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ON GENERALIZED TAXICAB METRIC IN THREE
DIMENSIONAL SPACE
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ABSTRACT. In this paper, we define the generalized taxicab distance function
in three dimensional space, which includes the taxicab distance function as a
special case, and we show that three dimensional generalized taxicab distance
function determines a metric. Then we give some properties of three dimen-
sional generalized taxicab metric, and determine Euclidean isometries of the
space preserving the generalized taxicab metric.

1. INTRODUCTION

Taxicab geometry was introduced by Menger [15], and developed by Krause [13],
using the taxicab metric which is the special case of the well-known l,-metric (also
known as Minkowski distance) for p = 1. In [I8], Lawrance J. Wallen altered the
taxicab metric by redefining in order to get rid of imperative symmetry, and called it
the (slightly) generalized taxicab metric. During the recent years, metric geometries
based on these metrics have been studied and developed in many directions. See

ma Ma Ma m, ﬂﬁﬂ7 [m]v ﬂgﬂv DIIL m, [IE]], m, and m for some of studies.

In this work, we define the generalized taxicab distance function in three di-
mensional space, and we show that three dimensional generalized taxicab distance
function determines a metric in R3, that is, dr, is a function from R3 x R? to
[0, 00) satisfying the following conditions: (1) dr,(A, B) = 0 if and only if A = B,
(2) dr,(A,B) = dr,(B, A), and (3) dr,(A, B) < dr,(A,C) + dr,(C, B) for all A,
B, and C in R3. Then we give some properties of three dimensional generalized
taxicab metric, and determine Euclidean isometries of the space which preserve the
generalized taxicab metric.

2. THE GENERALIZED TAXICAB DISTANCE IN R3

The generalized taxicab distance between two points in R3 can be defined as
follows:
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Definition 1. Let A = (z1,%1,21) and B = (x2,y2, 22) be two points in R3. For
each positive real numbers a, b, and c, the function dr, : R3 x R? — [0,00) defined
by

dr,(A, B) = a|r1 — 2| + blyr — y2| + c|z1 — 22| (1)
is called generalized taxicab distance function in R, and the real number dr,(A, B)
is called generalized taxicab distance between points A and B. As a special case, if
a=b=c=1, then

dr,(A, B) = dr(A, B) = |21 — 22| + [y1 — y2| + [21 — 22| (2)

which is the well-known tazicab distance in R3.

Remark 2. We are quite familiar to the notation of dr for the tazicab distance
function. In [5] and [6], dr, was used to state the generalized taxicab distance. One
can find the definition of dr, not to be well-defined since the generalized tazicab
distance between two points can change according to values a, b, and c. To remove
this confusion, we have to use values a, b and c in the name of the distance. This
can be done easily; for evample by using the notation (a,b,c) in phrase of dr,. But
we keep on using dr, for the sake of shortness, supposing values a, b and c are
initially determined and fixed unless otherwise stated.

The following proposition shows that the generalized taxicab distance function
satisfies the metric properties in R3.

Proposition 3. The generalized tazicab distance function determines a metric in
R3.

Proof. Clearly, dr,(A, B) = 0 if and only if A = B, and dr, (A, B) = dr,(B, A) for
any points A and B in R3. So, we only will show that dr, satisfies the triangle
inequality, that is, dr, (A, B) < dr, (A, C) + dr,(C, B) for points A = (21,91, 21),
B = (z2,¥2, 22), and C = (x3,y3,23) in R3. This fact can be proven as follows:

dr,(A, B) = alr1 — 22| + bly1 — y2| + c|z1 — 2]

=al(zy —x3) + (w3 —z2)| + b[(y1 — y3) + (y3 — y2)| + c|(21 — 23) + (23 — 22)|
<alry —x3| +blyr —ys| +clz1 — 23| +alzs — za| +blys — yo| + |23 — 22|

= dr, (A,C) + dr, (C, B). 0

3. SOME PROPERTIES OF dTg IN R3

Let A = (x1,y1,21) and B = (z2, Y2, 22) be two points in the three dimensional
Cartesian coordinate space. Let U%, U%, and W% be planes through the point X
and perpendicular to the x-axis, y-axis and z-axis, respectively. Since the Euclidean
distances from A to planes U%, U%, and ¥% (or from the point B to planes ¥%,
U4, and ¥%) are dg(A, V%) = |21 — x2], dp(A,¥Y%) = |y1 — y2| and dg(A, T%) =
|21 — 22|, the generalized taxicab distance between points A and B can be given by

dr,(A,B) = adp(A, V) + bdp(A, %) + cdp(A, ¥g). (3)
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FIGURE 1. Some shortest paths from A to B.

