ≤ MB(xi), NA(xi) ≥ NB(xi),
For MB(xi) ≥ NB(xi); MA(xi) ≥ MB(xi), NA(xi) ≤ NB(xi),
For MB(xi) ⪯ NB(xi); MA(xi) ⪯ MB(xi), NA(xi) ⪰ NB(xi),
For MB(xi) ⪰ NB(xi); MA(xi) ⪰ MB(xi), NA(xi) ⪯ NB(xi).

(ZP4) E(A) = E(Ac).

Definition 2.14 ([8]). Let X be a universal set, xi ∈ X and d : IVIFS(X) ×
IVIFS(X) → [0, 1]. d(A) is called the length measure of an IVIFS A if the following
conditions are satisfied:

(1) A is a crisp set ⇔ d(A,A′) = 1, where A′ denotes the complement of A.
(2) d(A,B) = 0 ⇔ A = B.
(3) d(A,B) = d(B,A).
(4) If A ⊆ B ⊆ C then d(A,C) ≥ d(A,B) and d(A,C) ≥ S(B,C).

Definition 2.15 ([8]). Let X be a universal set, xi ∈ X and E : IVIFS(X) → [0, 1].
E(A) is called the entropy measure of an IVIFS A if the following conditions are
satisfied:
(EP1) E(A) = 0 for ∀A ∈ P (X).
(EP2) For ∀xi ∈ X, if A =

([
1
2 ,

1
2

]
,
[
1
2 ,

1
2

])
x

then MA(xi) = NA(xi) =
[
1
2 ,

1
2

]
, so

E(A) = 1.
(EP3) For ∀A,B ∈ IVIFS(X), where d is the length measure of the interval-valued

intuitionistic fuzzy set: if

d
(
A,

〈[
1
2 ,

1
2

]
,
[
1
2 ,

1
2

]〉
x

)
≥ d

(
B,

〈[
1
2 ,

1
2

]
,
[
1
2 ,

1
2

]〉
x

)
then E(A) ≤ E(B).

(EP4) E(A) = E(Ac).
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Remark 2.4 ([8]). (EP1) The interval-valued intuitionistic fuzzy set
⟨[ 12 ,

1
2 ], [

1
2 ,

1
2 ]⟩x has the largest fuzzy value.

(EP2) The set closer to the interval-valued intuitionistic fuzzy set ⟨[ 12 ,
1
2 ], [

1
2 ,

1
2 ]⟩x

has a larger fuzzy value.
(EP3) An interval-valued intuitionistic fuzzy set has the same fuzzy value as its

complement.

Definition 2.16 ([8]). Let X = {x1, x2, . . . , xn} be a universal set, ∀A,B ∈
IVIFS(X) and di be the length measure of the interval-valued intuitionistic fuzzy
set. The following length measures are defined for i = 1, 2, . . . , 6:

(1) Normalized Euclidean length

d1(A,B) =
{ 1

4n

n∑
i=1

[
(MAL(xi)−MBL(xi))

2
+ (MAU (xi)−MBU (xi))

2

+ (NAL(xi)−NBL(xi))
2
+ (NAU (xi)−NBU (xi))

2
]} 1

2

(2) Normalized Hamming length

d2(A,B) =
1

4n

n∑
i=1

[
|MAL(xi)−MBL(xi)|+ |MAU (xi)−MBU (xi)|

+ |NAL(xi)−NBL(xi)|+ |NAU (xi)−NBU (xi)|
]

(3) Normalized Hamming length measure with Hausdorff metric

d3(A,B) =
1

2n

n∑
i=1

[
(|MAL(xi)−MBL(xi)| ∨ |MAU (xi)−MBU (xi)|)

+ (|NAL(xi)−NBL(xi)| ∨ |NAU (xi)−NBU (xi)|)
]

(4) Normalized length measure with Hausdorff metric

d4(A,B) =
1

n

n∑
i=1

max
{ |MAL(xi)−MBL(xi)|+ |MAU (xi)−MBU (xi)|

2
,

|NAL(xi)−NBL(xi)|+ |NAU (xi)−NBU (xi)|
2

}
(5)

d5(A,B) =
1

2n

n∑
i=1

{1

4

(
|MAL(xi)−MBL(xi)|+ |MAU (xi)−MBU (xi)|

− |NAL(xi)−NBL(xi)|+ |NAU (xi)−NBU (xi)|
)

+
1

2
max

(
|MAL(xi)−MBL(xi)|+ |MAU (xi)−MBU (xi)| ,

|NAL(xi)−NBL(xi)|+ |NAU (xi)−NBU (xi)|
)}
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(6) Generalized length measure for p ≥ 2

d6(A,B) =
{ 1

2n

n∑
i=1

[
(|MAL(xi)−MBL(xi)| ∨ |MAU (xi)−MBU (xi)|)p

+ (|NAL(xi)−NBL(xi)| ∨ |NAU (xi)−NBU (xi)|)p
]} 1

p

3. Some Measure Concepts of Interval-Valued Intuitionistic Fuzzy
Matrices

Definition 3.1. Let P̃ = p̃ij and Q̃ = q̃ij be interval-valued intuitionistic fuzzy
matrices, where

P̃ = ([aij , bij ] , [cij , dij ]) , Q̃ = ([a′ij , b
′
ij ] , [c

′
ij , d

′
ij ]) .

The measures are defined as follows:
(1) Hamming measure

H(P̃ , Q̃) =

n∑
j=1

n∑
i=1

(
|aij − aij

′|+
∣∣bij − bij

′∣∣+ |cij − cij
′|+

∣∣dij − dij
′∣∣) .

(2) Generalized Hamming measure

H∗(P̃ , Q̃) =
1

4n2
H(P̃ , Q̃).

(3) Euclidean measure

Ö(P̃ , Q̃) =
( n∑
j=1

n∑
i=1

(
(aij − aij

′)
2
+

(
bij − bij

′)2
+ (cij − cij

′)
2
+
(
dij − dij

′)2)) 1
2

.

(4) Generalized Euclidean measure

Ö∗(P̃ , Q̃) =
1

2n
Ö∗(P̃ , Q̃).

Theorem 3.1. Let P̃ = p̃ij and Q̃ = q̃ij be interval-valued intuitionistic fuzzy
matrices, where

P̃ = ([aij , bij ] , [cij , dij ]) , Q̃ = ([a′ij , b
′
ij ] , [c

′
ij , d

′
ij ]) .

Then
(1) H(P̃ , Q̃) = H(P̃T , Q̃T ),
(2) H∗(P̃ , Q̃) = H∗(P̃T , Q̃T ),
(3) Ö(P̃ , Q̃) = Ö(P̃T , Q̃T ),
(4) Ö∗(P̃ , Q̃) = Ö∗(P̃T , Q̃T ).

