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Abstract

Let Mnbe an n-dimensional differentiable manifold of class C∞ and
T 1

q (Mn) the tensor bundle over Mn of tensor of type (1, q). The purpose
of this paper is to define a diagonal lift Dg of a Riemannian metric g of a
manifold Mn to the tensor bundle T 1

q (Mn) of Mn and and to investigate
geodesics in a tensor bundle with respect to the Levi-Civita connection of
Dg.
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Geodesics.
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1. Introduction

Let Mn be an n-dimensional differentiable manifold of class C∞ and T 1
q (Mn) the

tensor bundle over Mn of tensor of type (1, q). If xi are local coordinates in
a neighborhood U of point x ∈ Mn, then a tensor t at x which is an element
of T 1

q (Mn) is expressible in the form (xi, tji1...iq ), where t
j
i1...iq

are components

of t with respect to the natural frame. We may consider (xi, tji1...iq ) = (xi, xı) =

(xI), i = 1, . . . , n, ı = n+1, . . . , n(1+nq), I = 1, . . . , n(1+nq) as local coordinates
in a neigbourhood π−1(U) (π is the natural projection T 1

q (Mn) onto Mn).

Let now Mn be a Riemannian manifold with non-degenerate metric g whose
components in a coordinate neigbourhood U are gji and denote by Γhji the Christof-
fel symbols formed with gji .

We denote by T r
s (Mn) the module over F (Mn) (F (Mn) is the ring of C∞ func-

tions inMn) all tensor fields of class C
∞ and of type (r, s) inMn. LetX ∈ T 1

0 (Mn)
and w ∈ T 1

q (Mn). Then CX ∈ T 1
0 (T

1
q (Mn)) (complete lift) HX ∈ T 1

0 (T
1
q (Mn))
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(horizontal lift) and V w ∈ T 1
0 (T

1
q (Mn)) (vertical lift) have, respectively, compo-

nents (see [5-7])

CX =





Xh

tmh1...hq
∂mX

k −
q
∑

µ=1
tkh1...m...hq

∂hµX
m



 (1)

HX =





Xh

−xm(Γkmst
s
h1...hq

−
q
∑

µ=1
Γsmhµt

k
h1...m...hq





V w =

(

0
wkh1...hq

)

with respect to the natural frame {∂H} = {∂h, ∂h}, x
h = tkh1...hq

in T 1
q (Mn), where

Xh and wkh1...hq
are respectively local components of X and w.

In each coordinate neighborhood U(xh) of Mn, we put

Xj =
∂

∂xj
= δhj

∂

∂xh
∈ T 1

0 (Mn), j = 1, . . . , n

w̄ = ∂l ⊗ dxj1 ⊗ · · · ⊗ dxjq

= δkl δ
j1
h1
· · · δ

jq
hq
∂k ⊗ dxh1 ⊗ · · · ⊗ dxhq ∈ T 1

q (Mn),

̄ = n+ 1, . . . , n(1 + nq)

Taking account of (1), we easily see that the components of HXj and V w are
respectively given by

HXj = (AH
j ) =





δhj
q
∑

µ=1
Γsjhµt

k
h1...s...hq

− Γkjst
s
h1...hq



 ,

V w̄ = (A H
̄ ) =

(

0

δkl δ
j1
h1
· · · δ

jq
hq

)

,

with respect to the natural frame {∂H} where δ
i
j is the Kronecker delta. We call the

set {HXj ,
V wj} the frame adapted to the Riemannian connection ∇ in π−1(U) ⊂

T 1
q (Mn). On putting

Aj =
H Xj , A =

V w

we write the adapted frame as {Aβ} = {Aj , A}.

It is easily verified that n(1 + nq) local 1-forms

Ãi = (Ãi
H) = (δih, 0) = dxi, i = 1, . . . , n

Ãı̄ = (Ãı̄H) =

(

Γrhst
s
i1...iq

−

q
∑

µ=1

Γshiµt
r
i1...s...iq

, δrkδ
h1

i1
. . . δ

hq
iq

)

(2)

=

(

Γrhst
s
i1...iq

−

q
∑

µ=1

Γshiµt
r
i1...s...iq

)

dxh + δrkδ
h1

i1
. . . δ

hq
iq
dxh̄

= δtsi1...iq , ı̄ = n+ 1, . . . , n(1 + nq)
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form a coframe {
∼

A α} = {
∼

A i,
∼

A ı} dual to the adapted frame {Aβ}, i.e.
∼

A
α
HA

H
β = δαβ .