Clearly, one can consider the generalized taxicab metric as a generalization of the a-
metric in three dimensional space (see [8] and [3]). So, for i € {a,b, ¢}, let us define
e (seca; — tanay) such that o; € [0,7/2), to determine the shortest
paths from A to B. Thus, the generalized taxicab distance between points A and
B is constant max {a, b, ¢} multiple of the Euclidean length of one of shortest paths
from A and B composed of line segments making angles a,, o and a. with z,
y and z axes respectively, as in Figure 1. As a special case, if a = b = ¢, then
a, = ap = a, = 0, and the generalized taxicab distance between points A and B
is constant a multiple of the Euclidean length of one of the shortest paths from A
to B composed of line segments, each parallel to one of planes %, ¥% and ¥%:
That iS, dTg (A, B) = adT(A, B)

There exist, in general, infinitely many shortest paths between points A and B.
For max {a,b,c} = a, if A and B are not at the same plane, then all possible cases
for shapes of shortest paths from A to B are shown in Figure 2.

For points A = (x1,%1,21) and B = (z2,¥2,22) in R3, we denote by Rap the
rectangular prismatic region or rectangular region or a line segment bounded by
planes W%, ¥Y, 0%, 0%, WY and ¥%. The following corollary follow directly from
Eq. (3) which is the geometric interpretation of the generalized taxicab distance.

Corollary 4. Let A, B and C be three points in R® such that C € Rap. Then,
dr,(A,B) > dr,(A,C). In addition, dr,(A, B) = dr,(A,C) if and only if B = C.
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FIGURE 2. Possible shortest paths for max {a, b, c} = a.
dr, (A, B) = a(|z1 — z2|+(sec ap—tan ap) ly1 — ya|+(sec ac—tan ac) [21 — 22|)

Let us denote the space endowed with the generalized taxicab metric by R?:’pq.
Then unit generalized taxicab sphere in Rg’«g is the set of points (x,y,z) in the
space satisfying the equation a|z| + bly| + ¢|z| = 1. One can see by calculation
that unit generalized taxicab sphere is an octahedron with vertices A; = (%, 0, ()),
As = (=£,0,0), A3 = (0,1,0), Ay = (0,73,0), A5 = (0,0,1), and Ag = (0,0, =L)
(see Figure 3). If a = b = ¢, then unit generalized taxicab sphere is a regular
octahedron.

FIGURE 3. Unit generalized taxicab sphere for a = 1/2, b = 1/7,
c=1/4.

The following proposition gives an equation which relates the Euclidean distance
to the generalized taxicab distance between two points in the Cartesian coordinate
space:

Proposition 5. For any two points A and B in R3, if (p,q,r) is the direction
vector of the line through A and B, then

dE(A7 B) = p(p7Q7T)dTg (AvB) (4)
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where p(p,q,7) = (* + ¢ +12)Y2/(a|p| + blq| + c|r]).

Proof. Let A = (x1,y1,21) and B = (z2,y2, 22) such that (p,q,r) is the direction
vector of the line through A and B. Then z; — 22 = Ap, y1 — y2 = Ag and
z1 — 29 = Ar for A € R. Now, one can derive by a straightforward calculation
that dg(A, B)/dr, (A, B) = (p* + ¢* +1%)V/2/(a|p| + b|g| + c|r|), thus we have Eq.
(4). O

The following two corollaries follow directly from Proposition 5:

Corollary 6. Let A, B, C and D be four points in R®. If lines AB and CD are
coincident or parallel, then

dr,(A,B) = dr,(C, D) if and only if dg(A, B) = dg(C, D). (5)
If A, B and X are three distinct collinear points in R3, then
dTg(A’X)/dTg(XvB):dE(AaX)/dE(X’B)' (6)

As a consequence of Corollary 6 and Corollary 7, it is clear that Thales, Menelaus,
and Ceva theorems are true in Rz}q.

