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ABSTRACT. In this paper, we obtain a Pre$i¢ type common fixed point theorem for four maps in b-dislocated metric
spaces. We also present one example to illustrate our main theorem. Further, we obtain two more corollaries.

Keywords: b - Dislocated metric spaces, Jointly 2k - weakly compatible pairs, Presi¢ type theorem.

2010 Mathematics Subject Classification: 54H25, 47H10.

1. INTRODUCTION AND PRELIMINARIES

There are several generalizations of the Banach contraction principle in literature on fixed
point theory. Recently, very interesting results regarding fixed point are presented in the papers
([3, 4, 5, 7]. One of the generalization is a famous Presi¢ type fixed point theorem. There are
a lot of generalizations of mentioned theorem (more on this topic see [1]-[2], [7]-[15]). Hitzler
and Seda [6] introduced the concept of dislocated metric spaces (metric like spaces in [5], [15])
and established a fixed point theorem in complete dislocated metric spaces to generalize the
celebrated Banach contraction principle. Recently Hussain et al. [7] introduced the definition
of b - dislocated metric spaces to generalize the dislocated metric spaces introduced by [6] and
proved two common fixed point theorems for four self mappings.

In this paper we have proved Pres$i¢ type common fixed point theorem for four mappings
in b - dislocated metric spaces. One numerical example is also presented to illustrate our main
theorem. We also obtained two corollaries for three and two maps in b - dislocated metric
spaces.

Now we give some known definitions, lemmas and theorems which are needful for further
discussion. Throughout this paper, N denotes the set of all positive integers.

Presi¢ [10] generalized the Banach contraction principle as follows.

Theorem 1.1. [10] Let (X, d) be a complete metric space, k be a positive integer and T : X* — X be a
mapping satisfying

k
(11) d(T(xl, Zo, ... ,.’L‘k), T(Z‘Q, I3, ... ,l‘k+1)) S Z qid(a:i, l‘i—Q—l)v
i=1
k
forall x1,29,...,2541 € X, where q¢; > 0and ) q; < 1. Then there exists a unique point
i=1
x € X such that T'(z,z,....,x) = x. Moreover, if x1,2s, ...,z are arbitrary points in X and for
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n €N, zpyr = T(Zn, Tny1,- -, Tntk—1), then the sequence {x,} is convergent and lim xz, =
n—oo
T(lim z,, lim z,,..., lim x,).
n—oo n—oo n—oo

Inspired by the Theorem 1.1, Ciri¢ and Presic [8] proved the following theorem.

Theorem 1.2. [8] Let (X, d) be a complete metric space, k a positive integer and T : X* — X bea
mapping satisfying
(1.2) d(T(z1, 22, - ,xk), T(z2, T3, ,Tpr1)) < A max{d(x;, x;41): 1 <i <k}

forall x1,29, -, 2k, k41 i1 X, and X € (0,1). Then there exists a point x € X such that
x=T(x,x,..,).
Moreover, if x1, za, . .., xy, are arbitrary points in X and forn € N, zpy, = T(@n, Tng1, - - - s Tntk—1),
then the sequence {x,} is convergent and lim z,, = T( lim z,, lim x,,..., lim ,). If in addi-
n— 00 n— o0 n— oo n— oo
tion, we suppose that on diagonal A C X%, d(T(u,u, ...,u), T (v, v, ...,v)) < d(u,v) holds for u,v € X
with w # v, then x is the unique fixed point satisfying x = T'(z, z, ..., x).

Later Rao et al. [11, 12] obtained some Presi¢ fixed point theorems for two and three maps
in metric spaces.

Definition 1.1. Let X be a nonempty set, k a positive integer and T : X** — X and f : X — X. The
pair (f,T) is said to be 2k-weakly compatible if f(T(z,x,....,z)) = T(fx, fz, ..., fx) whenever there
exists x € X such that fo =T (z,z, ..., )

Actully Rao et al. [11] obtained the following.

Theorem 1.3. Let (X, d) be a metric space and k be any positive integer. Let S, T : X** — X and
f: X — X be mappings satisfying

(1) d(S(l’l,Z‘Q, ...,xgk),T(l'Q,l'g,, "'aka-‘rl)) S A maX{d(f$i7f$i+1) 01 S 1 S Qk}
forall zq, 2, ..., Xok, Top+1 € X, where X € (0,1).

