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ABSTRACT. In this paper, the Hamming measure, Generalized Hamming mea-
sure, Euclidean measure, and Generalized Euclidean measure are introduced
for Interval-valued intuitionistic fuzzy matrices. Their fundamental properties
are established. Furthermore, a scalar multiplication operation by a scalar
(A, p) is introduced for interval-valued intuitionistic fuzzy matrices and its
algebraic properties, including the distributive laws are established. Several
illustrative examples are presented to demonstrate the validity of the proposed
theoritical results.

1. INTRODUCTION

The concept of fuzzy sets introduced by Zadeh [7] provides a powerful mathe-
matical framework for modeling uncertainty by allowing each element to possess a
degree of membership in the unit interval [0,1]. Since its introduction, fuzzy set
theory has been successfully applied in a wide range of areas, including decision
making, pattern recognition, control systems, image processing and optimization.

To extend the descriptive capability of fuzzy sets, Atanassov [1] introduced in-
tuitionistic fuzzy sets (IFSs) which characterize each element by both membership
and non-membership degrees. Subsequently, Atanassov and Gargov [3| proposed
interval-valued intuitionistic fuzzy sets (IVIF'Ss), where the membership and non-
membership degrees are represented by intervals instead of precise numerical values.
This extension provides a more flexible framework for modeling uncertainty and in-
complete information arising in practical applications.

2. PRELIMINARIES

Definition 2.1 ([1]). Let X be a universal set and let ps : X — [0,1] and vy :
X — [0,1] be the membership and non-membership functions, respectively. Then,

A= {{z,pa(z),vaz)) |z € X}
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is called an intuitionistic fuzzy set (IFS) on X. The family of all intuitionistic fuzzy
sets on X is denoted by IFS(X). Here pua : X — [0,1] is called the degree of
membership of z in A, and v4 : X — [0, 1] is called the degree of non-membership
of  in A. Moreover, 1 4(x) and v4(x) satisfy the following condition:

Vee X, palz)+rvalz) <1

Remark 2.1 ([6]). Let I = [0,1] and let D(I) denote the set of all closed subintervals
of I. Throughout this paper, the elements of D(I) are denoted by capital letters
such as M, N.

For an interval M = [M¥ MY] the values M* and MY are called the lower
and upper endpoints of M, respectively. In particular 0 = [0,0], 1 = [1,1] and
Va € [0,1], a = [a,a].

Definition 2.2 ([3]). Let X be a universal set. Suppose that Ma, Na € D(I)
satisfy MY (z) + NoY(z) < 1. Then,

A={{z,Ma(z),Na(x)) |z € X}

is called an interval-valued intuitionistic fuzzy set (IVIFS) on X. The family of all
interval-valued intuitionistic fuzzy sets on X is denoted by IVIFS(X).

Definition 2.3 (]2]). Let X be a universal set and A, B € IVIFS(X).
(i) A= {<$,NA( ), Ma(z)) | = EX}

[mn{l {MA ) (;U})]} ;
.. _ min MA (z
(il) ANB= [max {NA x)} ’ ,

max { N4 (z) (
< [max {MA (z), Mp
U

MB (.’L‘),:|
C ) Y@) |7},
[NA (x)~NB ()N () NBU( )]>|:ceX

(2. [Ma"() - Mp" (@), Ma" (2) - Mp" (2)]
) 4-5= {Nﬁ(x)wg () Na(s) - N ($)7]>xeX
A" (@) + Np¥(2) = Na¥ () - N3 ()

Definition 2.4 ([6]). Let X = {x1,22,...,2,} be a universal set, 1 3(x;) C [0,1]
and vy(x;) € [0,1], 2; € X such that inffiz(z) = suppiz(z) and infrz(z) =
sup v z(x) with sup fi 7(2;) +supvz(x;) < 1. Then, an interval-valued intuitionistic
fuzzy set A is an IFS defined as:

A= {(wi, fig(@:), vx(2:)) | € X

The following relations and operators are defined for two IVIFSs, A, and As:
(1) Avl gAv2<:>V$€X,

{sup pg (z) <suppig (z) and infruz (v) <infpgz, (ac)}
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and

{sup vz (¥) > supvy (z) and infvy (z) > infrg (q:)} .

(2) Avl = AVQ <~ Avl - AVQ and Avl D) gg.
3)

A N4, = {<x, [min {inf fiz, (x),inf g (m)} , min {Supﬁgl (z),sup iz, (ac)H )
[max {inf vz (z),infvg (CU)} ,max {sup vz (z),suprg, (x)H > ‘ x € X}.
(4)
A UA, = {<a:7 [max {inf fiz, (x),inf g (x)} ,Iax {Supﬁg1 (z),sup iz, (m)H )
[min {inf vz (z),infvg (x)} ,min {sup vz (z),supvg, (:C)H > ’ S X}.

Definition 2.5 ([6]). Let P = (f)f?) (I = 1,2), that is, P, and P», be two
nxn

interval-valued intuitionistic fuzzy matrices. The composition of these matrices is
defined as P = Py o Py = (Pij),,y,,» Where for i, =1,2,...,nand [ = 1,2

Y = ([o 0] [0 42]).
Dij = U (}3{#1) N ?ﬁ?) = <{mkax {min {a%), a,(fj)}} ,mkax {min {bz(.llc), bfj)}}} ,
k=1
{mkin {max {cgi), cgfj) }} , mkin {max {dl(,i), dg) } }} ) .

Theorem 2.1 ([6]). Let Py and Py be two interval-valued intuitionistic fuzzy ma-

trices. Then, the matrix P = Py o Py is also an interval-valued intuitionistic fuzzy
matriz.