2. Lift Dg of a Riemannian g to T 1
q (Mn)

On putting locally

Dg = Dgji
∼

A
j⊗

∼

A
i +D g ı

∼

A
⊗

∼

A
ı (3)

= gjidx
j ⊗ dxi + glrδ

j1i1 · · · δjqiqδtlj1...jq ⊗ δtri1...iq

where δji is the Kronecker delta, we see that Dg defines a tensor field of type (0, 2)
in T 1

q (Mn), which is called the diagonal lift of the tensor field g to T 1
q (Mn) with

respect to ∇. From (3) we prove that Dg has components of the form

Dg = (Dgβα) =

(

gji 0
0 glrδ

j1i1 · · · δjqiq

)

(4)

with respect to the adapted frame and components

Dg = (DgJI) =

(

Dgji
Dgjı̄

Dḡi
Dḡı̄

)

Dgji = gji + glrδ
j1i1 · · · δjqiq

(

Γljmt
m
j1...jq

−

q
∑

µ=1

Γmjjµt
l
j1...m...jq

)

·

(

Γrist
s
i1...iq

−

q
∑

µ=1

Γsiiµt
r
i1...s...iq

)

Dgj ı = glrδ
j1i1 · · · δjqiq

(

Γljmt
m
j1···jq

−

q
∑

µ=1

Γmjjµt
l
j1...m...jq

)

Dg i = glrδ
j1i1 · · · δjqiq

(

Γrist
s
i1···iq

−

q
∑

µ=1

Γsiiµt
r
i1...s...iq

)

Dg ı = glrδ
j1i1 · · · δjqiq

with respect to the natural frame. The indices α = (i, ı), β = (j, ) = 1, . . . , n(1 +
nq) and I = (i, ı), J = (j, ) = 1, . . . , n(1+nq) indicate the indices with respect to
the adapted frame and natural frame respectively.

From (4) it easily follows that if g is a Riemannian metric in Mn, then
Dg is a

Riemannnian metric in T 1
q (Mn).

2.1. Remark. The metric Dg is similar to that of the Riemannian extension
studied by S. Sasaki in the tangent bundle T 1

0 (Mn) (q = 0) [8] (see also [9], p.155,
for the frame bundle, see [1, 4]. O. Kowalski [2] studied the Levi-Civita connection
of the Sasaki metric on the tangent bundle. Section 3 in this paper will be devoted
to a study of the Levi-Civita connection of Dg in T 1

q (Mn).
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From (1) and (2) we see that components of CX, HX and V w :

CXα =
∼

A
α
H
CXH , HXα =

∼

A
α
H
HXH , V wα =

∼

A
α
H
V wH

with respect to the adapted frame are given respectively by































(CXα) =

(

Xi

tmi1...iq∇mX
r −

∑q
µ=1 t

r
i1...m...iq

∇iµX
m

)

,

(HXα) =

(

Xi

0

)

,

(V wα) =

(

0
wri1...iq

)

.

(5)

From (4) and (5) we have

Dg(HX,H Y ) = g(X,Y ) (6)

Dg(V w,H Y ) = 0 (7)

from (6). Hence we have:

2.2. Theorem : Let X,Y ∈ T 1
0 (Mn). Then the inner product of the horizontal

lifts HX and HY to T 1
q (Mn) with metric

Dg is equal to the vertical lift of the inner

product of X and Y in Mn.

From (4) and (5) we have also

Dg(V w,V θ) =

V
∑

(i)

(g(w(i), θ(i))), (8)

Dg(V w,C Y ) =
V
∑

(i)

g(w(i), ι(∇Y )(i))), (9)

Dg(CX,C Y ) = V (g(X,Y )) +

V
∑

(i)

(g(ı(∇X)(i), ı(∇Y )(i))), (10)

where (i) = (i1 . . . iq) and ı(∇X)(i) = (tm(i)∇mX
r −

∑q
µ=1 t

r
i1...m...iq

∇iµX
m)∂r.

Since the horizontal (or complete) and the vertical lifts to T 1
q (Mn) of vector

fields in Mn span the module of vector fields in T 1
q (Mn), formulas (6)–(8) (or (8)–

(10)) completely determine the diagonal lift Dg of the Riemannian metric g to the
tensor bundle T 1

q (Mn).

