
Hacettepe Journal of Mathematics and Statistics
Volume 43 (4) (2014), 581 – 594

Properties Q and R for nonlinear contractions in
g-metric spaces

Renu Chugh∗ , B. E. Rhoades†, Madhu Aggarwal‡ and Tamanna Kadian§

Abstract

We prove a general common fixed point theorem for three operators in
G-metric spaces satisfying a nonlinear contraction. Also we prove the
uniqueness of the fixed point, as well as studying the G-continuity of
the fixed point. Moreover, we show that these maps satisfy properties Q
and R. Our results extend some recent works. An illustrative example
is also discussed.

Received 09/11/2011 : Accepted 13/05/2013

2000 AMS Classification: 47H10, 54H25, 54E35, 54E99.

Keywords: G-metric space, Common fixed point, Nonlinear contraction, G-continuity,
Property Q, Property R.

1. Introduction and Preliminaries

The notion of G-metric spaces was introduced by Z. Mustafa and B. Sims [5, 8]. They
generalized the concept of a metric space. Then, based on the notion of generalized
metric spaces, several authors have obtained some fixed point results for a self-mapping
under various contractive conditions, (see [1, 2, 3, 6, 7, 9]). In this paper we prove a
general common fixed point theorem for three operators in a complete generalized metric
space X involving a nonlinear contraction related to a function φ ∈ Φ where Φ is given
by the following:

1.1. Definition. Denote by Φ the set of non-decreasing continuous functions φ : R+ →
R+ satisfying:

(1) φ(0) = 0,

(2) 0 < φ(t) < t for all t > 0,

(3) the series
∑

n≥1

φn(t)converges for all t > 0.
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1.2. Definition ([8]). Let X be a nonempty set and let G : X×X×X → R+ a function
satisfying the following axioms:

(G1) G(x, y, z) = 0 if x = y = z,

(G2) 0 < G(x, x, y) for all x, y ∈ X with x 6= y,

(G3) G(x, x, y) ≤ G(x, y, z), for all x, y, z ∈ X, with z 6= y,

(G4) G(x, y, z) = G(x, z, y) = G(y, z, x) = ... (symmetry in all three variables),

(G5) G(x, y, z) ≤ G(x, a, a) +G(a, y, z), for all x, y, z, a ∈ X,
(rectangle inequality).

Then the function G is called a generalized metric, or, simply, a G-metric on X, and the
pair (X,G) is called a G-metric space.

1.3. Definition ([8]). Let (X,G) be a G-metric space, let {xn} be a sequence of points
of X. We say that {xn} is G-convergent to x if limn,m→∞G(x, xn, xm) = 0; that is, for
any ε > 0, there exists a k ∈ N such that G(x, xn, xm) < ε for all n,m ≥ k (throughout
this paper we mean by N the set of all natural numbers). We call x the limit of the
sequence and write xn → x or limxn = x.

1.4. Definition ([8]). Let (X,G) be a G-metric space. Then the following are equivalent:

(1) {xn} is G-convergent to x,

(2) G(xn, xn, x)→ 0, as n→∞,
(3) G(xn, x, x)→ 0, as n→∞,
(4) G(xm, xn, x)→ 0, as n,m→∞.

1.5. Definition ([8]). Let (X,G) be a G-metric space. A sequence {xn} is called G-
cauchy if for each ε > 0, there exists a k ∈ N such that G(xn, xm, xl) < ε for all
n,m, l ≥ k, that is, if G(xn, xm, xl)→ 0 as n,m, l→∞.

1.6. Proposition ([8]). Let (X,G) be a G-metric space.Then the following are equiva-
lent:

(1) The sequence {xn} is G-cauchy.

(2) For every ε > 0, there exists a k ∈ N such that G(xn, xm, xm) < ε,

for all n,m ≥ k.

1.7. Proposition ([8]). Let (X,G) be a G-metric space.Then f : X → X is G-continuous
at x ∈ X if and only if it is G-sequentially continuous at x, that is, whenever {xn} is
G-convegent to x, f(xn) is G-convergent to f(x).

1.8. Proposition ([8]). Let (X,G) be a G-metric space.Then the function G(x, y, z) is
jointly continuous in all the three variables.

1.9. Definition ([8]). A G-metric space (X,G) is called G-complete if every G-cauchy
sequence is G-convergent in (X,G).
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1.10. Proposition ([8]). Let (X,G) be a G-metric space.Then for any x, y, z, a ∈ X it
follows that:

(1) G(x, y, z) = 0, then x = y = z,

(2) G(x, y, z) ≤ G(x, x, y) +G(x, x, z),

(3) G(x, y, y) ≤ 2G(y, x, x),

(4) G(x, y, z) ≤ G(x, a, z) +G(a, y, z),

(5) G(x, y, z) ≤ 2

3
[G(x, y, a) +G(x, a, z) +G(a, y, z)],

(6) G(x, y, z) ≤ [G(x, a, a) +G(y, a, a) +G(z, a, a)].