Definition 2.6 ([6]). Let P = (Dij),s, be an m x n matrix, where p;; =
([aij, bijl, [cij, dij]) for 4,5 = 1,2,...,n. If the following conditions are satisfied,
P is called an interval-valued intuitionistic fuzzy similarity matrix and is denoted
by IVIFSM.
(1) Reflexivity: p;; = ([1,1],[0,0]), i =1,2,...,n.
(2) Symmetry: ﬁij = 53‘1‘, which implies that [aij, bij] = [aﬂ, bji} and
[Cij, dlj] = [le', dﬂ] fOI‘ Z,j = ].7 2, cee,n.

Theorem 2.2 ([6]). Let P = (Dij), xn e an interval-valued intuitionistic fuzzy

similarity matrixz. Then, the matriz P?=PopP= (EJ is also an interval-
nxn
valued intuitionistic fuzzy similarity matriz.

Definition 2.7 ([6]). Let A be an IVIFS. The pair (B 7,v7) is called an interval-
valued intuitionistic fuzzy number. The family of all interval-valued intuitionistic
fuzzy numbers is denoted by IVIFN. An interval-valued intuitionistic fuzzy number
is of the form & = ([a, b], [¢,d]), where [a,b] C [0,1], [¢,d] C [0,1], b+d < 1.

From the definition, &* = ([1, 1], [0, 0]) is the largest IVIFN. For a = b and ¢ = d,
« is an intuitionistic fuzzy number.
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Definition 2.8 ([6]). Let P = (Pij)xn b€ an n x n matrix. If V1 <id,5 <n, p;;
is an IVIFN and

pij = ([aij, bis]; [eij, dij])
where [a;;,b;;] C [0,1], [cij,di;] € [0,1] and b;; + d;j < 1 for 4,5 = 1,2,...,n,

then P is called an interval-valued intuitionistic fuzzy matrix. The family of all
interval-valued intuitionistic fuzzy matrices is denoted by IVIFM.

Definition 2.9 ([6]). Let P = (Dij), 5, be an n x n interval-valued intuitionistic

fuzzy matrix. The matrix ]3’5 = p;; fori,j =1,2,...,n is called the transpose of
the matrix.

Definition 2.10 ([5]). Let X be a universal set and

A= {{ziualx;),valz;)) |z € X}.
Two types of cardinality for set A are defined as follows:
(1) min )" count(A4) = Y0 ua(w;),
(2) maxy_ count(A) =30 | (ua(z;) + malz;)),
with
AN A = {{z;,min {ua(x;),va(z;)}, max {va(x;),ua(z;) )}
and
A; UAS = {{z,max {ua(x;),va(z;)}, min{va(x;),ua(z;) )} -

Using these two cardinalities, the entropy measure given by Szmidt is as follows:

1 <~ max > count(4; N A$)
Esk(A) = — oy
SK( ) Z maxz COlll’lt(Ai U Af)

[t
Remark 2.2. Here, the minimum cardinality of the element A; N A is denoted as
min count(A; N A¢), and the maximum cardinality of the element A; U A¢ is denoted
as max count(4; U AS).
The entropy measure given by Wang [4] is as follows:

~ 1~ min {ua (@), va(w)} + ma(e:)
Ewr(4) Zmax{vA(xl-),uA(xi)}+7rA(xl-)'

n

The entropy measure given by Huang [5] is as follows:

LN 1 Jua(@) —valwi)] + malw)
Eue(A) =3 13 ua (i) — va(zs)| + ma(zi)’

=1

Theorem 2.3 ([5]). For every IFS A = {{z,ua(x),va(x)) |z € X}, Esx(4) =
EWL(A) = EHL(A) hOldS.

Definition 2.11 ([5]). Let X be a universal set, z; € X and E : IVIFS(X) — [0, 1].
E(A) is called the entropy measure of an IVIFS A if the following conditions are
satisfied:

(E1) E(A) =0 < Ais a crisp set.

(E2) E(A) =1 [uy(z:), ul(z)] = [vy(z:), v} ()], @ € X.

(E3) E(A) = E(A°).
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(E4) E(A) < E(B) < Under the conditions uj(7;) < vg(7;) and uf(z;) <
v () for z; € X, if A C B, then E(A) C E(B)
or
E(A) < E(B) < Under the conditions ug(z;) > vp(z;) and uf(z;) >
v} (x;) for z; € X, if A C B, then E(A) C E(B).

Remark 2.3 ([5]). The conditions in (E4) may not hold for every IVIFS.

Definition 2.12 ([5]). Let X be a universal set, z; € X, A € IVIFS(X) and
E : IVIFS(X) — [0, 1]. For

min {u} (z;), v (z;)} + min {wf (z;), v} (@)} + 75 (@) + 75 (27)
A) = =
BA) Z max {uy (2;), vy (z;) } + max {u} (z;),v} (2;)} + 75 (2;) + 74 (25)

:7227|UA i) 'UA(%| [ (i) — v ()| + 75 () + 75 (22)
2+|uA x;) — vy (a; |—|—|uA x;) — vz i)|+7r2(xi)+7rg(xi)

the value is called the entropy measure of set A.

Definition 2.13 ([8]). Let X be a universal set, z; € X and E : IVIFS(X) — [0,1].
E(A) is called the entropy measure of an IVIFS A if the following conditions are
satisfied:

(ZPy) If A is a crisp set, then F(A) = 0.

(ZPy) It Ma(x;) = Na(z;) for Vo; € X, then E(A) =

(Z P3) 1If the fuzzy value of set A is smaller than that of set B, then F

(4)
For Mp(z;) < Np(z;); MA(xl) < Mp(x;), Na(z;) > Np(z;),
For Mp(z;) > Np(x;); Ma(x;) > Mp(x;), Na(z;) < Np(x;),
For Mp(z;) = Np(z:); A(xl) = Mp(z;), Na(xi) = Np(zi),
For My () = Np(r:); Malrs) = Mp(eo), Na(eo) < ()

Ti) = NB Z;); A T
(ZFy) E(A) = E(A°).