2.3. Remark. We recall that any element
∼
g∈ T 0

2 (T
1
0 (Mn)) of type (0, 2) in the

tangent bundle T 1
0 (Mn), (q = 0) is completely determined by its action on lifts

of the type CX1,
CX2, where Xi, i = 1, 2 are arbitrary vector fields in Mn ([9],

p.33). Then Dg ∈ T 0
2 (T

1
0 (Mn)) is completely determined by (10) alone.
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3. Levi-Civita Connection of Dg

We now need the components of the non-holonomic object which is important
when we use a frame of reference such as {Aβ}. They are defined by

[Aγ , Aβ ] = Ω α
γβ Aα, or,

Ω α
γβ = (AγA

H
β −AβA

H
γ )

∼

A
α
H .

According to Aj = ∂j + (
∑q

µ=1 Γ
s
jhµ

tkh1...s...hq
− Γkjst

s
h1···hq

)∂h , A = ∂ , the
components Ω α

γβ are given by











Ω s
ıj = −Ω s

j ı =
∑q

µ=1 Γ
t
jsµ

δnr δ
i1
s1
· · · δ

iµ
t · · · δ

iq
sq − Γnjrδ

i1
s1
...δ

iq
sq

Ω s
ij = −Ω s

ji =
∑q

µ=1R
t

ijsµ
trs1...t...sq −R r

ijt t
t
s1...sq

Ω s
ij = Ω s

ıj = Ω s
i = Ω s

ı  = Ω s
ı  = 0 ,

(11)

where R h
kji are components of the curvature tensor of the Riemannian connection

∇.

Components of the Riemannian connection determined by the metric Dg are
given by:

DΓαγβ =
1

2
Dgαε(Aγ

Dgεβ +Aβ
Dgγε −Aε

Dgγβ) +
1

2
(Ω α

γβ +Ωαγβ +Ωαβγ), (12)

where Ωα γβ =D gαε Dgδβ Ω
δ

εγ , Dgαε are the contravariant components of the

metric Dg with respect to the adapted frame:

(Dgβα) =

(

gji 0
0 glrδj1i1 · · · δjqiq

)

(13)

Then, taking account of (11), (12), and (13), we have



















































DΓhij = Γhij ,
DΓhı j =

∑q
µ=1 Γ

t
jhµ

δi1h1
· · · δ

iµ
t · · · δ

iq
hq
δkr

DΓhi  =
1
2g

hngθrδ
m1j1 · · · δmqjq

(

∑q
µ=1R

t
nimµ

tθm1...t...mq
−R θ

nit t
t
m1...mq

)

DΓhı j =
1
2g

hngθrδ
m1i1 · · · δmqiq

(

∑q
µ=1R

t
njmµ

tθm1...t...mq
−R θ

njt t
t
m1...mq

)

DΓhij =
1
2

(

∑q
µ=1R

t
ijhµ

tkh1...t...hq
−R k

ijt t
t
h1...hq

)

DΓhi  = Γkilδ
j1
h1
· · · δ

jq
hq
, DΓhı  = 0 , DΓhı  = 0

(14)



6 N. Cengiz, A. A. Salimov

From (5) and (14) we see that D∇V θ
V w, D∇HX

HY , D∇V θ
HY and D∇HX

V w

have, respectively, components of the form



































































































D∇V θ
V w = 0

D∇HX
HY =





Xi∇iY
k

1
2X

iY j(
q
∑

µ=1
R t
ijkµ

tsk1...t...kq
−R s

ijt t
t
k1...kq

)





= H(∇XY )− 1
2R(X,Y )

D∇V θ
HY =













1
2Y

jθri1...iqg
hnglrδ

m1i1 · · · δmqiq
(

q
∑

µ=1
R t
njmµ

tlm1...t...mq
−R l

njtt
t
m1...mq

)

Y j
q
∑

µ=1
Γtjhµθ

k
h1...t...hq













D∇HX
V w =









1
2X

iwlj1...jqg
hnglrδ

m1j1 · · · δmqjq
(

q
∑

µ=1
R t
nimµ

trm1...t...mq
−R r

nit t
t
m1...mq

)

Xi(∂iw
k
h1...hq

+ Γkilw
l
h1...hq

)









(15)

where R(X,Y ) has components of the form

R(X,Y ) =





0
(

q
∑

µ=1
R t
ijkµ

tsk1...t...kq
−R s

ijt t
t
k1...kq

)

XiY j





with respect to the adapted frame (also the natural frame). Since the horizontal
and vertical lifts to T 1

q (Mn) span the module of vector field in T 1
q (Mn), formulae

(15) completely determine the Riemannian connection D∇ of the metric Dg.