1.11. Definition. Let (X,G) be a G-metric space and T, S : X → X be two mappings
with F (T )∩F (S) 6= ∅. Then T and S have property Q if F (Tn)∩F (Sn) = F (T )∩F (S),
for each n ∈ N .

1.12. Definition. Let {Ti} be a sequence of selfmaps of a G-metric space X. We shall
say that this family has property R if ∩iF (Tni ) = ∩iF (Ti), for each n ∈ N .

In this paper we prove a general common fixed point theorem for three operators
in G-metric spaces satisfying a nonlinear contraction. Also we prove the uniqueness
of the fixed point, as well as studying the G-continuity of the fixed point. Moreover,
we show that these maps satisfy properties Q and R. An interesting fact about maps
satisfying properties Q and R is that they have no nontrivial periodic points. Some
papers dealing with properties Q and R are ([4, 10]). Our results extend some recent
works. An illustrative example is also discussed.

2. Fixed Point Theorem

2.1. Theorem. Let (X,G) be a complete G-metric space and let T1, T2, T3 be selfmaps
of X satisfying for all x, y, z ∈ X,

G(T1x, T2y, T3z) ≤ φ(M(x, y, z)),(2.1)

where

M(x, y, z) = max{G(x, y, z), G(x, x, T1x), G(y, y, T2y), G(z, z, T3z),

G(x, x, T2y), G(z, z, T1x), G(y, y, T1x), G(y, y, T3z), G(z, z, T2y)},
and φ ∈ Φ. Then T1, T2 and T3 have a unique common fixed point (say u) and each Ti
is G-continuous at u.

Proof. We shall first show that, if u is a fixed point of one of the maps, then it is a
common fixed point. Suppose that u ∈ F (T1). Then, from (2.1),

G(T1u, T2u, T3u) ≤ φ(max{G(u, u, u), G(u, u, T1u), G(u, u, T2u),

G(u, u, T3u), G(u, u, T2u), G(u, u, T1u), G(u, u, T1u),

G(u, u, T3u), G(u, u, T2u)}),(2.2)

which implies that

G(T1u, T2u, T3u) ≤ φ(max{G(u, u, T3u), G(u, u, T2u)}).
If T2u 6= T3u, then, from properties (G3) and (G4), G(u, u, T3u) ≤ G(T2u, u, T3u), and
G(u, u, T2u) ≤ G(T2u, u, T3u).Therefore,G(T1u, T2u, T3u) ≤ φ(G(T1u, T2u, T3u)), which
leads to a contradiction if G(T1u, T2u, T3u) > 0. Therefore, G(T1u, T2u, T3u) = 0 and
from proposition (1.10), u = T1u = T2u = T3u.
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Suppose that T2u = T3u. Then (2.2) becomes

G(u, T2u, T2u) ≤ φ(max{0, G(u, T2u, T2u)}),
which implies that u = T2u, and therefore u is a common fixed point of T1, T2, and T3.

A similar proof shows that, if u is a fixed point of T2 or T3, then it is a common fixed
point.

Let x0 be an arbitrary point in X. Take x1 = T1x0, x2 = T2x1 and x3 = T3x2. We
can then construct a sequence {xn} in X such that for any n ∈ N

x3n+1 = T1x3n, x3n+2 = T2x3n+1, x3n+3 = T3x3n+2.

If there exists an integer p such that x3p = x3p+1, then x3p ∈ F (T1), hence x3p ∈
F (T2) ∩ F (T3).

Similarly, if there exists an integer p such that x3p+1 = x3p+2 or x3p+2 = x3p+3, then
we have a common fixed point. Therefore, we shall assume that xn 6= xn+1 for all n ∈ N .
Using (2.1) with x = x3n, y = x3n+1 and z = x3n+2, we get

G(x3n+1, x3n+2, x3n+3) = G(T1x3n, T2x3n+1, T3x3n+2)

≤ φ(max{G(x3n, x3n+1, x3n+2), G(x3n, x3n, T1x3n),

G(x3n+1, x3n+1, T2x3n+1), G(x3n+2, x3n+2, T3x3n+2),

G(x3n, x3n, T2x3n+1), G(x3n+2, x3n+2, T1x3n),

G(x3n+1, x3n+1, T1x3n), G(x3n+1, x3n+1, T3x3n+2),

G(x3n+2, x3n+2, T2x3n+1)})
= φ(max{G(x3n, x3n+1, x3n+2), G(x3n, x3n, x3n+1),

G(x3n+1, x3n+1, x3n+2), G(x3n+2, x3n+2, x3n+3),

G(x3n, x3n, x3n+2), G(x3n+2, x3n+2, x3n+1),

G(x3n+1, x3n+1, x3n+1), G(x3n+1, x3n+1, x3n+3),

G(x3n+2, x3n+2, x3n+2)}).
Then, using (G1), (G3) and (G4), we get

G(x3n+1, x3n+2, x3n+3) ≤ φ(max{G(x3n, x3n+1, x3n+2), G(x3n+1, x3n+2, x3n+3)}).
Since the xi are distinct, the above inequality implies that

G(x3n+1, x3n+2, x3n+3) ≤ φ(G(x3n, x3n+1, x3n+2)).