Definition 2.14 ([8]). Let X be a universal set, z; € X and d : IVIFS(X) x
IVIFS(X) — [0,1]. d(A) is called the length measure of an IVIFS A if the following
conditions are satisfied:

(1) Ais a crisp set < d(A4,A’) =1, where A’ denotes the complement of A.
(2) d(A,B) =0 A=B.

(3) d(A. B) = d(B, A).

(4) IfA C B C C then d(A,C) > d(A,B) and d(A,C) > S(B,C).

Definition 2.15 ([8]). Let X be a universal set, z; € X and E : IVIFS(X) — [0, 1].

E(A) is called the entropy measure of an IVIFS A if the following conditions are

satisfied:

(EPy) E(A) =0 for VA € P(X).

(EPy) ForVz; € X, if A= ([3,3],[3,3]), then Ma(z;) = Na(zi) = [3,3], so
E(A)=1.

(EP;) For VA, B € IVIFS(X), where d is the length measure of the interval-valued
intuitionistic fuzzy set: if

d(A([3,3].[3:3]).) 2d(B.([5.3],[3:3]),)
then E(A) < E(B).
(EPy) E(A) = E(A°).
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Remark 2.4 ([8]). (EP;) The  interval-valued  intuitionistic  fuzzy  set
([3.%],[3, 4]); has the largest fuzzy value.

(EP;) The set closer to the interval-valued intuitionistic fuzzy set ([1, 1], (3, 3])x
has a larger fuzzy value.

(EP;) An interval-valued intuitionistic fuzzy set has the same fuzzy value as its

complement.

Definition 2.16 ([8]). Let X = {z1,z2,...,2,} be a universal set, VA, B €
IVIFS(X) and d; be the length measure of the interval-valued intuitionistic fuzzy
set. The following length measures are defined for i = 1,2,...,6:

(1) Normalized Euclidean length

n

1

di(A, B) = {@ > {(MAL(QH) — Mpp(:)* + (Mav(z:) — Mpy/(x;))*

i=1

[N

+ (Nap(zi) — Npp(2:))? + (Nav (z;) — NBU(xi))2] }
(2) Normalized Hamming length

1 n
= In > [|MAL x;) — Mpr ()| + |Mav (i) — Mpy (z:)|

1=1

+ |Nar(z;) — Npr(x;)| + |Nav(x:i) — Npu(x;)|

(3) Normalized Hamming length measure with Hausdorff metric

ds( % Z [ IMar(z;) — Mpr(x:)| V [Mav(zi) — Mpu(xi)|)

=1

+ (|Nar(x;) = Npr(2i)| V [Nav (z:) — Npu(2i)])

(4) Normalized length measure with Hausdorff metric

dy(A, B) = ZmaX{WAL(%) MBL(%)IJ;\MAU(@) My ()|
INap(z;) = Npp(2:)| + [Nav(z;) — Npu (i) }
2
(5)
1 1
ds(4,.B) = 5= >~ {5 (1Mar (@) = Mpp(@)| + |Mav (1) = Mpu ()
=1

— [Naz (i) = Nop ()| +|Nav () = Npu ()] )
+ %max ( |MAL(1'Z') - MBL(xi)| + |MAU(.TZ-) — MBU(LL'Z-)| ,
INar(xi) — Npr(z:)| + |Nav(zi) — Npu ()| )}
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(6) Generalized length measure for p > 2

n

1

do(A, B) = {53 | (Mar (i) = Mpr ()| V | Mav (i) = Mpy ()]

+ (|Nar(xi) — Npr(z)| V [Nay(z;) — NBU(M)DP] }E

3. SOME MEASURE CONCEPTS OF INTERVAL-VALUED INTUITIONISTIC Fuzzy
MATRICES

Definition 3.1. Let P = pi; and Q = gi; be interval-valued intuitionistic fuzzy
matrices, where

P = ([aij, bij] s [cijr dig]) - Q= ([a's, Vi), [cij, d'i5]) -
The measures are defined as follows:

(1) Hamming measure

P,Q)= ZZ (lass — ais’| + [bij — big"| + leij — e’ | + |dig — dig'|) -
j=1i=1
(2) Generalized Hamming measure
~ - 1 ~ .
H*(P = —H(P,Q).
(P.Q) = ;> H(P.Q)
(3) Euclidean measure

P.0) = (3030 (s — a4 (b~ i)

j=11i=1

W=

+ (cij — eiy”)” + (dij — dz‘j/)z))

(4) Generalized Euclidean measure
0*(P,Q) = .-0"(P,Q).

Theorem 3.1. Let P = Dij and Q = q~ij be interval-valued intuitionistic fuzzy
matrices, where

P = (laij, big] leij, dil) . Q= ([a/55,V55], [ijn d's5]) -

Then
(1) H(P,Q) = (PT Q7),
(2) f?_f*(NP Q) = H*(PT,Q7),
(3) O(P,Q) = O(PT,Q7),
(4) O*(P,Q) = O*(PT,Q").
Proof. Let
P = ([aij, bij] s [eij, dij]) Q= (['i5,635], [ij. d's5])
PT = ([aji,bji], [cjir dji)) QT = ([a'ji, ' ji), [ i d i) »

then
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H(P,Q) = ZZ (laij = aij| + |bij — bij"| + leij — eij’| + |dij — dij'])
j=1i=1
=D (laiy = aif'| + |big = bif'| + legy — i’ | + |dij — dif'|)
i=1j=1
=D (lagi = agd’| + [bji = by | + leji — e/ | + |dys — dsi|)
j=1i=1
=H(PT,Q").
(2)
. - 1 n n
H*(P,Q) = @(ZZ(W@‘ —aij’| + |biy — bij'|
=1 =1
+ iy — e’ |+ |dij — dij/|>)
1 n n
= g (2 2l — s+ b =
i=1j=1
+leij — e | + |dij — dij/|>)
1 n n
= 2 (20 2l = s + [bss — s
j=11i=1
+leji = ei’| + [dji — dj"’))
1 o I
= o (H(P.Q)) = H*(P".Q").
(3)
O(P7 QV) = ( Z((au Q5 )2 + (bz] bzgl)Q
j=1i=1
1
+ (cij — CZ],)z + (di dwl)2) 2)
- ( Z((aij Gij )2 + (by bwl)2
=1 j=1