We will now define the horizontal lift H∇ of the Riemannian connection ∇ in
Mn to T 1

q (Mn by the conditions

{

H∇V w
V θ = 0 , H∇V w

HY = 0 ,
H∇HX

V θ =V (∇Xθ) ,
H∇HX

HY =H (∇XY )
(16)

for any X,Y ∈ T 1
q (Mn), w, θ ∈ T

1
q (Mn). The horizontal lift H∇ has the compo-

nents

HΓims = Γims,
HΓims = 0, HΓims = 0, HΓims = 0,

HΓıms = Γj1sl1δ
m1

i1
· · · δ

mq

iq
−

q
∑

c=1

δ
j1
l1
δm1

i1
· · ·Γmc

sic
· · · δ

mq

iq
,

HΓıms = Γj1mk1
δs1i1 · · · δ

sq
iq
−

q
∑

c=1

δ
j1
k1
δs1i1 · · ·Γ

sc
mic

· · · δ
sq
iq
,

HΓıms = (∂mΓj1sa + Γj1mrΓ
r
sa − ΓrmcΓ

j1
ra)t

a
i1...iq

+

q
∑

c=1

(−∂mΓasic + Γj1micΓ
a
sr + ΓrmsΓ

a
ric

)tai1...a...iq
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−

q
∑

c=1

(Γj1mrΓ
a
sic

+ ΓamicΓ
j1
sr)t

r
i1...a...iq

+
1

2

q
∑

b=1

q
∑

c=1

(ΓlmicΓ
r
sib

+ ΓrmibΓ
l
sic

)tj1i1...r...l...iq ,

HΓım s = 0, (xı = t
j1
i1...iq

, xm = tl1m1...mq
, xs = tk1

s1...sq
)

with respect to the natural frame in T 1
q (Mn).

Since the local vector fields HXi and
V wı span the module of vector fields in

π−1(U) ⊂ T 1
q (Mn), any tensor field of type (1,2) is determined in π−1(U) by its

action on HXi and
V wı. We now define a tensor field HS ∈ (T 1

2 (Mn)) by














HS(HX,H Y ) = H(S(X,Y )), ∀X,Y ∈ T 1
0 (Mn)

HS(V w,H Y ) = V (SY (w)), ∀w ∈ T
1
q (Mn)

HS(HX,V θ) = V (SX(θ)), ∀ θ ∈ T 1
q (Mn)

HS(V w,V θ) = 0,

(17)

where SX(w), SX(θ) ∈ T 1
q (Mn) and

HS is called the horizontal lift of S ∈ T 1
2 (Mn)

to T 1
q (Mn) [5] .

Denote by T and
∼

T , respectively, the torsion tensors of ∇ and H∇. Directly
from the definition of the torsion tensor, we get

∼

T (V w,V θ) = H∇V w
V θ −H ∇V θ

V w − [V w,V θ]
∼

T (V w,H Y ) = H∇V w
HY −H ∇HY

V w − [V w,H Y ]
∼

T (HX,H Y ) = H∇HX
HY −H ∇HY

HX − [HX,H Y ].

On other hand, let R denote the curvature tensor field of the connection ∇. Then
[3],

{

[V w,V θ] = 0, [V w,H Y ] = −V (∇Y w),

[HX,H Y ] =H [X,Y ] +R(X,Y )
(18)

Taking into account (16), (17) and (18), we obtain

∼

T (V w,V θ) = 0,
∼

T (V w,H Y ) = 0
∼

T (HX,H Y ) = HT (HX,H Y )−R(X,Y )

= H(T (X,Y ))−R(X,Y ) = −R(X,Y )

Therefore we have

3.1. Theorem : When ∇ is a Riemannian connection, H∇ is torsionless if ∇ is

locally flat, i.e. T = 0 and R = 0.

We put

Dg̃ = g̃ jiAj ⊗Ai + δj1i1 · · · δjqiq g̃
lrA ⊗Aı (19)
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in T 1
q (Mn).

From (16), we have






H∇HXAi = XsΓhsiAh

H∇HXAı = Xs(Γksrδ
i1
h1
· · · δ

iq
hq
−
∑q

µ=1 Γ
t
shµ

δkr δ
i1
h1
· · · δ

iµ
t · · · δ

iq
hq
)Ah̄

H∇V wAi = 0, H∇V wAı = 0

(20)

for any X ∈ T 1
0 (Mn), w ∈ T

1
q (Mn). Thus, according to (19) and (20), we obtain

{

H∇HX
D
∼
g=D (∇X

∼
g),

H∇V w
D
∼
g= 0

(21)

Let ∇Xg = 0, then ∇X

∼
g= 0. Thus, taking account of (21), ∇Xg = 0 and

Dgαγ
D
∼
g γβ = δβα, we obtain

H∇HX
Dg = 0,

H∇V w
Dg = 0.