In a similar way, we obtain

G(x3n+2, x3n+3, x3n+4) ≤ φ(G(x3n+1, x3n+2, x3n+3)),

and

G(x3n+3, x3n+4, x3n+5) ≤ φ(G(x3n+2, x3n+3, x3n+4)).

From the above three inequalities, one can assert that

G(xn, xn+1, xn+2) ≤ φ(G(xn−1, xn, xn+1)).

If we define tn = G(xn, xn+1, xn+2), then 0 ≤ tn ≤ tn−1 , so that the sequence {tn}
is non-increasing, hence convergent to some r ≥ 0. Letting n → ∞ in (2.4), we have
r ≤ φ(r), using the continuity of φ. If r 6= 0, we obtain the contradiction r < φ(r) < r.
Hence r = 0. We rewrite this as

lim
n→∞

G(xn, xn+1, xn+2) = 0.
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We next prove that {xn} is a G-Cauchy sequence. From (2.4),

G(xn, xn+1, xn+2) ≤ φ(G(xn−1, xn, xn+1)) ≤ ..... ≤ φn(G(x0, x1, x2)).

Therefore, using conditions (G3), (G4), (G5) and (2.4), we have for any k ∈ N
G(xn, xn+k, xn+k) ≤ G(xn, xn+1, xn+1) +G(xn+1, xn+2, xn+2) + ......

+G(xn+k−2, xn+k−1, xn+k−1) +G(xn+k−1, xn+k, xn+k)

≤ G(xn, xn+1, xn+2) +G(xn+1, xn+2, xn+3) + ......

+G(xn+k−2, xn+k−1, xn+k) +G(xn+k−1, xn+k, xn+k+1)

≤ φn(G(x0, x1, x2)) + φn+1(G(x0, x1, x2)) + ......

+ φn+k(G(x0, x1, x2))

=

n+k∑

i=n

φi(G(x0, x1, x2))

≤
∞∑

i=n

φi(G(x0, x1, x2)).

Using properties of φ,
∑∞
i=n φ

i(G(x0, x1, x2)) tends to 0 as n→∞. Then for any k ∈ N
lim
n→∞

G(xn, xn+k, xn+k) = 0,

and {xn} is a G-Cauchy sequence.Since X is a G-complete space, {xn} is a G-convergent
to some u ∈ X; that is

lim
n→∞

G(xn, xn, u) = lim
n→∞

G(xn, u, u) = 0.

To show that u is a common fixed point of the maps Ti, i = 1, 2, 3, it will be sufficient to
show that T1u = u. From (2.1), we have

G(T1u, x3n+2, x3n+3) = G(T1u, T2x3n+1, T3x3n+2)

≤ φ(max{G(u, x3n+1, x3n+2), G(u, u, T1u),

G(x3n+1, x3n+1, T2x3n+1), G(x3n+2, x3n+2, T3x3n+2),

G(u, u, T2x3n+1), G(x3n+2, x3n+2, T1u),

G(x3n+1, x3n+1, T1u), G(x3n+1, x3n+1, T3x3n+2),

G(x3n+2, x3n+2, T2x3n+1)})
= φ(max{G(u, x3n+1, x3n+2), G(u, u, T1u),

G(x3n+1, x3n+1, x3n+2), G(x3n+2, x3n+2, x3n+3),

G(u, u, x3n+2), G(x3n+2, x3n+2, T1u),

G(x3n+1, x3n+1, T1u), G(x3n+1, x3n+1, x3n+3),

G(x3n+2, x3n+2, x3n+2)}).
Thus,

G(T1u, x3n+2, x3n+3) ≤ φ(max{G(u, x3n+1, x3n+2), G(T1u, u, u),

G(x3n+1, x3n+1, x3n+2), G(x3n+2, x3n+2, x3n+3),

G(u, u, x3n+2), G(T1u, x3n+2, x3n+2),

G(T1u, x3n+1, x3n+1), G(x3n+1, x3n+1, x3n+3)}).
Taking the limit as n → ∞, we get G(T1u, u, u) ≤ φ(G(T1u, u, u)), which implies that
T1u = u, T2u = u = T3u, and u is a common fixed point of the three maps T1, T2 and T3.
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Let v be another common fixed point of each Ti, i = 1, 2, 3. Using (2.1)

G(u, u, v) = G(T1u, T2u, T3v)

≤ φ(max{G(u, u, v), G(u, u, T1u), G(u, u, T2u),

G(v, v, T3v), G(u, u, T2u), G(v, v, T1u),

G(u, u, T1u), G(u, u, T3v), G(v, v, T2u)})
= φ(max{G(u, u, v), 0, 0, 0, 0, G(v, v, u), 0,

G(u, u, v), G(v, v, u)}).

This implies that

G(u, u, v) ≤ φ(max{G(u, u, v), G(v, v, u)}).