131
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(4)
0"(P.0) = (3% 24 (by = bi")?
( ,Q)_Qn(;;((az” az]) +(1] 1])
+ (CZJ C’Lj/)2 + (d'L] d”l>2) 5)
1 = e ’
- 7(22(((% @ij )2 + (bij = biy )2
i=1 j=1
+ (e — i)+ (dij dzgl)z)i)
- % (Z <(%z — Qji )2 + (bﬂ bﬂ/)z
j=11:=1

I
—
2
)
)
N
I
i
<
S
QO
"

Theorem 3.2. Let P,Q, S be IVIFMs, then:

(1) (PoQ S) <H(P S)\/H(Q S)
(2) H*(PoQ S) < H*(P S)VH*(Q S)
(3) (P QoS) <H(P Q)\/H(P S)
(4) H*(P QoS) < H*(P Q)\/H*(P S)

Proof. Let

([aiz, bijl s [eij, diz]) 5
([a's;, 053], [ a5, d'i5]) »
([a"35,0" 5], ["i5.d"45])

P=
Q
S=
=

R (), 0= (o) 60,7 s 7 = G ),
0, = (@%))nm, QY = ([aﬁ?bﬁ” : [cé),dfé D and g;; = ambz‘j] s leig, i),
S = (g(ﬂl))m g(;) ({am X0 } 7 [ ON0) D and ;5 = ([aij, bij], [cij, dij]),

(VRSN 1]7 ij
where [a(” b(“] c [0,1], [c(” d(“] C[0,1], 8 +dY <1fori,j=1,2....n

1 77y ij 7 g

and [ =1, 2,
[aij, bij] = [m]?x {m n{agz),a,(w)}} ,m]?x{min{bz(;),b(z)}}} c [0,1],

[cij, dij] = [mkin {max{ E;), cffj)}} ,mkin {max {dg,&dl(fj)}}] C [0,1].
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(1) For 5f) = ([al) ] [ a]). ii =120 om 1= 1,2,

- ({ o (o) e o (5207

o= U 3 i)
o
oo e o e 2}

bij(l) _ bin

+ 02](1) - Cz] + dij(l) - dij” )
=223 (Jou =1+ s "]
J=1i=1
+ leij — ") + |dig — dig" )
H(@a g) = Z Z(|aij, - az’j//‘ + |bij/ — bij//
j=1i=1

/ 1 ! 11
+leif —ei”| + |di’ — di )

Hence, H(P o Q,S) < H(P,S) Vv H(Q, S) is obtained.
(2) For p) = ([ () b(”] , [ 1) d(l)D7 ii=1,2,...,n,1=1,2,

U’ ] l]’ ]

PoQ=pi; = U (ﬁﬁ)ﬂéﬁ)
k=1

_ ({ml?x {min {a?. a2} mas fimi {bg)?b(z)}}},
{mkin {masc {2, e} min {max{d§i>7d§€2j_>}}])

133
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n n
P 00,5 ZZ( a” . aij// + ‘bij(l) bi]/,
j=11i=1
+ Cij(l) _Cij” + dij(l) —d”//>
H*(P,S) =Y Z(\%‘ — aig"| + |bij — bi;"|
j=11i=1
+leij — i) + |diy — dij" )
@8 =33l — a1+ o~ 0,
j=1i=1
Hence, H* PoQ,S) < H* (P S) \/H*(Q S) is obtained.
0 b ) = (o] )1 112

5= U )
({max{ { Ei)»ag)}} ml?x{ {bg)’b(z)}}]
{mm{ aX{ Ellc)’c](é)}},mgn {ma { li),d(z)}}D

PQOS ZZ(GU 'j(l)"F bij_bij(l)’
j=11i=1
+ |Cij — Cij(l)‘ + |dij — dij(l)’)
=2 ZO%‘ — aij'| + [bij = bij'|
j=1i=1

+ leij — cif'| + |dij — dij/|)
n n
=y Z(|aij — ai"| + [bij — bi;"
j=1i=1

+leig = ci'| + |dig — dij” )

Hence, H(P,Q o S) < H(P,Q) V H(P,S) is obtained.
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(4) For p) = ([ 1) b”] [ 0 dl)D,i,jzl,Z,...,n,l:1,2,

A;5 5 94 €ij > %ij

(7 )

([ { §i>7a§€3)}} ml?x{ {bf,?,b(?)}}]
g e (4.7 o e 20 )

H(P.G08) =33

j=1i=1

U
<fo
3

A5 — CLU

_ qu)‘

dij — d,»j“)D

Cij — Cij(l)’ +

M=
M3 n

H*(P,Q) = (laij_aij/|+‘bij_bij/’
j=11i=1

+lei; = cij'| + |dij — dij’!)

H*(ﬁ,g) = ZZ('G” —ai;"| + |bij — biy"
j=11i=1

+lei; — e + |dij — dij” )

Hence, H*(P,Q o S) < H*(P,Q) vV H*(P, S) is obtained.