Proof. Let

P̃ = ([aij , bij ] , [cij , dij ]) , Q̃ = ([a′ij , b
′
ij ] , [c

′
ij , d

′
ij ]) ,

P̃T = ([aji, bji] , [cji, dji]) , Q̃T = ([a′ji, b
′
ji] , [c

′
ji, d

′
ji]) ,

then
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(1)

H(P̃ , Q̃) =

n∑
j=1

n∑
i=1

(
|aij − aij

′|+
∣∣bij − bij

′∣∣+ |cij − cij
′|+

∣∣dij − dij
′∣∣)

=

n∑
i=1

n∑
j=1

(
|aij − aij

′|+
∣∣bij − bij

′∣∣+ |cij − cij
′|+

∣∣dij − dij
′∣∣)

=

n∑
j=1

n∑
i=1

(
|aji − aji

′|+
∣∣bji − bji

′∣∣+ |cji − cji
′|+

∣∣dji − dji
′∣∣)

= H(P̃T , Q̃T ).

(2)

H∗(P̃ , Q̃) =
1

4n2

( n∑
j=1

n∑
i=1

(
|aij − aij

′|+
∣∣bij − bij

′∣∣
+ |cij − cij

′|+
∣∣dij − dij

′∣∣))
=

1

4n2

( n∑
i=1

n∑
j=1

(
|aij − aij

′|+
∣∣bij − bij

′∣∣
+ |cij − cij

′|+
∣∣dij − dij

′∣∣))
=

1

4n2

( n∑
j=1

n∑
i=1

(
|aji − aji

′|+
∣∣bji − bji

′∣∣
+ |cji − cji

′|+
∣∣dji − dji

′∣∣))
=

1

4n2

(
H(P̃ , Q̃)

)
= H∗(P̃T , Q̃T ).

(3)

Ö(P̃ , Q̃) =
( n∑
j=1

n∑
i=1

(
(aij − aij

′)
2
+

(
bij − bij

′)2
+ (cij − cij

′)
2
+

(
dij − dij

′)2) 1
2
)

=
( n∑
i=1

n∑
j=1

(
(aij − aij

′)
2
+

(
bij − bij

′)2
+ (cij − cij

′)
2
+

(
dij − dij

′)2) 1
2
)

=
( n∑
j=1

n∑
i=1

(
(aji − aji

′)
2
+

(
bji − bji

′)2
+ (cji − cji

′)
2
+

(
dji − dji

′)2) 1
2
)

= Ö(P̃T , Q̃T ).
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(4)

Ö∗(P̃ , Q̃) =
1

2n

( n∑
j=1

n∑
i=1

(
(aij − aij

′)
2
+

(
bij − bij

′)2
+ (cij − cij

′)
2
+
(
dij − dij

′)2) 1
2
)

=
1

2n

( n∑
i=1

n∑
j=1

(
(aij − aij

′)
2
+

(
bij − bij

′)2
+ (cij − cij

′)
2
+
(
dij − dij

′)2) 1
2
)

=
1

2n

( n∑
j=1

n∑
i=1

(
(aji − aji

′)
2
+

(
bji − bji

′)2
+ (cji − cji

′)
2
+
(
dji − dji

′)2) 1
2
)

=
1

2n

(
Ö(P̃ , Q̃)

)
= H∗(P̃T , Q̃T ).

□

Theorem 3.2. Let P̃ , Q̃, S̃ be IVIFMs, then:

(1) H(P̃ ◦ Q̃, S̃) ≤ H(P̃ , S̃) ∨H(Q̃, S̃),
(2) H∗(P̃ ◦ Q̃, S̃) ≤ H∗(P̃ , S̃) ∨H∗(Q̃, S̃),
(3) H(P̃ , Q̃ ◦ S̃) ≤ H(P̃ , Q̃) ∨H(P̃ , S̃),
(4) H∗(P̃ , Q̃ ◦ S̃) ≤ H∗(P̃ , Q̃) ∨H∗(P̃ , S̃).

Proof. Let

P̃ = ([aij , bij ] , [cij , dij ]) ,

Q̃ = ([a′ij , b
′
ij ] , [c

′
ij , d

′
ij ]) ,

S̃ = ([a′′ij , b
′′
ij ] , [c

′′
ij , d

′′
ij ]) ,

P̃l =
(
P̃

(l)
ij

)
n×n

, P̃ (l)
ij =

([
a
(l)
ij , b

(l)
ij

]
,
[
c
(l)
ij , d

(l)
ij

])
and p̃ij = ([aij , bij ] , [cij , dij ]),

Q̃l =
(
Q̃

(l)
ij

)
n×n

, Q̃(l)
ij =

([
a
(l)
ij , b

(l)
ij

]
,
[
c
(l)
ij , d

(l)
ij

])
and q̃ij = ([aij , bij ] , [cij , dij ]),

S̃l =
(
S̃
(l)
ij

)
n×n

, S̃(l)
ij =

([
a
(l)
ij , b

(l)
ij

]
,
[
c
(l)
ij , d

(l)
ij

])
and s̃ij = ([aij , bij ] , [cij , dij ]),

where
[
a
(l)
ij , b

(l)
ij

]
⊆ [0, 1],

[
c
(l)
ij , d

(l)
ij

]
⊆ [0, 1], b(l)ij + d

(l)
ij ≤ 1 for i, j = 1, 2, . . . , n

and l = 1, 2,

[aij , bij ] =

[
max

k

{
min

{
a
(1)
ik , a

(2)
kj

}}
,max

k

{
min

{
b
(1)
ik , b

(2)
kj

}}]
⊆ [0, 1],

[cij , dij ] =

[
min
k

{
max

{
c
(1)
ik , c

(2)
kj

}}
,min

k

{
max

{
d
(1)
ik , d

(2)
kj

}}]
⊆ [0, 1].
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(1) For p̃
(l)
ij =

([
a
(l)
ij , b

(l)
ij

]
,
[
c
(l)
ij , d

(l)
ij

])
, i, j = 1, 2, . . . , n, l = 1, 2,

P̃ ◦ Q̃ = p̃ij =

n⋃
k=1

(
p̃
(1)
ik ∩ q̃

(2)
kj

)
=

([
max

k

{
min

{
a
(1)
ik , a

(2)
kj

}}
,max

k

{
min

{
b
(1)
ik , b

(2)
kj

}}]
,[

min
k

{
max

{
c
(1)
ik , c

(2)
kj

}}
,min

k

{
max

{
d
(1)
ik , d

(2)
kj

}}])

H(P̃ ◦ Q̃, S̃) =

n∑
j=1

n∑
i=1

(∣∣∣aij(1) − aij
′′
∣∣∣+ ∣∣∣bij(1) − bij

′′
∣∣∣

+
∣∣∣cij(1) − cij

′′
∣∣∣+ ∣∣∣dij(1) − dij

′′
∣∣∣)