4. EUCLIDEAN ISOMETRIES WHICH PRESERVE dTg

An isometry is a transformation of the space onto itself which preserves distances.
One of the basic geometric problems for a given metric space is to determine the
isometries of it. It is well-known that the group of isometries of the Euclidean space
with dg metric is G = F(3), which is the semidirect product of the translation
group T'(3) consisting of all translations of the space, and the symmetry group of
unit sphere O(3). In the remaining part of this study, we will determine Euclidean
isometries of R?:’Fg which preserve the generalized taxicab distance, with Euclidean
notions of translation, inversion, reflection, rotation, rotary reflection and rotary
inversion, as in [7].

Definitions which adopted from Martin [T4] as follows: If A is a plane, then the
reflection o is the mapping on the points in R%g such that oA (X) = X if the point
X is on the plane A, and oA (X) = Y if the point X is not on the plane A, and
the plane A is the perpendicular bisector of the line segment XY. If two planes I'
and A intersect at a line [, then oaor is called a rotation about the axis . If two
planes I" and A are parallel, then oaor is called a translation. If I and A are two
intersecting planes each perpendicular to plane II, then oyoaor is called a rotary
reflection about the point common to I'; A and II. If M is a point, the inversion
(or point reflection) o about M is the transformation such that oy (X) =Y for
all points X where M is the midpoint of X and Y. If I" and A are two intersecting
planes and M is a point common to I' and A, then op;oaor is called a rotary
mnuversion.
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It is obvious that all translations 7, o z0) (%, ¥, 2) = (T + 20,y + Yo, 2 + 20) and
the inversion about the origin oo (z,y,2) = (—x, —y, —z) preserve the generalized
taxicab distance, by Eq. (1) or Corollary 6. So, they are isometries of Ri%g. Note
that if a Euclidean isometric transformation fixing the origin do not fix the gener-
alized taxicab sphere, then it is not a generalized taxicab isometry. So, to show a
Fuclidean isometric transformation not to be a generalized taxicab isometry, one
can simply control the images of vertices of the unit generalized taxicab sphere in
Figure 3 with the following properties, under these transformations:

ifa = b= C, then |OA1|E = |OA2|E = |OA3|E = |OA4|E = |OA5|E = |OA6|E7
ifa = b#c then |OA|, = |0As|, = |0A4s|, = |0A4], # |OAs|; = |0 A 5,

ifa = c#

=

, then |OA1|E = |OA2|E = |OA5|E = |OA6|E # |OA3|E = |OA4|E7

if a 7’5 b:C, then |0A1|E:|0A2|E7é|OA3|E:|OA4|E:|OA5|E:|OA6|E,

if a#0b# c#a, then |OAi|p = |OAs|y # |OAs|p = |OA4ly # |0OAs|g =
‘OA6|E # ‘OA1|E'

If the image of a vertex of the unit generalized taxicab sphere under a Euclidean
isometric transformation fixing the origin, is not a vertex of the unit generalized
taxicab sphere, then it is not a generalized taxicab isometry.

Clearly, if a = b = ¢, then dr, (P, P2) = adr(Py, P2) for any two points P =
(z1,y1,21) and Py = (z2, Yo, 22) in R%«g. So, Euclidean isometries which preserve
the generalized taxicab distance are the same as Euclidean isometries of the taxicab
space R, determined in [7]. The following four propositions determine Euclidean
isometries of R%q which preserve the generalized taxicab distance for a=b=c. Here,
we use coordinate definition of a reflection about a plane through the origin and
the matrix representation of a rotation about a line passing through the origin to
determine the image of (z,y, z) under these transformations (see [7], pp. 191,193).

Proposition 7. Assume that a = b = ¢, then a reflection about a plane through
the origin is an isometry if and only if the plane is perpendicular to one of vectors
in the set

D ={(1,0,0),(0,1,0),(0,0,1),(1,£1,0),(1,0,£1),(0,1,£1)}.

Thus, there exist only nine reflections about planes through the origin that preserve
the generalized taxicab distance.