Theorem 3.3. Let 15 @ S be IVIFMs, then:

(1) O(P0Q,S) <O(P,S) vO(Q,9),
(2) O*(P0Q,S) < O0*(P,5) v O*(Q,59),
(3) O(P,Q0S) <O(P,Q) v O(P,5),
(4) O0*(P.Qo5) < O°(P,Q) v O (P,S).

([amabz]] [Cijadij])’
(la"ij; V5] 5 [cigr d'ij]) s
(la"i5,0" 351, [¢" i, d"i5])

P=
Q
S

135

P = (ﬁi(;))nxn7 By = ([azé),bm ; [ ¢ af ]) and pi; = ([aij, bis] ;s [cij, di]),
Qi = (Qvl('?)nm’ Q= ([a(?’bg)} ; [ ?»dm) and g;; = ([asj, bij], [cij, i),
{

5-(50) 50—

l l l l ~
agj)vbﬂ : [ f])’dEJ)D and si; = ([aij, bijl , [ciz, dij]),
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where [aﬁ?,bﬁ?] c [0,1], [cgj.),df.?} C 0,1), b +dD < 1forij=1,2,...,n
and [ = 1,2,

2 A
[cij, dij] = {mkin{max{ (k) c,(fj)}} ,mkin {max{d%),d,(fj)}}] c [0,1].
(1) For pi) = ([ag;.xbg;q , [cgy,dg;)]), ii=1,2,...n,1=1,2,

=({

(7 nail)

o)) e i 207}

- U
<fo
o o .2 g e 251

r—|

1
+ (e =) + (dig' = dij")Q) 2)

Hence, O(P o Q,S) < O(P,
(2) For ﬁu) = ([a(l) b(;)} [c

“Ua
LSy

yhLj=12,...,n,1=1,2

= ({m]?x {min{a%),ag)}} ,mgx{min{b(.l),b@)}}} )
{ima {7} min fnae {4 a2} )
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+ (Cij(l) — Cij(2))2 + (dij(l) — dz‘j//)Q) %)

(3) FOI' ﬁgé) = ( a£)7bgé) 9 |:C'Eé)7dz]):|>7 Za.] = 1,27...,71, l = 1727

{ s 7).
{mkm {max{cgi)w;(é)}} min {max {dg)’dg)}}})

+ (e — e <1>)2+ (45— ™) ")")
o(r @) = (ii((aj = Qg )2+ (bj _bJ/)Q
j=1i=1

Hence, O(P,Q o S) < O(P,Q) vV O(P, S) is obtained.

137
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(4) For p) = ([ 1) b”] [ 0 dl)D,i,jzl,Z,...,n,l:1,2,

Q55 Oy €ij > %j
QoS =py = U (ﬁﬁ) 6§3>
k=1
_ ({max {min {a?. a2 }} . max {min {bgp,b(z)}}]

{ei
o s {22} } i s {0202} }])
“(P,QoS) = (ii((a” - aij(1)>2 + (blj - sz(l))Q

j=11i=1

1
+ (cij — ciy’)” + (dij — dz‘j/)2) 2)

B
1=
)

<.
[
—

Nl

+ (e —e)) + (dyf' — dij")2>

Hence, O*(ﬁ, Qo §) < O*(ﬁ7 @) vV O*(ﬁ7 §) is obtained.

([
Theorem 3.4. Let P be an IVIFM and t,h € N*, then:
() HGE ) =0,
(2) H*(p",p") =0,
(3) O(@",p") =0,
4) O*(p",p") = 0.
Proof. (1) Forh=1,t=1, H(P P) =0.
For h=2,t=1, H(P%P P)=H(P,P)AH(P,P) = 0.
For h=n,t=1, H(P" = 0 holds. At the same time,
For h=1,¢=2, H(P, P2 oP) H(P,P)AH(P,P) = 0.
For h=1,t=mn, H( P™) = 0.
From here H(p",p') = 0 is obtained.
The proof for (2), (3) and (4) is clearly seen. O

4. SCALAR MULTIPLICATION WITH INTERVAL-VALUED INTUITIONISTIC Fuzzy
MATRIX

Definition 4.1. For A\;, u; € [0,1], 1 <4 <2 and (A, ) = ([A1, A2, [p1, po)),
(Aw), (A p) = (a,b),

0, otherwise,

(A 1) ((a,0)) = {
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where (), p) is an interval-valued scalar, the scalar multiplication with an interval-
valued matrix A is defined as follows:

(Ap) 0 0
()\,u)ogzl 0 A\ ) 0 ]oA.
0 0 (Aw)

Theorem 4.1. Let A be an IVIFSM and let X and Y be interval-valued scalars.
Then,
Xo(YoA)=(XoY)oA.

Proof. Taking into consideration the associativity and distributivity properties of
the minimum and maximum operations over each other, the proof can be easily
constructed. (]

Example 4.1. Let
= ([0.1,0.4],[0.3,0.5]), Y = ([0.2,0.3],[0.2,0.7]),

(10.3,0.5],[0.1,0.2])  ([0.1,0.6],[0.3,0.3]) ([0.1,0.6],[0.2,0.3])
A= [([0.4,0.6],0.3,0.4]) ([0.3,0.5],0.2,0.4]) ([0.4,0.6],[0.1,0.2])
[([0 1,0.6],0.2,0.3]) ([0.3,0.4],[0.3,0.4])  ([0.4,0.6],[0,0.1]) ]

([0.1,0.3],10-2,0.5]) ([0, 0], [0,0]) ([0,0], [0,0))
XoY = (0,01, [0,0)) ([0.1,0.3],0.2,0.5)) ([0,0], [0,0))
([0,0], [0,0)) (0, 0], [0,0]) ([0.1,0.3],]0.2,0.5))
([0.2,0.3],0.1,0.2])  ([0.1,0.3],[0.2,0.3]) ([0.1,0.3],[0.2,0.3])
YoA=[([0.2,03],0.2,0.4]) ([0.2,0.3],0.2,0.4]) ([0.2,0.3],]0.1,0.2])
([0.1,0.3],0.2,0.3])  ([0.2,0.3],0.2,0.4])  (]0.2,0.3],[0,0.1])