Then either

(1) G(u, u, v) > G(v, v, u),

(2) G(u, u, v) ≤ G(v, v, u).

If (1) is true, then

G(u, u, v) ≤ φ(G(u, u, v)) < G(u, u, v),

which implies that u = v,and u is the unique common fixed point of T1, T2 and T3. If (2)
is true, then we have

G(u, u, v) ≤ G(v, v, u).

Now, again using (2.1) with x = v, y = z = u, we get

G(v, v, u) = G(T1v, T2v, T3u)

≤ φ(max{G(v, v, u), G(v, v, T1v), G(v, v, T2v),

G(u, u, T3u), G(v, v, T2v), G(u, u, T1v),

G(v, v, T1v), G(v, v, T3u), G(u, u, T2v)})
= φ(max{G(v, v, u)G(u, u, v)}).

Then either

(3) G(v, v, u) > G(u, u, v),

(4) G(v, v, u) ≤ G(u, u, v).

If (3) is true, then

G(v, v, u) ≤ φ(G(v, v, u)) < G(v, v, u),

which implies that u = v,and u is the unique common fixed point of T1, T2 and T3. If (4)
is true, then we have

G(v, v, u) ≤ G(u, u, v).

Combining (2.6) and (2.7), we get G(v, v, u) = G(u, u, v). Using it in (2.5), we get that
u is the unique common fixed point of T1, T2 and T3.

We shall now show that each Ti, i = 1, 2, 3, is G-continuous at u. First we prove that
T1 is G-continuous at u. For this, let {un} ⊂ X be a sequence which is G-convergent to
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u. Using (2.1), we have

G(T1un, u, u) = G(T1un, T2u, T3u)

≤ φ(max{G(un, u, u), G(un, un, T1un), G(u, u, T2u),

G(u, u, T3u), G(un, un, T2u), G(u, u, T1un),

G(u, u, T1un), G(u, u, T3u), G(u, u, T2u)})
= φ(max{G(un, u, u), G(un, un, T1un), 0, 0,

G(un, un, u), G(u, u, T1un), 0, 0}).

Therefore

G(T1un, u, u) ≤ φ(max{G(un, u, u), G(T1un, un, un),

G(un, un, u), G(T1un, u, u)}).

Taking the limit as n→∞, we get G(T1un, u, u) = 0, which implies that limn→∞ T1un =
u and T1 is G-continuous at u. Similarly, one can show that each Ti, i = 2, 3, is G-
continuous at u. �

We now give some corollaries of Theorem 2.1. The first corresponds to φ(t) = kt
where 0 ≤ k < 1.

2.2. Corollary. Let (X,G) be a complete G-metric space and let T1, T2, T3 be selfmaps
of X satisfying for all x, y, z ∈ X,

G(T1x, T2y, T3z) ≤ k(M(x, y, z)),

where

M(x, y, z) = max{G(x, y, z), G(x, x, T1x), G(y, y, T2y), G(z, z, T3z),

G(x, x, T2y), G(z, z, T1x), G(y, y, T1x), G(y, y, T3z), G(z, z, T2y)},

where k is a constant satisfying 0 ≤ k < 1. Then T1, T2 and T3 have a unique common
fixed point (say u) and each Ti is G-continuous at u.

2.3. Corollary. Let (X,G) be a complete G-metric space and let T1, T2, T3 be selfmaps
of X satisfying for all x, y, z ∈ X,

G(Tm1 x, Tm2 y, Tm3 z) ≤ φ(M(x, y, z)),

where

M(x, y, z) = max{G(x, y, z), G(x, x, Tm1 x), G(y, y, Tm2 y), G(z, z, Tm3 z),

G(x, x, Tm2 y), G(z, z, Tm1 x), G(y, y, Tm1 x), G(y, y, Tm3 z), G(z, z, Tm2 y)},

and φ ∈ Φ. Then T1, T2 and T3 have a unique common fixed point (say u) and each Ti
is G-continuous at u.

Proof. From Theorem 2.1, we conclude that the maps Tm1 , Tm2 and Tm3 have a unique
common fixed point say u. For any i = 1, 2, 3, Tiu = Ti(T

m
i u) = Tm+1

i u = Tmi (Tiu),
meaning that Tiu is also a fixed point of Tmi . By the uniqueness of u, we get Tiu = u. �

By taking T1 = S and T2 = T3 = T in Theorem 2.1, we obtain the following result:
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2.4. Corollary. Let (X,G) be a complete G-metric space and let S, T be selfmaps of X
satisfying for all x, y, z ∈ X,

G(Sx, Ty, Tz) ≤ φ(M(x, y, z)),

where

M(x, y, z) = max{G(x, y, z), G(x, x, Sx), G(y, y, Ty), G(z, z, Tz),

G(x, x, Ty), G(z, z, Sx), G(y, y, Sx), G(y, y, Tz), G(z, z, Ty)},
and φ ∈ Φ. Then S, T have a unique common fixed point (say u). Also S and T are
G-continuous at u.