(2) d(S(u,u,...,u), T(v,v,...,v)) < d(fu, fv) forall u,v € X withu # v
(3) Suppose that f(X) is complete and either (f,S) or (f,T) is 2k-weakly compatible pair.

Then there exists a unique point p € X such that p = fp = S(p,p,..,p,p) = T(p,p, .., D, D).
Hussain et al. [7] introduced b-dislocated metric spaces as follows.

Definition 1.2. Let X be a non empty set. A mapping by : X x X — [0,00) is called a b - dislocated
metric (or simply bg-metric) if the following conditions hold for any x,y,z € X and s > 1:

(ba1) : Ifbg(z,y) =0thenx =y,

(baz) : ba(z,y) = ba(y, z),

(baz) : ba(z,y) < slba(x, 2) + ba(z, y)].

The pair (X, bg) is called a  b-dislocated metric space or bq-metric space.

Definition 1.3. [7]

(1) A sequence {x,} in b-dislocated metric space (X, by) converges with respect to by if there exists
x € X such that by(x,,, x) converges to 0 as n — oco. In this case, x is called the limit of {x,,}
and we write x,, — x.
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(13) A sequence {x,} in a b-dislocated metric space (X, bg) is called a
bq - Cauchy sequence if given ¢ > 0, there exists ng € N such that
bi(Tpm, xpn) < eforallm,m > ngor lim bg(zp,z,) =0.
n,m— 00
(t4i) A b-dislocated metric (X,bq) is called bg—complete if every bq-Cauchy sequence in X is bg -
convergent.

Lemma 1.1. [7] Let (X, ba) be a b-dislocated metric space with s > 1.
Suppose that {x,} and {y, } are bg-convergent to x, y respectively. Then we have

1
_ < . . < . < 2
2 ba(@,y) < lim inf ba(xn,yn) < lim sup ba(zn, yn) < 57 ba(z,y),
and )
= ba(z,2) < lim inf by(xy, z) < lim sup bg(xn, 2) < sbg(x, 2)
S n—oo n—oo

forall z € X.

2. MAIN RESULT
We introduce the definition of jointly 2k—weakly compatible pairs as follows.

Definition 2.4. Let X be a nonempty set, k a positive integer and S, T : X?* — X and f,g: X — X.
The pairs (f, S) and (g, T') are said to be jointly 2k-weakly compatible if

f(S(z,z,...,x)) = S(fz, fz, ..., fx)
and
9(T(z,x,...,x)) = T(gx, gz, ..., gx)
whenever there exists x € X such that fx = S(z,z,...,x) and gz = T(x, x, ..., x).

Now we give our main result. The contractive condition in the next theorem is similar with
conditions in [2, 7, 10, 13].

Theorem 2.4. Let (X, bq) be a bg—complete b-dislocated metric space with s > 1 and k be any positive
integer. Let S, T : X** — X and f,g: X — X be mappings satisfying

(2.3) S(X) C g(X), T(X?) C f(X),

(2.4)

ba(gz1, fy1), ba(f22, gy2),

bd(gx?n fyd)a bd(fxélu gy4)7

ba(9xak—1, fy2k—1), ba(frar, gyor)

bd(S(l’l,I’g,...,:L‘gk),T(yl,yQ,...,ygk)) S A\ max

forall x1, @, ..., Tok, Y1, Y2, -, Yo € X,where X € (0, =7 ).

(2.5) (f,S) and (g,T) arejointly 2k — weakly compatible pairs,

(2.6) Assume that there exists w € X suchthat fu= gu whenever there is sequence
{Yok4ntor, € X with lim lim yopin = fu=gu=1z€ X.
n—oo
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Then z is the unique point in X such that z = fz = gz = S(z,2,..,2,2) = T(2,2, ..., 2, 2).
Proof. Suppose x1,x2, ..., xa), are arbitrary points in X, From (2.3), we can define

Yoktan—1 = S(Ton—1, Tan, .o, Takyon—2) = GT2k+2n—1,

and
Yokton = T(Ton, Tont1, o T2ktan—1) = [Toptan, n=1,2,...
Let
azn = ba(fron, 9T2n41),
and

Qop—1 = bd(ngn—la fxzn) n=12...
Write § = A% and p = max{S}, %, ..., 53},
Then 0 < 6 < 1 and by the selection of u, we have