([0.1,0.3],0.1,0.2])  ([0.1,0.3],0.2,0.3]) ([0.1,0.3],[0.2,0.3])

(Y oA) = [([0.1, 03},[0 2,0.4]) (]0.1,0.3],0.2,0.4]) ([0.1,0.3],[0.1,0.2])
([0.1,0.3],0.2,0.3])  ([0.1,0.3],[0.2,0.4])  ([0.1,0.3],[0,0.1])
([0.1,0.3],0.1,0.2])  ([0.1,0.3],0.2,0.3]) (]0.1,0.3],[0.2,0.3])

(XoY)o ([0.1,0.3],[0.2,0.4])  ([0.1,0.3],[0.2,0.4]) ([0.1,0.3],[0.1,0.2])
([0.1,0.3],0.2,0.3]))  ([0.1,0.3],[0.2,0.4])  ([0.1,0.3],[0,0.1))

Thus, the equality X o (Y o A) = (X oY) o A is satisfied.

Theorem 4.2. Let A and B be IVIFSMs. For a scalar (A, p), ((A,u) o A)o B =
(X, 1) o (Ao B) holds.

Proof. Let A = ([a;j,bi;],[cij, dij]) and B = ([mi;,ni;], [pij, 7i5]) be IVIFSMs. For
V1 <i,j <nand scalar (A, p) = ([A1, A2], 11, p2]),

(A\p)oA= ( ma x{mln{)\gk),akj}} max{min{)\z(-,?,bkj}}] ;
:mkin {max{)\gi),ckj}},mkm{max{ ik ,dkj}} >

(A, p)oA)oB = ( max{min{)\g}c),mkj}},m {mln{ ik 7nk]}}:| )
e o s (52} )

= (A p)o

Ao B)
Thus the equality (A, u) o A) o B = (A, ) o (Ao B) is obtained. O
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Example 4.2. Let (\, u) =

1
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]
([0.3,0.6],

The matrix (A, ) o A is

the matrix

and the matrix (A,
[([0.2,0.3],[0.1,0.2])

| ([0.1,0.3],

[([0.1,0.2],[0.1,0.3])

[0.3,0.6],[0.1,0.3])

[([0.5,0.6],[0.1,0.1])

[([0.2,0.3],[0.1,0.2))

(
(
(
(M, p)oA)o B is
(
(
(

[0.2,0.3],[0.2,0.4])
0.2,0.3))

p) o

([0.2,0.3],[0.2,0.4))

[(/0.1,0.3],[0.2,0.3])
Hence (A, )0 A)o B =

Theorem 4.3. Let A be an IVIFSM and let (A, 1)

(A, ) o

([0.5,0.6],[0.1,0.3]),

([0.1,0.2],[0.1,0.5]
[0.2,0.4]
([0.7,0.9],[0.1,0.1))

([0.5,0.6],[0.1,0.
([0.2,0.5], [0.5,0.
([0.6,0.8], [0.1,0.

quzoa[oom) ([0.1,0.4], [0, 0.
= [([0.4,0.7],[0.1,0.3])  (]0,0.3],[0.2,0.
[(miﬁs}[ o) ([0.5,0.6],[0,0.

([0.5,0.6],[0.1,0.3])
([0.2,0.5],[0.1,0.3])
([0.5,0.6],[0.1,0.2])

([0.1,0.3],[0.2,0.3])
([0.2,0.3],0.2,0.4])
([0.2,0.3],[0.2,0.4])

(Ao B) is

([0.1,0.3],[0.2,0.3))
([0.2,0.3],[0.2,0.4])
([0.2,0.3],[0.2,0.4])

(Ao B) holds.

3
5
2

]
]
]
]
]
]

)
)
)
)
)
)

0.2,0.7
[0.1,0.5
[0.7,0.9

[0.1,0.2])
[0.3,0.5])
[
[

|

( ],
( I,
( ,0.1,0.1])
([0.1,0.5],[0,0.1])
(10,0.4],[0.2,0.4])
(10.6,0.7], [0, 0])

(10.2,0.6],[0.1,0.2])T
([0.1,0.5],[0.1,0.3))
(0.5,0.6], [0.1,0.1)) |

(10.1,0.3],[0.2,0.3))]
([0.2,0.3],[0.1,0.2))
(10.2,0.3],[0,0.1]) |

([0.1,0.3],0.2,0.3))T
([0.2,0.3],[0.1,0.2])
([0.2,0.3],[0,0.1]) |

= ([A1, 2], [u1, pn2]) and
1) then (A, p)oA < (N, p/)oA

a;i,biil, [cii,dis]) be an IVIFSM. For V1 < ¢,j < n and scalar
3> Vij js Qij

(1)

X' = ([N, NS, [y, 1h)]) be scalars. If (A, p N,
15 A2ls [H1, B2
holds.
Proof. Let A =
()(\z)ﬂ) W}(lf)lze Ai < A and p; < pf. Since AE,? < )\gi)', )\Ei) < /\Ei)/ and NE;) > i s
p“zk = Mg
(AMp)oA= ( max {min {)\z(.,?, akj}} , Iax
min {max {uz(.,?, Ckj }} , min
|k k
< ( ml?x {min {)\E;)’, akj}} ,mkaX
[ . (1) ‘ .
_mkm {max {uik ,ckj}} , min
=(N,pu)oA
is obtained.
Example 4.3. Let
(A, 1) = ([0.5,0.6],10.1,0.3]), (Alaﬂl) =