By taking T = T1 = T2 = T3 in Theorem 2.1 and in the above Corollaries, we obtain
the following results:

2.5. Corollary. Let (X,G) be a complete G-metric space and let T be selfmap of X
satisfying for all x, y, z ∈ X,

G(Tx, Ty, Tz) ≤ φ(M(x, y, z)),

where

M(x, y, z) = max{G(x, y, z), G(x, x, Tx), G(y, y, Ty), G(z, z, Tz),

G(x, x, Ty), G(z, z, Tx), G(y, y, Tx), G(y, y, Tz), G(z, z, Ty)},
and φ ∈ Φ. Then T has a unique fixed point (say u). Also T is G-continuous at u.

2.6. Corollary. Let (X,G) be a complete G-metric space and let T be selfmap of X
satisfying for all x, y, z ∈ X,

G(Tx, Ty, Tz) ≤ k(M(x, y, z)),

where

M(x, y, z) = max{G(x, y, z), G(x, x, Tx), G(y, y, Ty), G(z, z, Tz),

G(x, x, Ty), G(z, z, Tx), G(y, y, Tx), G(y, y, Tz), G(z, z, Ty)},
where k is a constant satisfying 0 ≤ k < 1. Then T has a unique fixed point (say u).
Also T is G-continuous at u.

2.7. Remark. Special cases of Corollary 2.6 are Theorems 2.1, 2.2 of [2], Theorems 2.1,
2.3, 2.5, 2.8, 2.9 of [5],Theorem 2.3 of [7] and Theorems 2.1, 2.4, 2.6, 2.8 of [9].

2.8. Example. Let X = [0, 1] with G-metric defined by G(x, y, z) = |x− y|+ |y − z|+
|z − x|. Define φ : R→ R as φ(t) = 2t

3
and T1, T2, T3 : X → X by

T1x =

{
x
15

if x ∈ [0, 1
3
)

x
8

if x ∈ [ 1
3
, 1]

,

T2x =

{
x
10

if x ∈ [0, 1
3
)

x
4

if x ∈ [ 1
3
, 1]

,

T3x =

{
x
5

if x ∈ [0, 1
3
)

x
2

if x ∈ [ 1
3
, 1]

.
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Now, we prove that the mappings T1, T2 and T3 satisfy condition (2.1). We discuss the
following eight cases:

Case-I: If x, y, z ∈ [0, 1
3
), then

M(x, y, z) = max

{
max{|x− y|, |y − z|, |z − x|}, 14x

15
,

9y

10
,

4z

5
,

∣∣∣∣x−
y

10

∣∣∣∣,
∣∣∣∣z −

x

15

∣∣∣∣,
∣∣∣∣y −

x

15

∣∣∣∣,
∣∣∣∣y −

z

5

∣∣∣∣,
∣∣∣∣z −

y

10

∣∣∣∣
}
.

So,

G(T1x, T2y, T3z) = max

{∣∣∣∣
x

15
− y

10

∣∣∣∣,
∣∣∣∣
y

10
− z

5

∣∣∣∣,
∣∣∣∣
z

5
− x

15

∣∣∣∣
}

=
1

5
max

{∣∣∣∣
x

3
− y

2

∣∣∣∣,
∣∣∣∣
y

2
− z
∣∣∣∣,
∣∣∣∣z −

x

3

∣∣∣∣
}

≤ 2

3
max

{
max{|x− y|, |y − z|, |z − x|}, 14x

15
,

9y

10
,

4z

5
,

∣∣∣∣x−
y

10

∣∣∣∣,
∣∣∣∣z −

x

15

∣∣∣∣,
∣∣∣∣y −

x

15

∣∣∣∣,
∣∣∣∣y −

z

5

∣∣∣∣,
∣∣∣∣z −

y

10

∣∣∣∣
}

=
2

3
M(x, y, z)

= φ(M(x, y, z)).

Case-II: If x, y, z ∈ [ 1
3
, 1], then

M(x, y, z) = max

{
max{|x− y|, |y − z|, |z − x|}, 7x

8
,

3y

4
,
z

2
,

∣∣∣∣x−
y

4

∣∣∣∣,
∣∣∣∣z −

x

8

∣∣∣∣,
∣∣∣∣y −

x

8

∣∣∣∣,
∣∣∣∣y −

z

2

∣∣∣∣,
∣∣∣∣z −

y

4

∣∣∣∣
}
.

So,

G(T1x, T2y, T3z) = max

{∣∣∣∣
x

8
− y

4

∣∣∣∣,
∣∣∣∣
y

4
− z

2

∣∣∣∣,
∣∣∣∣
z

2
− x

8

∣∣∣∣
}

=
1

2
max

{∣∣∣∣
x

4
− y

2

∣∣∣∣,
∣∣∣∣
y

2
− z
∣∣∣∣,
∣∣∣∣z −

x

4

∣∣∣∣
}

≤ 2

3
max

{
max{|x− y|, |y − z|, |z − x|}, 7x

8
,

3y

4
,
z

2
,

∣∣∣∣x−
y

4

∣∣∣∣,
∣∣∣∣z −

x

8

∣∣∣∣,
∣∣∣∣y −

x

8

∣∣∣∣,
∣∣∣∣y −

z

2

∣∣∣∣,
∣∣∣∣z −

y

4

∣∣∣∣
}

=
2

3
M(x, y, z)

= φ(M(x, y, z)).