H(P̃ , S̃) =

n∑
j=1

n∑
i=1

(
|aij − aij

′′|+
∣∣bij − bij

′′∣∣
+ |cij − cij

′′|+
∣∣dij − dij

′′∣∣)
H(Q̃, S̃) =

n∑
j=1

n∑
i=1

(
|aij ′ − aij

′′|+
∣∣bij ′ − bij

′′∣∣
+ |cij ′ − cij

′′|+
∣∣dij ′ − dij

′′∣∣)

Hence, H(P̃ ◦ Q̃, S̃) ≤ H(P̃ , S̃) ∨H(Q̃, S̃) is obtained.
(2) For p̃

(l)
ij =

([
a
(l)
ij , b

(l)
ij

]
,
[
c
(l)
ij , d

(l)
ij

])
, i, j = 1, 2, . . . , n, l = 1, 2,

P̃ ◦ Q̃ = p̃ij =

n⋃
k=1

(
p̃
(1)
ik ∩ q̃

(2)
kj

)
=

([
max

k

{
min

{
a
(1)
ik , a

(2)
kj

}}
,max

k

{
min

{
b
(1)
ik , b

(2)
kj

}}]
,[

min
k

{
max

{
c
(1)
ik , c

(2)
kj

}}
,min

k

{
max

{
d
(1)
ik , d

(2)
kj

}}])
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H∗(P̃ ◦ Q̃, S̃) =

n∑
j=1

n∑
i=1

(∣∣∣aij(1) − aij
′′
∣∣∣+ ∣∣∣bij(1) − bij

′′
∣∣∣

+
∣∣∣cij(1) − cij

′′
∣∣∣+ ∣∣∣dij(1) − dij

′′
∣∣∣)

H∗(P̃ , S̃) =

n∑
j=1

n∑
i=1

(
|aij − aij

′′|+
∣∣bij − bij

′′∣∣
+ |cij − cij

′′|+
∣∣dij − dij

′′∣∣)
H∗(Q̃, S̃) =

n∑
j=1

n∑
i=1

(
|aij ′ − aij

′′|+
∣∣bij ′ − bij

′′∣∣
+ |cij ′ − cij

′′|+
∣∣dij ′ − dij

′′∣∣)

Hence, H∗(P̃ ◦ Q̃, S̃) ≤ H∗(P̃ , S̃) ∨H∗(Q̃, S̃) is obtained.
(3) For p̃

(l)
ij =

([
a
(l)
ij , b

(l)
ij

]
,
[
c
(l)
ij , d

(l)
ij

])
, i, j = 1, 2, . . . , n, l = 1, 2,

Q̃ ◦ S̃ = p̃ij =

n⋃
k=1

(
p̃
(1)
ik ∩ q̃

(2)
kj

)
=

([
max

k

{
min

{
a
(1)
ik , a

(2)
kj

}}
,max

k

{
min

{
b
(1)
ik , b

(2)
kj

}}]
,[

min
k

{
max

{
c
(1)
ik , c

(2)
kj

}}
,min

k

{
max

{
d
(1)
ik , d

(2)
kj

}}])

H(P̃ , Q̃ ◦ S̃) =
n∑

j=1

n∑
i=1

(∣∣∣aij − aij
(1)

∣∣∣+ ∣∣∣bij − bij
(1)

∣∣∣
+
∣∣∣cij − cij

(1)
∣∣∣+ ∣∣∣dij − dij

(1)
∣∣∣)

H(P̃ , Q̃) =

n∑
j=1

n∑
i=1

(
|aij − aij

′|+
∣∣bij − bij

′∣∣
+ |cij − cij

′|+
∣∣dij − dij

′∣∣)
H(P̃ , S̃) =

n∑
j=1

n∑
i=1

(
|aij − aij

′′|+
∣∣bij − bij

′′∣∣
+ |cij − cij

′′|+
∣∣dij − dij

′′∣∣)

Hence, H(P̃ , Q̃ ◦ S̃) ≤ H(P̃ , Q̃) ∨H(P̃ , S̃) is obtained.
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(4) For p̃
(l)
ij =

([
a
(l)
ij , b

(l)
ij

]
,
[
c
(l)
ij , d

(l)
ij

])
, i, j = 1, 2, . . . , n, l = 1, 2,

Q̃ ◦ S̃ = p̃ij =

n⋃
k=1

(
p̃
(1)
ik ∩ q̃

(2)
kj

)
=

([
max

k

{
min

{
a
(1)
ik , a

(2)
kj

}}
,max

k

{
min

{
b
(1)
ik , b

(2)
kj

}}]
,[

min
k

{
max

{
c
(1)
ik , c

(2)
kj

}}
,min

k

{
max

{
d
(1)
ik , d

(2)
kj

}}])

H∗(P̃ , Q̃ ◦ S̃) =
n∑

j=1

n∑
i=1

(∣∣∣aij − aij
(1)

∣∣∣+ ∣∣∣bij − bij
(1)

∣∣∣
+
∣∣∣cij − cij

(1)
∣∣∣+ ∣∣∣dij − dij

(1)
∣∣∣)

H∗(P̃ , Q̃) =

n∑
j=1

n∑
i=1

(
|aij − aij

′|+
∣∣bij − bij

′∣∣
+ |cij − cij

′|+
∣∣dij − dij

′∣∣)
H∗(P̃ , S̃) =

n∑
j=1

n∑
i=1

(
|aij − aij

′′|+
∣∣bij − bij

′′∣∣
+ |cij − cij

′′|+
∣∣dij − dij

′′∣∣)
Hence, H∗(P̃ , Q̃ ◦ S̃) ≤ H∗(P̃ , Q̃) ∨H∗(P̃ , S̃) is obtained.

□

Theorem 3.3. Let P̃ , Q̃, S̃ be IVIFMs, then:

(1) Ö(P̃ ◦ Q̃, S̃) ≤ Ö(P̃ , S̃) ∨ Ö(Q̃, S̃),
(2) Ö∗(P̃ ◦ Q̃, S̃) ≤ Ö∗(P̃ , S̃) ∨ Ö∗(Q̃, S̃),
(3) Ö(P̃ , Q̃ ◦ S̃) ≤ Ö(P̃ , Q̃) ∨ Ö(P̃ , S̃),
(4) Ö∗(P̃ , Q̃ ◦ S̃) ≤ Ö∗(P̃ , Q̃) ∨ Ö∗(P̃ , S̃).

Proof.