= |(
(

(10.1,0.2],[0.1,0.5])

[0.3,0.6],[0.2,0.4])
[0.7,0.9],[0.1,0.1))

([0.5,0.6],[0.1,0.3])
([0.2,0.5],[0.5,0.5])
([0.6,0.8],[0.1,0.2])

([0.1,0.4],[0,0.2]),

1,0.2))
3,0.5])
1,0.1))

0.2,0.7],
[0.1,0.5],
]

[
[
[
0.7,0.9],

[
( 0.
( 0.
( 0.

|
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The matrix (A, ) o A is

[([0.1, 0.2],[0.1,0.3])  ([0.5,0.6],[0.1,0.3])

([0.2,0.5],[0.1,0.3])
([0.5,0.6],[0.1,0.2])

([0.3,0.6],[0.1,0.3))
([0.5,0.6],0.1,0.1])

([0.1,0.5],[0.1,0.3))

([0.2,0.6],[0.1,0.2])
([0.5,0.6],[0.1, 0.1])]

and the matrix (\, ') o A is
(0.1,0.2],]0,0.2])  ([0.1,0.4],[0,0.2]) ([0.1,0.4],[0,0.2])
[([0.1,0.4}, 0,0.2]) ([0.1,0.4],[0,0.2]) ([0.1,0.4], [0,0.2})]
([0.1,0.4],[0,0.1])  ([0.1,0.4],[0,0.2]) ([0.1,0.4],[0,0.1])
Hence (A, p) o A < (N, ') o A holds.

Theorem 4.4. Let A and B be IVIFSMs. For a scalar (A, p) =
and A< B, (\,pu) o A< (A ) o B holds.

Proof. Let A = ([aij, bij] , [cij, dij]) and B = ([m4j;, ni;], [pij, 7i5]) be IVIFSMs. For
V1 <i,j <nand scalar (A, ) = ([A1, A2], [11, 22]),

Oy = ( [mae {min {32} e min 32,00, ]
i o s o {2}
{
{

{
! J
< ( [ma {min {20 e e i 32 1]

; b min {mase { ) ,T,w}}])

)
{mn max{ Ek ,pkj}
=(\u)oB
Consequently the inequality (A, u) o A < (A, ) o B is derived. |
Example 4.4. Let (A, 1) = ([0.5,0.6],[0.1,0.3]),
[([0.1, 0.2],10.1,0.5]) ([0.5,0.6],[0.1,0.3

([A1s A2l [, p2])

b

)
= [([0.3,0.6],[0.2,0.4]) ([0.2,0.5],[0.5,0.5

0.2,0.7],[0.1,0.2])
([0.7,0.9],[0.1,0.1])  (]0.6,0.8],[0.1, 0.2 ]

( [
([0.1,0.5],[0.3,0.5])
([0.7,0.9],[0.1,0.1])
( [0,
(

1})]
[0, 04] [0.2,0.4])
(106,0.7], [0,0])

[0.1,0.5],[0,0
= 1([0.4,0.7],[0.1,0.3]) 20
([0.1,0.8], [0, 0])

The matrix (A, p) o A is

([0,0.3],]0.2,0.4
([0.5,0.6], [0, 0.1

NN = =

]

]

]

[ (10.2,0.3],[0,0.3])  ([0-1,0.4], [0,0.2]
]

J

[([0.1,0.2],[0.1,0.3))
([0.3,0.6],[0.1,0.3))
| ([0.5,0.6],[0.1,0.1])

and the matrix (A, ) o B is

[([0.1,0.2],[0.1,0.3))
([0.3,0.6],[0.1,0.3])
| ([0.5,0.6],[0.1,0.1])

a,f))o A= (A p)o

((a

([0.5,0.6],[0.1,0.3])
([0.2,0.5],[0.1,0.3])
([0.5,0.6],[0.1,0.2])

([0.5,0.6],[0.1,0.3])
([0.2,0.5],[0.1,0.3])
([0.5,0.6],[0.1,0.2])

This yields (A, u) 0o A < (A, 1) o B.

(10.2,0.6],[0.1,0.2])]
([0.1,0.5],[0.1,0.3))
(0.5,0.6], [0.1,0.1)) |

(10.2,0.6],[0.1,0.2))T
([0.1,0.5],[0.1,0.3))
([0.5,0.6],[0.1,0.1)) |

Theorem 4.5. Let A be an IVIFSM and (A ), (e, B) be scalars.
,B) 0 A) is satisfied.
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Proof. Let A = ([asj,bi;],[cij, dij]) be an IVIFSM. For ¥1 < ¢,j < n and scalars
(A, 1) = ([A1; Ag, [, p2]), (e, B) = ([, a2, [Br, B2)),

(\ ) o (a, B) = ({max{mln{ Woani b} I?X{min{)\gi),akj}}},
{

. 2
i s {1 i s 2}
is found. From this

(o () 4 = [imgx {anin { (g {min {7 05} } ) o}
{0}
min {mas { (g fma {0 1,1} ) e .
min {max { (mkin {max {Mg,?, mj}}) ,dik} H

is established. U
Theorem 4.6. Let A be an IVIFSM and (A, u), (o, B) be scalars. Then
H (A p) o (e, 8)) 0 A, (A, ) o (e, ) © A)) = H (A, ), (A ) )NH (As 1), (v, B))
H (A p), A)AH (e, ), (A, w) AN H (2, 8), (e, 8)) A H (o, ), A)
ANH (A, (A u)ANH (A, (o, 8)) NH(A, A)
holds true.