Case-III: If x ∈ [0, 1
3
) and y, z ∈ [ 1

3
, 1], then

M(x, y, z) = max

{
max{|x− y|, |y − z|, |z − x|}, 14x

15
,

3y

4
,
z

2
,

∣∣∣∣x−
y

4

∣∣∣∣,
∣∣∣∣z −

x

15

∣∣∣∣,
∣∣∣∣y −

x

15

∣∣∣∣,
∣∣∣∣y −

z

2

∣∣∣∣,
∣∣∣∣z −

y

4

∣∣∣∣
}
.
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So,

G(T1x, T2y, T3z) = max

{∣∣∣∣
x

15
− y

4

∣∣∣∣,
∣∣∣∣
y

4
− z

2

∣∣∣∣,
∣∣∣∣
z

2
− x

15

∣∣∣∣
}

=
1

2
max

{∣∣∣∣
2x

15
− y

2

∣∣∣∣,
∣∣∣∣
y

2
− z
∣∣∣∣,
∣∣∣∣z −

2x

15

∣∣∣∣
}

≤ 2

3
max

{
max{|x− y|, |y − z|, |z − x|}, 14x

15
,

3y

4
,
z

2
,

∣∣∣∣x−
y

4

∣∣∣∣,
∣∣∣∣z −

x

15

∣∣∣∣,
∣∣∣∣y −

x

15

∣∣∣∣,
∣∣∣∣y −

z

2

∣∣∣∣,
∣∣∣∣z −

y

4

∣∣∣∣
}

=
2

3
M(x, y, z)

= φ(M(x, y, z)).

Case-IV: If y ∈ [0, 1
3
) and x, z ∈ [ 1

3
, 1], then

M(x, y, z) = max

{
max{|x− y|, |y − z|, |z − x|}, 7x

8
,

9y

10
,
z

2
,

∣∣∣∣x−
y

10

∣∣∣∣,
∣∣∣∣z −

x

8

∣∣∣∣,
∣∣∣∣y −

x

8

∣∣∣∣,
∣∣∣∣y −

z

2

∣∣∣∣,
∣∣∣∣z −

y

10

∣∣∣∣
}
.

So,

G(T1x, T2y, T3z) = max

{∣∣∣∣
x

8
− y

10

∣∣∣∣,
∣∣∣∣
y

10
− z

2

∣∣∣∣,
∣∣∣∣
z

2
− x

8

∣∣∣∣
}

=
1

2
max

{∣∣∣∣
x

4
− y

5

∣∣∣∣,
∣∣∣∣
y

5
− z
∣∣∣∣,
∣∣∣∣z −

x

4

∣∣∣∣
}

≤ 2

3
max

{
max{|x− y|, |y − z|, |z − x|}, 7x

8
,

9y

10
,
z

2
,

∣∣∣∣x−
y

10

∣∣∣∣,
∣∣∣∣z −

x

8

∣∣∣∣,
∣∣∣∣y −

x

8

∣∣∣∣,
∣∣∣∣y −

z

2

∣∣∣∣,
∣∣∣∣z −

y

10

∣∣∣∣
}

=
2

3
M(x, y, z)

= φ(M(x, y, z)).

Case-V: If z ∈ [0, 1
3
) and x, y ∈ [ 1

3
, 1], then

M(x, y, z) = max

{
max{|x− y|, |y − z|, |z − x|}, 7x

8
,

3y

4
,

4z

5
,

∣∣∣∣x−
y

4

∣∣∣∣,
∣∣∣∣z −

x

8

∣∣∣∣,
∣∣∣∣y −

x

8

∣∣∣∣,
∣∣∣∣y −

z

5

∣∣∣∣,
∣∣∣∣z −

y

4

∣∣∣∣
}
.
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So,

G(T1x, T2y, T3z) = max

{∣∣∣∣
x

8
− y

4

∣∣∣∣,
∣∣∣∣
y

4
− z

5

∣∣∣∣,
∣∣∣∣
z

5
− x

8

∣∣∣∣
}

=
1

4
max

{∣∣∣∣
x

2
− y
∣∣∣∣,
∣∣∣∣y −

4z

5

∣∣∣∣,
∣∣∣∣
4z

5
− x

2

∣∣∣∣
}

≤ 2

3
max

{
max{|x− y|, |y − z|, |z − x|}, 7x

8
,

3y

4
,

4z

5
,

∣∣∣∣x−
y

4

∣∣∣∣,
∣∣∣∣z −

x

8

∣∣∣∣,
∣∣∣∣y −

x

8

∣∣∣∣,
∣∣∣∣y −

z

5

∣∣∣∣,
∣∣∣∣z −

y

4

∣∣∣∣
}

=
2

3
M(x, y, z)

= φ(M(x, y, z)).