(2.7) an <p- (0" n=1,2,...,2k
Consider
(2.8) a1 = ba(9zok+1, fronye) = ba(S(x1,22, ..., Tak—1,T2k), T (T2, T3, ..., Tok, Tak41))

ba(gw1, fr2), ba(fz2, 923),
bd(g:c37 fiE4),bd(fI4,gl'5),

< )\ max
ba(9ran—1, frar), ba(fraok, 9Tort1)
< X max{ai, o, a3, 4, ..., Qo—1, Q2% }
< Amax{u-0,u-(0)% .- (6)%),
= Mp-0=p-0-(0)% =p-(0)%
using (2.7),
and
(29) Qopt2 = ba(frori2, gTar+3)
= by(T(z2, 3, ..., Tak, Takt1), S(X3, Tay .., Tokt1, T2k42))
= ba(S(xs3, T4, ..., Topt1, Takt2), T(x2, T3, ..., Tok, Tak41))
bd(gl'g,fllfg),bd(fl'4,g$3),
< A max ba(gzs, fra), ba(fxe, gzs),
ba(gxar+1, frar), ba(frant2, 92k+1)
< X max{ag,as, 04, s, ..., A2k, Q2p 41}
< X max{n- (07 (6 - O - (0},
= M- (07 =p-(0)%(0)* = p- (0)*2,
using (2.7) and (2.8).

Continuing in this way, we get
(2.10) an < - (O)",
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forn=1,2,...
Consider now

(211)  ba(yok+2n—1:Y2k+2n) = ba(S(T2n—1,T2n, -y, T2kton—2), T (ZTan, Tant1, s T2k+2n—1))

bd(gl'Qn—l) .fon)7 bd(fx%lv gx2n+1)7

© Amaxd s
- ba(9xak+on—3, [Tokt2n—2),
ba(fTort2n—2; 9T2k+2n—1)
< X max{@zn_1, 02, ey Q2% 2n—3, X2kt 2n—2 )
< A max{ 07 - (00 O (0527,
_ >\,U' (9)27171 =pu- (9)2k(9)2n71 =pu- (9)2k+2n71
Also
(2.12)  ba(Y2r+2n, Y2kt2n+1) = ba(T(Z2n, Tan41, s T2kt2n-1)5 S(T2n41, Tont2, - - - s T2kt2n))
= ba(S(xant1, Tant2, - Tart2n)s L (Ton, Tant1, - - - T2kt2n—1))
ba(9%2n+1, f2an), ba(fT2nt2, 9Tont1),
< A max bd(9$2n+3, f$2n+2), bd<f$2n+47 9$2n+3)>
ba(9xakton—1, [Tartan—2); ba(fTort2n, 9T2k4on—1)
§ A max{a2na Q2n+41, X242, X243, «onny a2k+2n—1}
< A max{u . (G)Zn"u_ (9)2n+17 e (9)2k+2n71}’

M (00" = - (B ()% = - (047,

From (2.11) and (2.12), we have

(2.13) ba(Yaktn: Yoktnt1) < p- ()", n=1,2,3,...
Now, using (2.13), for m > n and using the fact that s > 1 we have

8 ba(Yok+tns Y2ktnt1) + 82 ba(Yoktnt1s Y2k+n+2)
+5% ba(Y2ktnt2: Y2ktnts) + .t

b , < 7
aY2in Yokim) < s by (Yoktm—1, Y2ktm)

IN

s (9)2k+n + 82 1 - (9)2k+n+1 + 83 1 - (9)2k+n+2
4+ Sm—n—llu 3 (9)2k+m—1’

IN

. (80)2k+n + (89)2k+n+1 + (89)2k+n+2
a o+ (50)2RFm1

1—s6 s
—  0Oasn — oco,m — oo.

" 1 1
< u(s0)%* [(89)} since s = sA* <s-— =1

Therefore, {yor+r,} is a Cauchy sequence in (X, bg). Since X is by—complete, there exists
z € X such that yo5+n, — 2z asn — oo.
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From (2.6), there exists u € X such that

(2.14) z = fu=gu.
Now consider
ba(S(u,u, ..., u), yorton) = ba(S(u,u,...,u), T(Ton, Toni1, s T2nt2k-1))
ba(gu, fran), ba(fu, gToni1),
< A INAX e .
bd(guv f1'2k+2n72)7 bd(fua gw2k+2n71)

Letting n — oo and using (2.14), we get
1
(2.15) 5 ba(S(u,u,...,u), fu) <0 sothat S(u,u,...,u) = fu.
Similarly we have
(2.16) T(u,u,...,u) = gu.