P̃ = ([aij , bij ] , [cij , dij ]) ,

Q̃ = ([a′ij , b
′
ij ] , [c

′
ij , d

′
ij ]) ,

S̃ = ([a′′ij , b
′′
ij ] , [c

′′
ij , d

′′
ij ]) ,

P̃l =
(
P̃

(l)
ij

)
n×n

, P̃ (l)
ij =

([
a
(l)
ij , b

(l)
ij

]
,
[
c
(l)
ij , d

(l)
ij

])
and p̃ij = ([aij , bij ] , [cij , dij ]),

Q̃l =
(
Q̃

(l)
ij

)
n×n

, Q̃(l)
ij =

([
a
(l)
ij , b

(l)
ij

]
,
[
c
(l)
ij , d

(l)
ij

])
and q̃ij = ([aij , bij ] , [cij , dij ]),

S̃l =
(
S̃
(l)
ij

)
n×n

, S̃(l)
ij =

([
a
(l)
ij , b

(l)
ij

]
,
[
c
(l)
ij , d

(l)
ij

])
and s̃ij = ([aij , bij ] , [cij , dij ]),
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where
[
a
(l)
ij , b

(l)
ij

]
⊆ [0, 1],

[
c
(l)
ij , d

(l)
ij

]
⊆ [0, 1], b(l)ij + d

(l)
ij ≤ 1 for i, j = 1, 2, . . . , n

and l = 1, 2,

[aij , bij ] =

[
max

k

{
min

{
a
(1)
ik , a

(2)
kj

}}
,max

k

{
min

{
b
(1)
ik , b

(2)
kj

}}]
⊆ [0, 1],

[cij , dij ] =

[
min
k

{
max

{
c
(1)
ik , c

(2)
kj

}}
,min

k

{
max

{
d
(1)
ik , d

(2)
kj

}}]
⊆ [0, 1].

(1) For p̃
(l)
ij =

([
a
(l)
ij , b

(l)
ij

]
,
[
c
(l)
ij , d

(l)
ij

])
, i, j = 1, 2, . . . , n, l = 1, 2,

P̃ ◦ Q̃ = p̃ij =

n⋃
k=1

(
p̃
(1)
ik ∩ q̃

(2)
kj

)
=

([
max

k

{
min

{
a
(1)
ik , a

(2)
kj

}}
,max

k

{
min

{
b
(1)
ik , b

(2)
kj

}}]
,[

min
k

{
max

{
c
(1)
ik , c

(2)
kj

}}
,min

k

{
max

{
d
(1)
ik , d

(2)
kj

}}])

Ö(P̃ ◦ Q̃, S̃) =
( n∑
j=1

n∑
i=1

((
aij

(1) − aij
′′
)2

+
(
bij

(1) − bij
′′
)2

+
(
cij

(1) − cij
(2)

)2

+
(
dij

(1) − dij
′′
)2) 1

2
)

Ö(P̃ , S̃) =
( n∑
j=1

n∑
i=1

(
(aij − aij

′′)
2
+

(
bij − bij

′′)2
+ (cij − cij

′′)
2
+

(
dij − dij

′′)2) 1
2
)

Ö(Q̃, S̃) =
( n∑
j=1

n∑
i=1

(
(aij

′ − aij
′′)

2
+

(
bij

′ − bij
′′)2

+ (cij
′ − cij

′′)
2
+

(
dij

′ − dij
′′)2) 1

2
)

Hence, Ö(P̃ ◦ Q̃, S̃) ≤ Ö(P̃ , S̃) ∨ Ö(Q̃, S̃) is obtained.
(2) For p̃

(l)
ij =

([
a
(l)
ij , b

(l)
ij

]
,
[
c
(l)
ij , d

(l)
ij

])
, i, j = 1, 2, . . . , n, l = 1, 2,

P̃ ◦ Q̃ = p̃ij =

n⋃
k=1

(
p̃
(1)
ik ∩ q̃

(2)
kj

)
=

([
max

k

{
min

{
a
(1)
ik , a

(2)
kj

}}
,max

k

{
min

{
b
(1)
ik , b

(2)
kj

}}]
,[

min
k

{
max

{
c
(1)
ik , c

(2)
kj

}}
,min

k

{
max

{
d
(1)
ik , d

(2)
kj

}}])
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Ö∗(P̃ ◦ Q̃, S̃) =
( n∑
j=1

n∑
i=1

((
aij

(1) − aij
′′
)2

+
(
bij

(1) − bij
′′
)2

+
(
cij

(1) − cij
(2)

)2

+
(
dij

(1) − dij
′′
)2) 1

2
)

Ö∗(P̃ , S̃) =
( n∑
j=1

n∑
i=1

(
(aij − aij

′′)
2
+

(
bij − bij

′′)2
+ (cij − cij

′′)
2
+

(
dij − dij

′′)2) 1
2
)

Ö∗(Q̃, S̃) =
( n∑
j=1

n∑
i=1

(
(aij

′ − aij
′′)

2
+

(
bij

′ − bij
′′)2

+ (cij
′ − cij

′′)
2
+

(
dij

′ − dij
′′)2) 1

2
)

Hence, Ö∗(P̃ ◦ Q̃, S̃) ≤ Ö∗(P̃ , S̃) ∨ Ö∗(Q̃, S̃) is obtained.
(3) For p̃

(l)
ij =

([
a
(l)
ij , b

(l)
ij

]
,
[
c
(l)
ij , d

(l)
ij

])
, i, j = 1, 2, . . . , n, l = 1, 2,

Q̃ ◦ S̃ = p̃ij =

n⋃
k=1

(
p̃
(1)
ik ∩ q̃

(2)
kj

)
=

([
max

k

{
min

{
a
(1)
ik , a

(2)
kj

}}
,max

k

{
min

{
b
(1)
ik , b

(2)
kj

}}]
,[

min
k

{
max

{
c
(1)
ik , c

(2)
kj

}}
,min

k

{
max

{
d
(1)
ik , d

(2)
kj

}}])

Ö(P̃ , Q̃ ◦ S̃) =
( n∑
j=1

n∑
i=1

((
aij − aij

(1)
)2

+
(
bij − bij

(1)
)2

+
(
cij − cij

(1)
)2

+
(
dij − dij

(1)
)2) 1

2
)

Ö(P̃ , Q̃) =
( n∑
j=1

n∑
i=1

(
(aij − aij

′)
2
+

(
bij − bij

′)2
+ (cij − cij

′)
2
+

(
dij − dij

′)2) 1
2
)

Ö(P̃ , S̃) =
( n∑
j=1

n∑
i=1

(
(aij

′ − aij
′′)

2
+

(
bij

′ − bij
′′)2

+ (cij
′ − cij

′′)
2
+

(
dij

′ − dij
′′)2) 1

2
)

Hence, Ö(P̃ , Q̃ ◦ S̃) ≤ Ö(P̃ , Q̃) ∨ Ö(P̃ , S̃) is obtained.
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(4) For p̃
(l)
ij =

([
a
(l)
ij , b

(l)
ij

]
,
[
c
(l)
ij , d

(l)
ij

])
, i, j = 1, 2, . . . , n, l = 1, 2,

Q̃ ◦ S̃ = p̃ij =

n⋃
k=1

(
p̃
(1)
ik ∩ q̃

(2)
kj

)
=

([
max

k

{
min

{
a
(1)
ik , a

(2)
kj

}}
,max

k

{
min

{
b
(1)
ik , b

(2)
kj

}}]
,[

min
k

{
max

{
c
(1)
ik , c

(2)
kj

}}
,min

k

{
max

{
d
(1)
ik , d

(2)
kj

}}])