Case-VI: If x, y ∈ [0, 1
3
) and z ∈ [ 1

3
, 1], then

M(x, y, z) = max

{
max{|x− y|, |y − z|, |z − x|}, 14x

15
,

9y

10
,
z

2
,

∣∣∣∣x−
y

10

∣∣∣∣,
∣∣∣∣z −

x

15

∣∣∣∣,
∣∣∣∣y −

x

15

∣∣∣∣,
∣∣∣∣y −

z

2

∣∣∣∣,
∣∣∣∣z −

y

10

∣∣∣∣
}
.

So,

G(T1x, T2y, T3z) = max

{∣∣∣∣
x

15
− y

10

∣∣∣∣,
∣∣∣∣
y

10
− z

2

∣∣∣∣,
∣∣∣∣
z

2
− x

15

∣∣∣∣
}

=
1

2
max

{∣∣∣∣
2x

15
− y

5

∣∣∣∣,
∣∣∣∣
y

5
− z
∣∣∣∣,
∣∣∣∣z −

2x

15

∣∣∣∣
}

≤ 2

3
max

{
max{|x− y|, |y − z|, |z − x|}, 14x

15
,

9y

10
,
z

2
,

∣∣∣∣x−
y

10

∣∣∣∣,
∣∣∣∣z −

x

15

∣∣∣∣,
∣∣∣∣y −

x

15

∣∣∣∣,
∣∣∣∣y −

z

2

∣∣∣∣,
∣∣∣∣z −

y

10

∣∣∣∣
}

=
2

3
M(x, y, z)

= φ(M(x, y, z)).

Case-VII: If x, z ∈ [0, 1
3
) and y ∈ [ 1

3
, 1], then

M(x, y, z) = max

{
max{|x− y|, |y − z|, |z − x|}, 14x

15
,

3y

4
,

4z

5
,

∣∣∣∣x−
y

4

∣∣∣∣,
∣∣∣∣z −

x

15

∣∣∣∣,
∣∣∣∣y −

x

15

∣∣∣∣,
∣∣∣∣y −

z

5

∣∣∣∣,
∣∣∣∣z −

y

4

∣∣∣∣
}
.
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So,

G(T1x, T2y, T3z) = max

{∣∣∣∣
x

15
− y

4

∣∣∣∣,
∣∣∣∣
y

4
− z

5

∣∣∣∣,
∣∣∣∣
z

5
− x

15

∣∣∣∣
}

=
1

4
max

{∣∣∣∣
4x

15
− y
∣∣∣∣,
∣∣∣∣y −

4z

5

∣∣∣∣,
∣∣∣∣
4z

5
− 4x

15

∣∣∣∣
}

≤ 2

3
max

{
max{|x− y|, |y − z|, |z − x|}, 14x

15
,

3y

4
,

4z

5
,

∣∣∣∣x−
y

4

∣∣∣∣,
∣∣∣∣z −

x

15

∣∣∣∣,
∣∣∣∣y −

x

15

∣∣∣∣,
∣∣∣∣y −

z

5

∣∣∣∣,
∣∣∣∣z −

y

4

∣∣∣∣
}

=
2

3
M(x, y, z)

= φ(M(x, y, z)).

Case-VIII: If y, z ∈ [0, 1
3
) and x ∈ [ 1

3
, 1], then

M(x, y, z) = max

{
max{|x− y|, |y − z|, |z − x|}, 7x

8
,

9y

10
,

4z

5
,

∣∣∣∣x−
y

10

∣∣∣∣,
∣∣∣∣z −

x

8

∣∣∣∣,
∣∣∣∣y −

x

8

∣∣∣∣,
∣∣∣∣y −

z

5

∣∣∣∣,
∣∣∣∣z −

y

10

∣∣∣∣
}
.

So,

G(T1x, T2y, T3z) = max

{∣∣∣∣
x

8
− y

10

∣∣∣∣,
∣∣∣∣
y

10
− z

5

∣∣∣∣,
∣∣∣∣
z

5
− x

8

∣∣∣∣
}

=
1

5
max

{∣∣∣∣
5x

8
− y

2

∣∣∣∣,
∣∣∣∣
y

2
− z
∣∣∣∣,
∣∣∣∣z −

5x

8

∣∣∣∣
}

≤ 2

3
max

{
max{|x− y|, |y − z|, |z − x|}, 7x

8
,

9y

10
,

4z

5
,

∣∣∣∣x−
y

10

∣∣∣∣,
∣∣∣∣z −

x

8

∣∣∣∣,
∣∣∣∣y −

x

8

∣∣∣∣,
∣∣∣∣y −

z

5

∣∣∣∣,
∣∣∣∣z −

y

10

∣∣∣∣
}

=
2

3
M(x, y, z)

= φ(M(x, y, z)).

Thus all the conditions of Theorem 2.1 are satisfied for all x, y, z ∈ X and 0 is the unique
common fixed point of T1, T2 and T3.