Thus we have

3.2. Theorem : Let Mn be a Riemannian manifold with metric g. Then the

horizontal lift H∇ of the Riemannian connection ∇ is a metric connection with

respect to Dg.

4. Geodesics in T 1
q (Mn) with metric Dg

Let C be a curve in Mn expressed locally by xh = xh(t) and wkh1...hq
(t) be a tensor

field of type (1, q) along C. Then, in the tensor bundle T 1
q (Mn), we define a curve

C̃ by

xh = xh(t), x
∼

h def
= tkh1...hq

= wkh1...hq
(t) (22)

If the curve C satisfies at all points the relation

δwkh1...hq

dt
= 0, (23)

where δ denotes absolute differentiation, then the curve C̃ is said to be a horizontal

lift of the curve C in Mn. Thus, if the initial condition wk
h1...hq

= (wkh1...hq
)0 for

t = t0 is given, there exists a unique horizontal lift expressed by (22).

We now consider differential equations of the geodesics of the tensor bundle
T 1
q (Mn) with the metric Dg. If t is the arc length of a curve xA = xA(t) in

T 1
q (Mn), equations of geodesics in T 1

q (Mn) have the usual form

δ2xA

dt2
=

d2xA

dt2
+D ΓACB

dxC

dt

dxB

dt
= 0 (24)

with respect to the natural coordinates (xi, xı) = (xi, tlj1...jq ) in T 1
q (Mn).
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We find it more convenient to refer the equations (24) to the adapted frame
{Ai, Aı}. Using (2), we now write

θh = A
(h)
A dx

A = dxh,

θh = A
(h)
A dx

A = δtkh1...hq
,

and put

θh

dt
= A

(h)
A

dxA

dt
=

dxh

dt
,

θh

dt
= A

(h)
A

dxA

dt
=

δtkh1...hq

dt

along a curve xA = xA(t), i.e., xh = xh(t), tkh1...hq
= tkh1...hq

(t) in T 1
q (Mn).

If we therefore write down the form equivalent to (24), namely,

d

dt
(
θα

dt
) +D Γ α

δ β (
θγ

dt
)(
θβ

dt
) = 0

with respect to the adapted frame and take account of (14), then we have














































δ2xh

dt2
+ gθlδ

m1i1 · · · δmqiq

(

∑q
µ=1R

n
imµ

t tθm1...t...mq
−

−R θ
nit t

t
m1...mq

)

dxi

dt

dtlj1...jq
dt

= 0,

d
dt
(
δtkh1...hq

dt
) + 1

2

(

∑q
µ=1R

n
ijhµ

tkh1...n...hq
−R k

ijn t
n
h1...hq

)

dxi

dt
dxj

dt

+
∑q

µ=1 Γ
n
jhµ

(

δtkh1...n...hq

dt

)

dxj

dt
+ Γkil

dxi

dt

δtlh1...hq

dt
= 0

(25)

Since we have

R m
j i h

dxj

dt

dxi

dt
= 0

as a consequence of R m
(j i)h = 0, we conclude by means of (25) that a curve

xi = xi(t), tkh1...hq
= tkh1...hq

(t) in T 1
q (Mn) with the metric Dg is a geodesic in

T 1
q (Mn), if and only if































δ2xh

dt2
+ gθlδ

m1i1 · · · δmqiq

(

(
∑q

µ=1R
n
imµ

t tθm1...t...mq

−R θ
nit t

t
m1...mq

)

dxi

dt

dtlj1...jq
dt

= 0, (a)

d
dt

(

δtkh1...hq

dt

)

+
∑q

µ=1 Γ
n
jhµ

δtkh1...hq

dt
dxj

dt
+ Γkjl

δtlj1...jq
dt

dxj

dt
= 0. (b)

(26)

If a curve satisfying (26) lies on the fibre given by xh = const, then (24, (b))
reduces to

d2tkh1...hq

dt2
= 0,
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so that tkh1...hq
= akh1...hq

t + bkh1...hq
, akh1...hq

and bkh1...hq
being constant. Thus we

have

4.1. Theorem : If the geodesic xh = xh(t), tkh1...hq
= tkh1...hq

(t) lies in a fibre

of T 1
q (Mn) with the metric Dg, the geodesic is expressed by the linear equations

xh = ch, tkh1...hq
= akh1...hq

t+ bkh1...hq
, where akh1...hq

, bkh1...hq
and ch are constant.

From (23) and (26), we have

4.2. Theorem : The horizontal lift of a geodesic in Mn is always a geodesic in

T 1
q (Mn) with the metric Dg.
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