Since (f,S) and (g,T) are jointly 2k-weakly compatible pairs and from (2.15) and (2.16), we
have

(2.17) fz=f(fu) = f(S(u,u,...,u)) = S(fu, fu,..., fu) = S(z,2, ..., 2),
and
(2.18) 9z =T(2,2,..., 2, 2).

Now using (2.16) and (2.17), we get
ba(fz,2) = ba(fz gu)
= by(S(z, 2.0y 2,2), T (0, ..., u,u))

bd(gZ, fu)v bd(fz,gu)a
bd(gzv fu)v bd(fzvgu)u

< X max
balg=, fu),bal Sz, gu)
< X max{ba(gz,2),ba(fz,2)}.
Thus
(2.19) ba(fz,2) < Amax{ba(gz,z),ba(fz,2)}.

Similarly, we have
(2.20) balgz, 2) < Amax{ba(gz, 2), ba(f 2)}.
From (2.19) and (2.20), we have
max{bq(g9z,2),ba(fz,2)} < X max{ba(gz,2),ba(fz,2)}.
which in turn yields that
(2.21) fz=z=gz.
From (2.17), (2.18) and (2.21), we have
(2.22) fz=2=92=5(2,2,..,2,2) =T(2,2, ..., 2, 2).
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Suppose there exists z’ € X such that

2 =f2 =9 =807, ..., ) =T 2, ..., 2 2).
Then from (2.4), we have
ba(z,2") = ba(S(z,2,..,2,2), T(2, 2, ..., 2", 2"))
bd(gza fZ/), bd(fzv gzl)v
< A MAX K ceereeeieee e,
bd(gza fZ/), bd(fZ, gzl)
< Abg(z, 7).
This implies that 2’ = z.
Thus z is the unique point in X satisfying (2.22). O

Now we give an example to illustrate our main Theorem 2.4.

Example 2.1. Let X = [0, 1] and by(z,y) = |z +y|? and k = 1.

. £L'2 T 2 xT 11?2
Define S(z,y) = 3\/%02;’, T(x,y) = 2\/% , fr=gand gxr ="
forall x,y € X. Then clearly s = 2. Then for all x1,z2,y1,y2 € X,

we have

33;% +2x9  2y1 + 3y§ |2

bd(5($17$2)7T(y1ay2)) \/m + \/m

2 2
( 7 4 T2 n Y1 I Y3 >
16v/2  24v2 242 16V2

1/(z} AN
2(<16+24 \ut16

IN
ol = 00|
/N

=

®

e
—N

|5

_l’_

o=
o3
=5
+ —
N—
[\

where used the following:

a+b

< max{a,b}, (max(a,b))? = max{a?,b*},

for non-negative a and b. Here A = £ € (0, 1) = (0, 3z) = (0, =x).

One can easily verify the remaining conditions of Theorem 2.4. Clearly 0 is the unique point in X
such that f0 =0 = g0 = S(0,0) = 7(0,0).

Corollary 2.1. Let (X, by) be a by—complete b - dislocated metric space with s > 1 and k be any positive
integer. Let S, T : X?* — X and f : X — X be mappings satisfying
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(2.23) S(X?) C g(X),T(X?") C f(X),

(2.24)  ba(S(x1,22, s xok), T (Y1, Y2y -y Y2x)) < Amax{bq(fx;, fy;) : 1 <i <2k}

forall x1,%2, ..., Tak, Y1, Y2, -, Y2 € X, where X € (0, STk)
(2.25) f(X) is abg — complete subspace of X
(2.26) (f,S) or (f,T) is 2k — dweakly compatible pair.

Then there exists a unique point uw € X such that v = fu = S(u,u, .., u,u) = T(u, u, .., u, u).

Corollary 2.2. Let (X, bg) be a bg—complete b - dislocated metric space with s > 1 and k be any positive
integer. Let S, T : X** — X be mappings satisfying

(2.27) ba(S(z1, o, ..oy o), T(y1, Y2, -, Y2i)) < A max{bg(x;,y;) : 1 <@ < 2k}

forallzy, 2, ..., Tak, Y1, Y2, -, Y2 € X, where X € (0, sTk)

Then there exists a unique point w € X such that u = S(u,u, .., u, u) = T(u,u, .., u, w).
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