Proof. Let a = b = ¢, and let o, ,,) denote the reflection about a plane through
the origin and perpendicular to the vector (p, ¢, 7). Then, one can see that
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0'(1)070)(.’15, Y, Z) = (—$, Y, Z), 9(0,1,0) (:Uv Y, Z) = (‘T7 Y, Z)7 0(0,0,1) (SL‘, Y, Z) = (ZE, Y, —Z),
J(1,1,0) (.Z‘, Y, Z) = (_y’ -, Z): 0(1,-1,0) ({E, Y, Z) = (y7 L, Z);
0’(1’071)(1‘, Y, Z) = (_Z7 Y, _3:)7 0'(1,0,71)(33’ Y, Z) = (Z7 Y, 33),
01,1 (,y,2) = (2, =2, —Y), 00,1,-1)(T,¥,2) = (z,2,y).
So, if op,q.r) (P;) = P for (p,q,r) € D, then dr, (P1, P») = dr, (P}, P;). Since the
other reflections about a plane through the origin do not fix the generalized taxicab
sphere, they are not isometry. (]

Proposition 8. Assume that a = b = c, then a rotation r, 4.9 about a line
passing through the origin with the direction vector (p,q,r), is an isometry if and
only if r(p.q.r),0 € B1U Ra U Rz such that

Ry ={rpgme:0€{n/2,7,3n/2} and (p,q,7) € D1}

Ry = {r(p,q,,.),a :0 € {27/3,47/3} and (p,q,r) € DQ}

R3 = {’I”(p)q)r))g :0 =7 and (p,q,r) € D3}, where

D; ={(1,0,0),(0,1,0),(0,0,1)}

D, :{(131;1)7(*13171) (1 171) (1?1771)} and

Ds =1{(1,1,0),(1,0,1),(0,1,1),(1,-1,0),(1,0,-1),(0,1,—1)}.

Thus, there exist only twenty-three rotations about lines through origin that pre-
serve the generalized tazicab distance.

Proof. Let a = b = c. Using the matrix representation of r(, 4 )¢ one gets
7(1,0,0),% (5[’ Y,z )_(iC 2, y) r(l,0,0),w(mvyaz)_(m y,—Z) r(l,O,O),STW(xvy?’z):(xa_zvy)a
7(0,1,0) 5 (l‘ Y,z ) ( 2 Y,T ) T(O,I,O),ﬂ(xvya ) ( T,Y,-z ) T‘(O 1,0), 32"' (J?,y,Z):(Z,y,—JI),

r(001) ( ) ( ) 7(0,0,1),7 (:E Y,z ) (1' Y,z ) (001) iz (x,y,z):(—y,x,z),
T(1,1,1), (33 Y, 2) = (Z%Z 33) T(1,1,1),4 (x,y,2) = (2,2, ¥),

T(-1,1,1), %’f(m Y,z) = (=2, —x,y), T T- 1,1,1),47"(557%3) = (~y,2,—x),

T1,-1, 1)7%”(95 Yy, 2) = (2, —7, —y), 7"(1771,1)7%”(30’1%2) = (~y,—2,2),

T(1,1,-1), 27"('1: Y,z ) = ( Z,Z, y) 70(1,1,—1),‘%”(xvy ) = (y7 —Z, 717)7

7(1,1,0) ,,r(l‘ ) ( Y, r, =z ) T(1,-1,0),7 (x’yv ):( =T, =),

7"(101 ‘n’(aj y7 ) (Z’ —y,.’IJ) 76(1071)71'(3j Y,z ) ( Z, =Y, 3?),
T(0,1,1), ($y7 ) ( xzy) T0,1,-1),x (iﬁya z) = ( T, =2, —Y).

So 1fr (p.a,r),0(Pi) = Pj for 0 € {m/2,7,3n/2} and (p,q,r) € D1, 0r 0 € {27/3,4n/3}

and (p,q,7) € Dy, or § = wand (p,q,r) € Ds, then dr, (P, P;) = dr,(Py, P3). Since
the other rotations about a line passing through the origin do not fix the generalized
taxicab sphere, they are not isometry. O