Ö∗(P̃ , Q̃ ◦ S̃) =
( n∑
j=1

n∑
i=1

((
aij − aij

(1)
)2

+
(
bij − bij

(1)
)2

+
(
cij − cij

(1)
)2

+
(
dij − dij

(1)
)2) 1

2
)

Ö∗(P̃ , Q̃) =
( n∑
j=1

n∑
i=1

(
(aij − aij

′)
2
+

(
bij − bij

′)2
+ (cij − cij

′)
2
+

(
dij − dij

′)2) 1
2
)

Ö∗(P̃ , S̃) =
( n∑
j=1

n∑
i=1

(
(aij

′ − aij
′′)

2
+

(
bij

′ − bij
′′)2

+ (cij
′ − cij

′′)
2
+

(
dij

′ − dij
′′)2) 1

2
)

Hence, Ö∗(P̃ , Q̃ ◦ S̃) ≤ Ö∗(P̃ , Q̃) ∨ Ö∗(P̃ , S̃) is obtained.
□

Theorem 3.4. Let P̃ be an IVIFM and t, h ∈ N∗, then:
(1) H(p̃h, p̃t) = 0,
(2) H∗(p̃h, p̃t) = 0,
(3) Ö(p̃h, p̃t) = 0,
(4) Ö∗(p̃h, p̃t) = 0.

Proof. (1) For h = 1, t = 1, H(P̃ , P̃ ) = 0.
For h = 2, t = 1, H(P̃ 2 ◦ P̃ , P̃ ) = H(P̃ , P̃ ) ∧H(P̃ , P̃ ) = 0.
For h = n, t = 1, H(P̃n, P̃ ) = 0 holds. At the same time,
For h = 1, t = 2, H(P̃ , P̃ 2 ◦ P̃ ) = H(P̃ , P̃ ) ∧H(P̃ , P̃ ) = 0.
For h = 1, t = n, H(P̃ , P̃n) = 0.
From here H(p̃h, p̃t) = 0 is obtained.
The proof for (2), (3) and (4) is clearly seen. □

4. Scalar Multiplication with Interval-Valued Intuitionistic Fuzzy
Matrix

Definition 4.1. For λi, µi ∈ [0, 1], 1 ≤ i ≤ 2 and (λ, µ) = ([λ1, λ2], [µ1, µ2]),

(λ, µ) ((a, b)) =

{
(λ, µ), (λ, µ) = (a, b),

0, otherwise,
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where (λ, µ) is an interval-valued scalar, the scalar multiplication with an interval-
valued matrix Ã is defined as follows:

(λ, µ) ◦ Ã =

(λ, µ) 0 0
0 (λ, µ) 0
0 0 (λ, µ)

 ◦A.

Theorem 4.1. Let A be an IVIFSM and let X and Y be interval-valued scalars.
Then,

X ◦ (Y ◦A) = (X ◦ Y ) ◦A.

Proof. Taking into consideration the associativity and distributivity properties of
the minimum and maximum operations over each other, the proof can be easily
constructed. □

Example 4.1. Let

X = ([0.1, 0.4], [0.3, 0.5]), Y = ([0.2, 0.3], [0.2, 0.7]),

A =

([0.3, 0.5], [0.1, 0.2]) ([0.1, 0.6], [0.3, 0.3]) ([0.1, 0.6], [0.2, 0.3])
([0.4, 0.6], [0.3, 0.4]) ([0.3, 0.5], [0.2, 0.4]) ([0.4, 0.6], [0.1, 0.2])
([0.1, 0.6], [0.2, 0.3]) ([0.3, 0.4], [0.3, 0.4]) ([0.4, 0.6], [0, 0.1])


X ◦ Y =

([0.1, 0.3], [0.2, 0.5]) ([0, 0], [0, 0]) ([0, 0], [0, 0])
([0, 0], [0, 0]) ([0.1, 0.3], [0.2, 0.5]) ([0, 0], [0, 0])
([0, 0], [0, 0]) ([0, 0], [0, 0]) ([0.1, 0.3], [0.2, 0.5])


Y ◦A =

([0.2, 0.3], [0.1, 0.2]) ([0.1, 0.3], [0.2, 0.3]) ([0.1, 0.3], [0.2, 0.3])
([0.2, 0.3], [0.2, 0.4]) ([0.2, 0.3], [0.2, 0.4]) ([0.2, 0.3], [0.1, 0.2])
([0.1, 0.3], [0.2, 0.3]) ([0.2, 0.3], [0.2, 0.4]) ([0.2, 0.3], [0, 0.1])


X ◦ (Y ◦A) =

([0.1, 0.3], [0.1, 0.2]) ([0.1, 0.3], [0.2, 0.3]) ([0.1, 0.3], [0.2, 0.3])
([0.1, 0.3], [0.2, 0.4]) ([0.1, 0.3], [0.2, 0.4]) ([0.1, 0.3], [0.1, 0.2])
([0.1, 0.3], [0.2, 0.3]) ([0.1, 0.3], [0.2, 0.4]) ([0.1, 0.3], [0, 0.1])


(X ◦ Y ) ◦A =

([0.1, 0.3], [0.1, 0.2]) ([0.1, 0.3], [0.2, 0.3]) ([0.1, 0.3], [0.2, 0.3])
([0.1, 0.3], [0.2, 0.4]) ([0.1, 0.3], [0.2, 0.4]) ([0.1, 0.3], [0.1, 0.2])
([0.1, 0.3], [0.2, 0.3]) ([0.1, 0.3], [0.2, 0.4]) ([0.1, 0.3], [0, 0.1])


Thus, the equality X ◦ (Y ◦A) = (X ◦ Y ) ◦A is satisfied.

Theorem 4.2. Let A and B be IVIFSMs. For a scalar (λ, µ), ((λ, µ) ◦A) ◦ B =
(λ, µ) ◦ (A ◦B) holds.

Proof. Let A = ([aij , bij ] , [cij , dij ]) and B = ([mij , nij ] , [pij , rij ]) be IVIFSMs. For
∀ 1 ≤ i, j ≤ n and scalar (λ, µ) = ([λ1, λ2], [µ1, µ2]),

(λ, µ) ◦A =

([
max

k

{
min

{
λ
(1)
ik , akj

}}
,max

k

{
min

{
λ
(2)
ik , bkj

}}]
,[

min
k

{
max

{
λ
(1)
ik , ckj

}}
,min

k

{
max

{
λ
(2)
ik , dkj

}}])
((λ, µ) ◦A) ◦B =

([
max

k

{
min

{
λ
(1)
ik ,mkj

}}
,max

k

{
min

{
λ
(2)
ik , nkj

}}]
,[

min
k

{
max

{
λ
(1)
ik , pkj

}}
,min

k

{
max

{
λ
(2)
ik , rkj

}}])
= (λ, µ) ◦ (A ◦B).