Proof. The proof follows straightforwardly from Theorem 4.5 and the properties of
the Hamming distance measure. ]

Theorem 4.7. Let A be an IVIFSM and (A, ) be a scalar. Then

O(((A ) op)o A, (A p)o (o A)) =0 ((A ), (A1) AO ((A ), 1)
AO (A1), A) AO (s (A, 1)) A O(pt, 1) A O(ps, A)
ANO (A, (N, 1) AO(A, ) AO(A, A)
is valid.

Proof. The proof is directly observed from Theorem 4.5 and the properties of the
Euclidean distance measure. ]

Theorem 4.8. Let A and B be IVIFSMs and let (A, p) be a scalar. Then
H((A\p)oA,B)=H((\u),B)NH(A, B) is derived.

P?"OOf. Let A = ([aij, bZJ} y [Cij7dij]) and B = ([mij,nij] , [pij,rij]) be IVIFSMs. For
V1 <i,j <nand scalar (A, ) = ([A1, A2], [11, 22]),

(L e e e ]
e {1} o e (2.,
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is formulated. Consequently, by the definition of the Hamming distance measure,
H((A\pu)oA,B)=H((\p),B) ANH(A, B) is obtained. O

Theorem 4.9. Let A and B be IVIFSMs and let (A p) be a scalar. Then
O((\p)oA,B)=0((\n),B) NO(A, B) is established.

Proof. Let A = ([asj,bij], [cij, di;]) and B = ([mij;, n4 ), [pij, 7i;]) be IVIFSMs. For
V1 <i,j <nand scalar (A, ) = ([A1, A2], [11, 122]),

s 4= (g o {40 g i 320}
e (1} o e (2.,

is  formulated. By the properties of the FEuclidean distance measure,
O((\p)oA,B)=0((\pun),B) NO(A, B) is derived. O

Corollary 4.1. Let A and B be IVIFSMs. The relation H(AoB) = H(A)ANH(B)
holds true.

Proof. Taking the scalar (A, u) = ([1,1],]0,0]) in Theorem 4.8, the proof is readily
observed. g

Corollary 4.2. Let A and B be IVIFSMs. The equality O(A o B) = O(A) A O(B)
is satisfied.

Proof. Setting the scalar (A, u) = ([1,1], 0, 0]) in Theorem 4.8, the assertion follows
directly. 0

Theorem 4.10. Let A and B be IVIFSMs and let (A, 1) be a scalar. Then (A, 1) o
(Ao B) = ((A\, ) o A) o ((\, ) o B) is valid.

Proof. Let A = ([a;j,bi;],[cij, dij]) and B = ([mij,ni;], [pij, 7i5]) be IVIFSMs. For
V1 <i,j <n and scalar (A, ) = ([A1, A2], [1, p12]), then

min {)\E;), akj}} , Max {mm )\Ek), b } }]

(A p)o A= <_max

o — (:;m

— e—
E
N

—
=,
=

—=

@y
??‘
S
&
——
——
[E

(s o {52} e i 2.1}
i e {2} s (7.

= ((\,p) o A)o((Ap)oB)
is obtained. [l
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Theorem 4.11. Let A, B and C be IVIFSMs.
H((Ao B)o(C) is confirmed.
Proof. Let

A = (laij, bzl [cij, digl), B =
be IVIFSMs. For V1 < i,5 < n,

([mij,migl s [pijs i5])

BoC= < max {mm {mfi), s,(fj)}} , TaxX {mm{ ;L
[ 1 (2 .
_mk}n {max {pik »Yn }} , min {max {r
(] m @ (1)
Ao B = ( _m]?x {mm {aik Sy }} 7mI?X {mln {b
[ EOINE) (
_mkln {max{ Cit  Prj } 7mkm {max {dlk ,T‘kj }}

Ao(Bo() = {m]ixx {min {aik, <ml?x min {mﬁ), s,(f])

max {min {bik, (max {min {
k k

[min {max {Cik, (mln {
k k

1 2
(1) 4 )}
2)

max {pgk s Yhj

) (
: ) : 1) (2
mkln {max {dlk7 (mkm {max {rlk s 25 }

1 (2)
g 7mk]

(AoB)oC = {m}iix {min { (m]?x {min

(1) (2)

and C =

j
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The identity H (Ao (Bo(C)) =

([sij: tiz] s [Wigs 2i5])

) 4

)

3
2
)

DI
D
)}
)

Sik

ik 7nk_]

’ tzk

max {min { (max {mm
k k

h)
D)

i
I
}}

[mkin {max{(mkin{max & pY }) yk}}
o o e 2) )

Consequently, H (Ao (BoC)) = H ((Ao B) o () is obtained.

Corollary 4.3. Let A, B and C be IVIFSMs. The relation
H(Ao(Bo(C),(AoB)o()
ANH(B,B)yNH(B,C)ANH(C,A)NH

1s established.

Corollary 4.4. Let A, B and C be IVIFSMs. The identity

O(Ao(BoC),(AoB)oC)=0(A,A) AO(A,B) AO(A,C)
ANO(B,BYANO(B,C)ANO(C,A) AO
holds true.

= H(A, A) A H(A, B) A H(A,C) A

H(B, A)
(C,B) A H(C,C)

ANO(B, A)
(C,B) AO(C,C)
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5. CONCLUSION

The main contributions of this study are twofold. First, four measures—
Hamming, Generalized Hamming, Euclidean, and Generalized Euclidean—are for-
mulated for interval-valued intuitionistic fuzzy matrices, and their fundamental
properties are established, including invariance under transposition. Second, a
scalar multiplication operation based on interval-valued scalars is introduced, and
its algebraic properties, including associativity and distributive laws, are investi-
gated. The theoretical results are supported by illustrative examples. Overall, this
study extends the algebraic framework of interval-valued intuitionistic fuzzy matri-
ces and provides a foundation for further theoretical developments and applications
in uncertainty modeling and decision-making.
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