Proposition 9. Assume that a = b = ¢, then a rotary reflection onoaor =
T (pa.r) (poa,r),0 about origin (TN ANT = O) is an isometry if and only if 0 €
{m/2,3m/2} and rotation axis has a direction vector (p,q,r) € Dy, and II is the
plane through origin and perpendicular to the axis of rotation. Thus, there exist
only six rotary reflections about origin that preserve the generalized taxicab distance.
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Proof. Let a = b = c. Using coordinate definitions one can find that
0(1,0,0)T(1,0,o),g($,y7Z) = (—z,2,—y), 0(1,0,0)7"(1,0,0),37"(3%y,Z) = (—z,—2,¥),
0(0,1,())7“(0,1,()),g($,yaZ) = (~z,~-y,2), 0(0,1,0)7“(0,1,0),37"(357y,z) = (2, ~y, —),
0(0,0,1)7’(0,0,1),g(%y7Z) = (Z/a -, *Z), 0(0,0,1)7"(070,1),37”(933ZJ,Z) = (*yafﬁ, *Z)~

So, if 0(p,q,1 T (p.q,r),0(Ps) = P} for 6 € {w/2,3n/2} and (p,q,r) € Dy, then

dr,(P1, P2) = dr, (P}, Py). Since any transformation such as o, 4 »)7(p,q,r),0 differ-
ent from the generalized taxicab isometric transformations determined before, does
not fix the generalized taxicab sphere, it is not an isometry. ([

Proposition 10. Assume that a = b = ¢, then a rotary inversion cpoaor =
TOT (p,q,r),0 about origin (O € ANT) is an isometry if and only if 0 € {27 /3,47 /3}
and rotation axis has a direction vector (p,q,r) € Dy. Thus, there exist only eight
rotary inversions about origin that preserve the generalized taxicab distance.

Proof. Let a = b = c. One can control following transformations

00T (1,1,1),28 (z,y,2) = (—y, —2,—x), 00T (1,1,1),4x (z,y,2) = (=2, —z,—y),
00T (~1,1,1),2 ($ Y,z ) (z,:c, 7y)7 00T (~1,1,1),4x (:L‘ y,z) = (yv *va)a
00T (1,-1,1),2¢ (z,y,2) = (=2,3,y), 00T(1,~1,1),4 (z,y,2) = (y,2,—2),
00T (1,1,—1), 2"(55 Yy, 2) = (2, —2,y), 00T(1,1,-1), 4"($ Yy, 2) = (—y, 2, ).
So, if 007(p,q,r,0(P) = P/ in which 0 € {27r/3 47 /3} and (p,q,r) € Ds, then
dr,(P1, P2) # dr,(P], P;) for every Py, P> in RS, T, Since any transformation such as
0T (p,q,r),0 different from the generalized taxicab isometric transformations deter-
mined before, does not fix the generalized taxicab sphere, it is not an isometry. [

Note that we did not take account of any rotary reflection or rotary inver-
sion which is identical to a generalized taxicab isometric transformations that
we determined before. So, pay attention to the following identical transforma-
tions: If (p,q,r) € D1 then o, 4.1\ (p,q,r),r = TO, TOT(p,a,r), 7 = T (pasr) T (prgr), 32
OOT (p,g,r), 22 = O(p,g,r)T(prayr), & and if (p, q,7)€ D1UD3, then 0070 = O (p,q,r)-

Now, for the cases a = b # c,a =c #* b, a #b=cand a # b # ¢c # a,
to determine Euclidean isometries of R%«g which preserve the generalized taxicab
distance let us define sets D, ={(1,0,0)}, D, ={(0,1,0)}, D.={(0,0,1)}, Dy =
{(1,1,0),(1,-1,0)}, D,..={(1,0,1),(1,0,—1)}, and Dy ={(0,1,1),(0,1,—-1)}. In
the following propositions’ proofs will be given only for the case a = b # ¢. Other
cases can be done similarly, and left to the reader.

Proposition 11. A reflection about a plane through the origin is an isometry if
the plane is perpendicular to one of vectors in the set

D D1UD,, ,ifx=y#z wherez,y,z € {a,b,c}
| Ds Jifa#b#c#a
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Thus, ifa =b#c,a=c#bora#b=c, there exist only five, andifa #b# c # a
there exist only three reflections about planes through the origin that preserve the
generalized taxicab distance.