Thus the equality ((λ, µ) ◦A) ◦B = (λ, µ) ◦ (A ◦B) is obtained. □
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Example 4.2. Let (λ, µ) = ([0.5, 0.6], [0.1, 0.3]),

A =

([0.1, 0.2], [0.1, 0.5]) ([0.5, 0.6], [0.1, 0.3]) ([0.2, 0.7], [0.1, 0.2])
([0.3, 0.6], [0.2, 0.4]) ([0.2, 0.5], [0.5, 0.5]) ([0.1, 0.5], [0.3, 0.5])
([0.7, 0.9], [0.1, 0.1]) ([0.6, 0.8], [0.1, 0.2]) ([0.7, 0.9], [0.1, 0.1])



B =

 ([0.2, 0.3], [0, 0.3]) ([0.1, 0.4], [0, 0.2]) ([0.1, 0.5], [0, 0.1])
([0.4, 0.7], [0.1, 0.3]) ([0, 0.3], [0.2, 0.4]) ([0, 0.4], [0.2, 0.4])
([0.1, 0.8], [0, 0]) ([0.5, 0.6], [0, 0.1]) ([0.6, 0.7], [0, 0])


The matrix (λ, µ) ◦A is([0.1, 0.2], [0.1, 0.3]) ([0.5, 0.6], [0.1, 0.3]) ([0.2, 0.6], [0.1, 0.2])

([0.3, 0.6], [0.1, 0.3]) ([0.2, 0.5], [0.1, 0.3]) ([0.1, 0.5], [0.1, 0.3])
([0.5, 0.6], [0.1, 0.1]) ([0.5, 0.6], [0.1, 0.2]) ([0.5, 0.6], [0.1, 0.1])


the matrix ((λ, µ) ◦A) ◦B is([0.2, 0.3], [0.1, 0.2]) ([0.1, 0.3], [0.2, 0.3]) ([0.1, 0.3], [0.2, 0.3])

([0.2, 0.3], [0.2, 0.4]) ([0.2, 0.3], [0.2, 0.4]) ([0.2, 0.3], [0.1, 0.2])
([0.1, 0.3], [0.2, 0.3]) ([0.2, 0.3], [0.2, 0.4]) ([0.2, 0.3], [0, 0.1])


and the matrix (λ, µ) ◦ (A ◦B) is([0.2, 0.3], [0.1, 0.2]) ([0.1, 0.3], [0.2, 0.3]) ([0.1, 0.3], [0.2, 0.3])

([0.2, 0.3], [0.2, 0.4]) ([0.2, 0.3], [0.2, 0.4]) ([0.2, 0.3], [0.1, 0.2])
([0.1, 0.3], [0.2, 0.3]) ([0.2, 0.3], [0.2, 0.4]) ([0.2, 0.3], [0, 0.1])


Hence ((λ, µ) ◦A) ◦B = (λ, µ) ◦ (A ◦B) holds.

Theorem 4.3. Let A be an IVIFSM and let (λ, µ) = ([λ1, λ2], [µ1, µ2]) and
(λ′, µ′) = ([λ′

1, λ
′
2], [µ

′
1, µ

′
2]) be scalars. If (λ, µ) ≤ (λ′, µ′) then (λ, µ)◦A ≤ (λ′, µ′)◦A

holds.

Proof. Let A = ([aij , bij ] , [cij , dij ]) be an IVIFSM. For ∀ 1 ≤ i, j ≤ n and scalar
(λ, µ) where λi ≤ λ′

i and µi ≤ µ′
i. Since λ

(1)
ik ≤ λ

(1)′
ik , λ(2)

ik ≤ λ
(2)′
ik and µ

(1)
ik ≥ µ

(1)′
ik ,

µ
(2)
ik ≥ µ

(2)′
ik ,

(λ, µ) ◦A =

([
max

k

{
min

{
λ
(1)
ik , akj

}}
,max

k

{
min

{
λ
(2)
ik , bkj

}}]
,[

min
k

{
max

{
µ
(1)
ik , ckj

}}
,min

k

{
max

{
µ
(2)
ik , dkj

}}])
≤

([
max

k

{
min

{
λ
(1)′
ik , akj

}}
,max

k

{
min

{
λ
(2)′
ik , bkj

}}]
,[

min
k

{
max

{
µ
(1)′
ik , ckj

}}
,min

k

{
max

{
µ
(2)′
ik , dkj

}}])
= (λ′, µ′) ◦A

is obtained. □

Example 4.3. Let

(λ, µ) = ([0.5, 0.6], [0.1, 0.3]), (λ′, µ′) = ([0.1, 0.4], [0, 0.2]),

A =

([0.1, 0.2], [0.1, 0.5]) ([0.5, 0.6], [0.1, 0.3]) ([0.2, 0.7], [0.1, 0.2])
([0.3, 0.6], [0.2, 0.4]) ([0.2, 0.5], [0.5, 0.5]) ([0.1, 0.5], [0.3, 0.5])
([0.7, 0.9], [0.1, 0.1]) ([0.6, 0.8], [0.1, 0.2]) ([0.7, 0.9], [0.1, 0.1])


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The matrix (λ, µ) ◦A is([0.1, 0.2], [0.1, 0.3]) ([0.5, 0.6], [0.1, 0.3]) ([0.2, 0.6], [0.1, 0.2])
([0.3, 0.6], [0.1, 0.3]) ([0.2, 0.5], [0.1, 0.3]) ([0.1, 0.5], [0.1, 0.3])
([0.5, 0.6], [0.1, 0.1]) ([0.5, 0.6], [0.1, 0.2]) ([0.5, 0.6], [0.1, 0.1])


and the matrix (λ′, µ′) ◦A is([0.1, 0.2], [0, 0.2]) ([0.1, 0.4], [0, 0.2]) ([0.1, 0.4], [0, 0.2])

([0.1, 0.4], [0, 0.2]) ([0.1, 0.4], [0, 0.2]) ([0.1, 0.4], [0, 0.2])
([0.1, 0.4], [0, 0.1]) ([0.1, 0.4], [0, 0.2]) ([0.1, 0.4], [0, 0.1])


Hence (λ, µ) ◦A ≤ (λ′, µ′) ◦A holds.

Theorem 4.4. Let A and B be IVIFSMs. For a scalar (λ, µ) = ([λ1, λ2], [µ1, µ2])
and A ≤ B, (λ, µ) ◦A ≤ (λ, µ) ◦B holds.