3. Properties Q and R

In this section, we shall show that maps satisfying the conditions of theorem (2.1) and
Corollary (2.3) possess properties R and Q respectively.

3.1. Theorem. Under the conditions of Theorem 2.1, T1, T2 and T3 have Property R.

Proof. From Theorem 2.1, T1, T2 and T3 have a fixed point. Therefore, (F (Tn1 )∩F (Tn2 )∩
F (Tn3 )) is non empty for each n ∈ N . Let n > 1 and suppose that p ∈ F (Tn1 ) ∩ F (Tn2 ) ∩
F (Tn3 ). We claim that p ∈ F (T1) ∩ F (T2) ∩ F (T3). To prove this, it is sufficient to show
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that p is a fixed point of T1. Suppose that T1p 6= p. Then using (2.1)

G(T1p, p, p) = G(Tn+1
1 p, Tn2 p, T

n
3 p)

≤ φ(max{G(Tn1 p, T
n−1
2 p, Tn−1

3 p), G(Tn1 p, T
n
1 p, T

n+1
1 p),

G(Tn−1
2 p, Tn−1

2 p, Tn2 p), G(Tn−1
3 p, Tn−1

3 p, Tn3 p),

G(Tn1 p, T
n
1 p, T

n
2 p), G(Tn−1

3 p, Tn−1
3 p, Tn+1

1 p),

G(Tn−1
2 p, Tn−1

2 p, Tn+1
1 p), G(Tn−1

2 p, Tn−1
2 p, Tn3 p),

G(Tn−1
3 p, Tn−1

3 p, Tn2 p)})
= φ(max{G(p, Tn−1

2 p, Tn−1
3 p), G(p, p, T1p), G(Tn−1

2 p, Tn−1
2 p, p),

G(Tn−1
3 p, Tn−1

3 p, p), G(p, p, p), G(Tn−1
3 p, Tn−1

3 p, T1p),

G(Tn−1
2 p, Tn−1

2 p, T1p), G(Tn−1
2 p, Tn−1

2 p, p), G(Tn−1
3 p, Tn−1

3 p, p)}).
If p = Tn−1

2 p, then G(Tn−1
2 p, Tn−1

2 p, p) = 0. If p 6= Tn−1
2 p, then from (G3) and (G4),

G(Tn−1
2 p, Tn−1

2 p, p) ≤ G(Tn−1
2 p, p, Tn−1

3 p).

Similarly, either

G(Tn−1
3 p, Tn−1

3 p, p) = 0 or

G(Tn−1
3 p, Tn−1

3 p, p) ≤ G(p, Tn−1
2 p, Tn−1

3 p),

G(Tn−1
2 p, Tn−1

2 p, T1p) = 0 or

G(Tn−1
2 p, Tn−1

2 p, T1p) ≤ G(T1p, T
n−1
2 p, Tn−1

3 p),

and

G(Tn−1
3 p, Tn−1

3 p, T1p) = 0 or

G(Tn−1
3 p, Tn−1

3 p, T1p) ≤ G(T1p, T
n−1
2 p, Tn−1

3 p).

Therefore

G(T1p, p, p) ≤ φ(max{G(T1p, p, p), G(p, Tn−1
2 p, Tn−1

3 p), G(T1p, T
n−1
2 p, Tn−1

3 p)}).
Then either

G(T1p, p, p) ≤ φ(G(T1p, p, p)),

or G(T1p, p, p) ≤ φ(G(p, Tn−1
2 p, Tn−1

3 p)),

or G(T1p, p, p) ≤ φ(G(T1p, T
n−1
2 p, Tn−1

3 p)).

The condition

G(T1p, p, p) ≤ φ(G(p, Tn−1
2 p, Tn−1

3 p)),

implies that

G(T1p, p, p) = G(Tn+1
1 p, Tn2 p, T

n
3 p)

≤ φ(G(Tn1 p, T
n−1
2 p, Tn−1

3 p)) ≤ .... ≤ φ(G(T1p, p, p)),

and if

G(T1p, p, p) ≤ φ(G(T1p, T
n−1
2 p, Tn−1

3 p)),
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implies that

G(T1p, p, p) = G(T1p, T
n
2 p, T

n
3 p)

≤ φ(G(T1p, T
n−1
2 p, Tn−1

3 p)) ≤ .... ≤ φ(G(T1p, p, p)).

Thus in either case, we obtain

G(T1p, p, p) ≤ φ(G(T1p, p, p)),

which is a contradiction. Hence T1p = p. Then, by Theorem 2.1, T2p = T3p = p.
Therefore, p ∈ F (T1) ∩ F (T2) ∩ F (T3), and T1, T2 and T3 satisfy property R.

�

3.2. Corollary. Under the conditions of Corollary 2.3, S and T have Property Q.

3.3. Remark. For T1 = T2 = T3 = T in Theorem 3.1, we obtain Theorems 3.1, 3.2 of
[2] as special cases of our result.
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