Proof. Let a = b # c. Then, one can see that

0(1,0,0)(x, Y, Z) = (_xv Y, Z)a 7(0,1,0) (LE, Y, Z) = ((,E, -y, Z)v 0(0,0,1) (LL', Y, Z) = (.’E, Y, _Z),
0(1,1,0) (:L', Y, Z) = (_ya —Z, 2)7 0(1,-1,0) (iC, Y, Z) = (y, Z, Z)

SO? if U(p,q,7‘)(Pi) = 137,/ for (p,qar) € Dl U Da,b; then dTg(Pl)PQ) = dTg(PllaPQ/)'
Since the other reflections do not fix the generalized taxicab sphere, they are not
isometry, for the case a = b # c. O

Proposition 12. A rotation r(, 4 y,¢ about a line | passing through the origin and
with direction vector (p,q,r), is an isometry if and only if v, q.ry,0 € R such that

{rw.ar),0:0 € {7/2,37/2} and (p,q,7) € D,
R = or=m and (p,q,r) € D1 UD,,}, ifx=y+#z; z,y,26€{a,b,c}
{r(p,q,,.),‘g:H:ﬂ and (p,q,r) € Dl}, ifatb#c#a
Thus, if a = b # ¢, a = ¢ # b or a # b = ¢, there exist only seven, and if
a # b # ¢ # a there exist only three rotations about lines through the origin that
preserve the generalized taxicab distance.

Proof. Let a = b # c. Then, we see that

7(0,0,1),% (337 Y, Z) = (yv -z, Z)? 7“(0’071),3% (],‘, Y, Z) = (_ya z, Z)a

r(l,0,0),ﬂ'(x? Y, Z) = (xa -y, _Z)v T(O,l,O),ﬂ'(xv Y, Z) = (-:L', Y, _Z) ) T(O,O,l),ﬂ'(xa Y, Z) =
(—.’b, -Y, Z),

r(l,l,O),w(aj? Y, Z) = (y7 T, _Z)7 T(l,fl,O),ﬂ'(xv Y, Z) = (_yv -z, _z)'

So, if r(pg.r),0(Pi) = P} for 6 € {n/2,7,3n/2} and (p,q,7) € D,, or § = m and
(p,q,7) € D1UDg , then dr, (Py, P2) = dr, (P, P3). Since the other rotations do not
fix the generalized taxicab sphere, they are not isometry, for the case a = b # ¢. O

Proposition 13. If x =y # z for z,y,z € {a,b,c}, a rotary reflection opoaor =
T (p.a.r) (poq,r),6 about the origin is an isometry if and only if 0 € {n/2,3w/2} and
(p,q,7) € D, and II is the plane through the origin and perpendicular to (p,q,r).
Thus, ifa =b# ¢, a=c+# b ora+#b=c, there exist only two rotary reflections
about the origin that preserve the generalized tazicab distance. If a # b # ¢ # a,
there is no rotary reflection that preserve the generalized taxicab distance, different
from the generalized tazicab isometric transformations determined before.

Proof. Let a =b # ¢. We know that

U(o,o,l)r(o,o,l),g(37,y7Z) = (y, —z,—2), 0(0,0,1)7(0,0,1),377'(557y,z) = (z,y,~2).

So, if 0 (p,q.r) " (p.a,r),6(Pi) = P} in which 0 € {7/2,37/2} and (p,q,7) € D,, then
dr,(P1, P2) = dr,(P], P;). Since any transformation such as o, q.r7(p,q,r),0 dif-
ferent from the generalized taxicab isometric transformations determined before,
does not fix the generalized taxicab sphere, it is not an isometry, for the case

a=0b#c. O
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Proposition 14. Ifx =y # z forx,y,z € {a,b,c} ora # b # ¢ # a, there is no ro-
tary inversion coOAOT = 00T (p,q,r),0 about the origin that preserve the generalized
taxicab distance, different from the generalized taxicab isometric transformations
determined before.

Proof. Let a = b # c. One can see that any transformation such as co7(,,q.r),6
different from the isometric transformations determined before, does not fix the
generalized taxicab sphere, so it is not an isometry for the case a = b # ¢. Thus,
there is no rotary inversion about the origin that preserve the generalized taxicab
distance, different from the generalized taxicab isometric transformations deter-
mined before. O

So, the Euclidean isometries of R%&g which preserve the generalized taxicab dis-
tance for all possible cases are determined. For further studies on this subject, the
first question can be "Is there any other transformation which preserve the gener-
alized taxicab distances, which has not to preserve Euclidean distances, in three
dimensional space?".
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