Proof. Let A = ([aij , bij ] , [cij , dij ]) and B = ([mij , nij ] , [pij , rij ]) be IVIFSMs. For
∀ 1 ≤ i, j ≤ n and scalar (λ, µ) = ([λ1, λ2], [µ1, µ2]),

(λ, µ) ◦A =

([
max

k

{
min

{
λ
(1)
ik , akj

}}
,max

k

{
min

{
λ
(2)
ik , bkj

}}]
,[

min
k

{
max

{
µ
(1)
ik , ckj

}}
,min

k

{
max

{
µ
(2)
ik , dkj

}}])
≤

([
max

k

{
min

{
λ
(1)
ik ,mkj

}}
,max

k

{
min

{
λ
(2)
ik , nkj

}}]
,[

min
k

{
max

{
µ
(1)
ik , pkj

}}
,min

k

{
max

{
µ
(2)
ik , rkj

}}])
= (λ, µ) ◦B

Consequently the inequality (λ, µ) ◦A ≤ (λ, µ) ◦B is derived. □

Example 4.4. Let (λ, µ) = ([0.5, 0.6], [0.1, 0.3]),

A =

([0.1, 0.2], [0.1, 0.5]) ([0.5, 0.6], [0.1, 0.3]) ([0.2, 0.7], [0.1, 0.2])
([0.3, 0.6], [0.2, 0.4]) ([0.2, 0.5], [0.5, 0.5]) ([0.1, 0.5], [0.3, 0.5])
([0.7, 0.9], [0.1, 0.1]) ([0.6, 0.8], [0.1, 0.2]) ([0.7, 0.9], [0.1, 0.1])



B =

 ([0.2, 0.3], [0, 0.3]) ([0.1, 0.4], [0, 0.2]) ([0.1, 0.5], [0, 0.1])
([0.4, 0.7], [0.1, 0.3]) ([0, 0.3], [0.2, 0.4]) ([0, 0.4], [0.2, 0.4])
([0.1, 0.8], [0, 0]) ([0.5, 0.6], [0, 0.1]) ([0.6, 0.7], [0, 0])


The matrix (λ, µ) ◦A is([0.1, 0.2], [0.1, 0.3]) ([0.5, 0.6], [0.1, 0.3]) ([0.2, 0.6], [0.1, 0.2])

([0.3, 0.6], [0.1, 0.3]) ([0.2, 0.5], [0.1, 0.3]) ([0.1, 0.5], [0.1, 0.3])
([0.5, 0.6], [0.1, 0.1]) ([0.5, 0.6], [0.1, 0.2]) ([0.5, 0.6], [0.1, 0.1])


and the matrix (λ, µ) ◦B is([0.1, 0.2], [0.1, 0.3]) ([0.5, 0.6], [0.1, 0.3]) ([0.2, 0.6], [0.1, 0.2])

([0.3, 0.6], [0.1, 0.3]) ([0.2, 0.5], [0.1, 0.3]) ([0.1, 0.5], [0.1, 0.3])
([0.5, 0.6], [0.1, 0.1]) ([0.5, 0.6], [0.1, 0.2]) ([0.5, 0.6], [0.1, 0.1])


This yields (λ, µ) ◦A ≤ (λ, µ) ◦B.

Theorem 4.5. Let A be an IVIFSM and (λ, µ), (α, β) be scalars. Then,
((λ, µ) ◦ (α, β)) ◦A = (λ, µ) ◦ ((α, β) ◦A) is satisfied.
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Proof. Let A = ([aij , bij ] , [cij , dij ]) be an IVIFSM. For ∀ 1 ≤ i, j ≤ n and scalars
(λ, µ) = ([λ1, λ2], [µ1, µ2]), (α, β) = ([α1, α2], [β1, β2]),

(λ, µ) ◦ (α, β) =
([

max
k

{
min

{
λ
(1)
ik , αkj

}}
,max

k

{
min

{
λ
(2)
ik , αkj

}}]
,[

min
k

{
max

{
µ
(1)
ik , βkj

}}
,min

k

{
max

{
µ
(2)
ik , βkj

}}])
is found. From this

((λ, µ) ◦ (α, β)) ◦A =

[
max

k

{
min

{(
max

k

{
min

{
λ
(1)
ik , αkj

}})
, aik

}}
,{

min
k

{(
max

k

{
min

{
λ
(2)
ik , αkj

}})
, bik

}}]
,[

min
k

{
max

{(
min
k

{
max

{
µ
(1)
ik , βkj

}})
, cik

}}
,

min
k

{
max

{(
min
k

{
max

{
µ
(1)
ik , βkj

}})
, dik

}}]
is established. □

Theorem 4.6. Let A be an IVIFSM and (λ, µ), (α, β) be scalars. Then

H (((λ, µ) ◦ (α, β)) ◦A, (λ, µ) ◦ ((α, β) ◦A)) = H ((λ, µ), (λ, µ))∧H ((λ, µ), (α, β))

∧H ((λ, µ), A) ∧H ((α, β), (λ, µ)) ∧H ((α, β), (α, β)) ∧H ((α, β), A)

∧H (A, (λ, µ)) ∧H (A, (α, β)) ∧H(A,A)

holds true.

Proof. The proof follows straightforwardly from Theorem 4.5 and the properties of
the Hamming distance measure. □

Theorem 4.7. Let A be an IVIFSM and (λ, µ) be a scalar. Then

Ö (((λ, µ) ◦ µ) ◦A, (λ, µ) ◦ (µ ◦A)) = Ö ((λ, µ), (λ, µ)) ∧ Ö ((λ, µ), µ)

∧ Ö ((λ, µ), A) ∧ Ö (µ, (λ, µ)) ∧ Ö(µ, µ) ∧ Ö(µ,A)

∧ Ö (A, (λ, µ)) ∧ Ö(A,µ) ∧ Ö(A,A)

is valid.

Proof. The proof is directly observed from Theorem 4.5 and the properties of the
Euclidean distance measure. □

Theorem 4.8. Let A and B be IVIFSMs and let (λ, µ) be a scalar. Then
H ((λ, µ) ◦A,B) = H ((λ, µ), B) ∧H(A,B) is derived.

Proof. Let A = ([aij , bij ] , [cij , dij ]) and B = ([mij , nij ] , [pij , rij ]) be IVIFSMs. For
∀ 1 ≤ i, j ≤ n and scalar (λ, µ) = ([λ1, λ2], [µ1, µ2]),

(λ, µ) ◦A =

([
max

k

{
min

{
λ
(1)
ik , akj

}}
,max

k

{
min

{
λ
(2)
ik , bkj

}}]
,[

min
k

{
max

{
µ
(1)
ik , ckj

}}
,min

k

{
max

{
µ
(2)
ik , dkj

}}])
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is formulated. Consequently, by the definition of the Hamming distance measure,
H ((λ, µ) ◦A,B) = H ((λ, µ), B) ∧H(A,B) is obtained. □

Theorem 4.9. Let A and B be IVIFSMs and let (λ, µ) be a scalar. Then
Ö ((λ, µ) ◦A,B) = Ö ((λ, µ), B) ∧ Ö(A,B) is established.

Proof. Let A = ([aij , bij ] , [cij , dij ]) and B = ([mij , nij ] , [pij , rij ]) be IVIFSMs. For
∀ 1 ≤ i, j ≤ n and scalar (λ, µ) = ([λ1, λ2], [µ1, µ2]),

(λ, µ) ◦A =

([
max

k

{
min

{
λ
(1)
ik , akj

}}
,max

k

{
min

{
λ
(2)
ik , bkj

}}]
,[

min
k

{
max

{
µ
(1)
ik , ckj

}}
,min

k

{
max

{
µ
(2)
ik , dkj

}}])
is formulated. By the properties of the Euclidean distance measure,
Ö ((λ, µ) ◦A,B) = Ö ((λ, µ), B) ∧ Ö(A,B) is derived. □

Corollary 4.1. Let A and B be IVIFSMs. The relation H(A◦B) = H(A)∧H(B)
holds true.

Proof. Taking the scalar (λ, µ) = ([1, 1], [0, 0]) in Theorem 4.8, the proof is readily
observed. □

Corollary 4.2. Let A and B be IVIFSMs. The equality Ö(A ◦B) = Ö(A)∧ Ö(B)
is satisfied.

Proof. Setting the scalar (λ, µ) = ([1, 1], [0, 0]) in Theorem 4.8, the assertion follows
directly. □

Theorem 4.10. Let A and B be IVIFSMs and let (λ, µ) be a scalar. Then (λ, µ) ◦
(A ◦B) = ((λ, µ) ◦A) ◦ ((λ, µ) ◦B) is valid.

Proof. Let A = ([aij , bij ] , [cij , dij ]) and B = ([mij , nij ] , [pij , rij ]) be IVIFSMs. For
∀ 1 ≤ i, j ≤ n and scalar (λ, µ) = ([λ1, λ2], [µ1, µ2]), then

(λ, µ) ◦A =

([
max

k

{
min

{
λ
(1)
ik , akj

}}
,max

k

{
min

{
λ
(2)
ik , bkj

}}]
,[

min
k

{
max

{
µ
(1)
ik , ckj

}}
,min

k

{
max

{
µ
(2)
ik , dkj

}}])
(λ, µ) ◦B =

([
max

k

{
min

{
λ
(1)
ik ,mkj

}}
,max

k

{
min

{
λ
(2)
ik , nkj

}}]
,[

min
k

{
max

{
µ
(1)
ik , pkj

}}
,min

k

{
max

{
µ
(2)
ik , rkj

}}])
(λ, µ) ◦ (A ◦B) =([

max
k

{
min

{
λ
(1)
ik , akj

}}
,max

k

{
min

{
λ
(2)
ik , bkj

}}]
,[

min
k

{
max

{
µ
(1)
ik , ckj

}}
,min

k

{
max

{
µ
(2)
ik , dkj

}}])
= ((λ, µ) ◦A) ◦ ((λ, µ) ◦B)

is obtained. □
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Theorem 4.11. Let A, B and C be IVIFSMs. The identity H (A ◦ (B ◦ C)) =
H ((A ◦B) ◦ C) is confirmed.

Proof. Let

A = ([aij , bij ] , [cij , dij ]) , B = ([mij , nij ] , [pij , rij ]) and C = ([sij , tij ] , [yij , zij ])

be IVIFSMs. For ∀ 1 ≤ i, j ≤ n,

B ◦ C =

([
max

k

{
min

{
m

(1)
ik , s

(2)
kj

}}
,max

k

{
min

{
n
(1)
ik , t

(2)
kj

}}]
,[

min
k

{
max

{
p
(1)
ik , y

(2)
kj

}}
,min

k

{
max

{
r
(1)
ik , z

(2)
kj

}}])
A ◦B =

([
max

k

{
min

{
a
(1)
ik ,m

(2)
kj

}}
,max

k

{
min

{
b
(1)
ik , n

(2)
kj

}}]
,[

min
k

{
max

{
c
(1)
ik , p

(2)
kj

}}
,min

k

{
max

{
d
(1)
ik , r

(2)
kj

}}])
A ◦ (B ◦ C) =

[
max

k

{
min

{
aik,

(
max

k

{
min

{
m

(1)
ik , s

(2)
kj

}})}}
,

max
k

{
min

{
bik,

(
max

k

{
min

{
n
(1)
ik , t

(2)
kj

}})}}]
,[

min
k

{
max

{
cik,

(
min
k

{
max

{
p
(1)
ik , y

(2)
kj

}})}}
,

min
k

{
max

{
dik,

(
min
k

{
max

{
r
(1)
ik , z

(2)
kj

}})}}]
(A ◦B) ◦ C =

[
max

k

{
min

{(
max

k

{
min

{
a
(1)
ik ,m

(2)
kj

}})
, sik

}}
,

max
k

{
min

{(
max

k

{
min

{
b
(1)
ik , n

(2)
kj

}})
, tik

}}]
,[

min
k

{
max

{(
min
k

{
max

{
c
(1)
ik , p

(2)
kj

}})
, yik

}}
,

min
k

{
max

{(
min
k

{
max

{
d
(1)
ik , r

(2)
kj

}})
, zik

}}]
Consequently, H (A ◦ (B ◦ C)) = H ((A ◦B) ◦ C) is obtained. □

Corollary 4.3. Let A, B and C be IVIFSMs. The relation

H (A ◦ (B ◦ C), (A ◦B) ◦ C) = H(A,A) ∧H(A,B) ∧H(A,C) ∧H(B,A)

∧H(B,B) ∧H(B,C) ∧H(C,A) ∧H(C,B) ∧H(C,C)

is established.

Corollary 4.4. Let A, B and C be IVIFSMs. The identity

Ö (A ◦ (B ◦ C), (A ◦B) ◦ C) = Ö(A,A) ∧ Ö(A,B) ∧ Ö(A,C) ∧ Ö(B,A)

∧ Ö(B,B) ∧ Ö(B,C) ∧ Ö(C,A) ∧ Ö(C,B) ∧ Ö(C,C)

holds true.
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5. Conclusion

The main contributions of this study are twofold. First, four measures—
Hamming, Generalized Hamming, Euclidean, and Generalized Euclidean—are for-
mulated for interval-valued intuitionistic fuzzy matrices, and their fundamental
properties are established, including invariance under transposition. Second, a
scalar multiplication operation based on interval-valued scalars is introduced, and
its algebraic properties, including associativity and distributive laws, are investi-
gated. The theoretical results are supported by illustrative examples. Overall, this
study extends the algebraic framework of interval-valued intuitionistic fuzzy matri-
ces and provides a foundation for further theoretical developments and applications
in uncertainty modeling and decision-making.
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