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Abstract

We investigate the description of the image of a continuous mappings
acting in a Banach space, and the solvability of equations and inclu-
sions. The results obtained can be applied to the Cauchy problem for a
nonlinear differential equation (or inclusion). In particular, a solvabil-
ity theorem of the mixed problem for a nonlinear hyperbolic equation
is proved, and one Nirenberg problem is studied.

Keywords: Banach space, Strictly convex norm, Multivalued mapping, Solvability and
fixed-point theorems, Differential equations and inclusions

2000 AMS Classification: Primary 47H15, 46E35 Secondary 35G15

1. Introduction

In this article we study some questions concerning continuous (in general, multivalued)
mappings acting in a reflexive Banach space, which together with its dual space, has a
strictly convex norm (see, [6, 7] and their references). Here are considered with problems
of the following types: when does a semi-continuous mapping possesses a fixed-point,
what can be said about the image of subsets of the domain under a semi-continuous
mapping, and when can the solvability of a nonlinear equation (or inclusion) given by
such mappings be established?

It should be noted that questions of this type have been investigated under various
conditions in many earlier works (see, [1 - 5, 9, 10, 13 - 14, 18 - 23] etc.). Here they
are studied in a different way which is a generalization of [20] (see, also [21]), and are
such that the results obtained can be used for the study of differential equations and
inclusions in a Banach space, unlike the results mentioned above. Moreover, we prove
here some fixed-point theorems, and also some general solvability theorems for nonlinear
differential equations in a Banach space.
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Ankara, Turkey. E-Mail : soltanov@hacettepe.edu.tr , sultan_kamal@hotmail.com
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Let X,Y be reflexive Banach spaces and X™, Y™ their respective duals. Also, let f
: D(f) € X — Y be a multivalued mapping, i.e. f assigns to each point z € D (f) a
subset f (z) of Y, and G an open subset of D (f). First we will discuss the geometrical
meaning of the condition: for any y* € S} (0) = {y* eY*||ly*|ly« =1} thereisz € G,
z =z (y*), such that (f (z),y")N{r|r >0} # 0 (here (-,-) is a dual form with respect
to the pair (Y,Y™)). We let Y = X (since this case is easy to see), then we study the role
of a local relation between the geometrical disposition of each point z € G C D (f) with
its image f (z) C f(G) C X through an investigation the image f (G) of the mapping f.
Consequently this allows us to study of the whole of the image. Clearly, for a y € Y the
proof of the inclusion y € f (G) is equivalent to the proof of the statement: 3z € G such
that the inclusion y € f (z) holds. Therefore, what we will actually conduct here is the
study of the solvability of an inclusion.

Furthermore, the following fixed-point theorem is proved here in a Banach space X,
when X together with its dual space has a strictly convex norm .

1.1. Theorem. Let f : BX (z0) — BX (z0) be a single-valued continuous mapping, i.e.
f€C° BX (20) a closed ball and the space X as above. Assume that for some function
p € C% p: RL — RL the inequality || f (z) — zollx < p(llz —20lx) holds for any
x € By (x0), moreover the mapping f1 : f1 (z) = = — f (x), Y& € B (z0) satisfies the
inequality

L) (@)@ —20)) 2 v (e~ 2ollx) o — o]l

for almost any © € BX (x0), where v(t) =7 — p (1), v(r) > 8 > 0 and S is the duality
mapping for (X, X™). Thenif f (Bf( (w0)) is closed, f possesses a fized point in BX (20).

As an application of the results obtained here we study the solvability of nonlinear
differential-operator inclusions (in particular, equations of evolution) and of Nirenberg’s
problem concerning expanding mappings. Moreover we investigate the initial-boundary
value problem for the following equation

2 d
O D, (D D) =), () € Q,
i=1

and prove a theorem on dense solvability, where Q = (0,7) x , T >0_,Q CRYd>2
is a domain with sufficiently smooth boundary 92 and D; = Biwi’ i =1,d. It should be
noted that, as was shown in [14, 18, 22] etc., the investigation of nonlinear hyperbolic

problems under d > 2 gives rise to many difficulties.

2. On lower semi-continuous mappings on a Banach space

Let X , Y be reflexive Banach spaces and f : D (f) C X — Y be, in general, a lower
semi-continuous multivalued mapping. Henceforth, we will denote a closed ball in the
respective space X by B (x0), and its boundary by S5 (o).

A property P (x), where x runs over the points of a Banach space X, is said to be

fulfilled almost everywhere if the set of points where it holds is an everywhere dense subset
of X.

2.1. Theorem. Let X be a reflexive Banach space which, together with its dual, has
a strictly convex norm, and f : D(f) C X — X*. We assume that, on a closed ball
BX (0) C D (f), ro > 0, the following conditions hold:

i) f is a single-valued continuous mapping (i.e. f € C°);
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ii) There are continuous functions u: RL — RY andv : RL — R" nondecreasing
for T > 10, such that

21 f @) = FOllxe < p(llely),
holds for any x € B (0) and

(22)  (f(@) = £0),2) 2 v (lly) =l
holds for almost all x € By, (0), moreover v (ro) > do > 0.

Then f (Bff) (0)) contains an everywhere dense subset of
(2.3) Mgz{ac*eXﬂOg(f(x)fx*,m),VmEng(O)}.

2.2. Remark. In particular, a closed ball Bg(* (f(0)), 6 = b9 —e > 0, is contained in
the set M{, where e = € (dp) > 0.

2.3. Remark. It is well known [6, 7, 15] that in a reflexive Banach space we can define
a norm which is equivalent to the usual norm of the space under consideration, and both
the space and its dual - with the respective norms - will be strictly convex. Henceforth,
without loss of generality, we will assume that all reflexive Banach spaces considered are
endowed with such a norm.

Now we shall give the following general case of Theorem 2.1 for multivalued mapping,
which is proved using Theorem 2.1.

2.4. Theorem. Let f : D(f) C X — Y be a multivalued mapping and Y a reflezive
Banach space. We assume that on the closed ball By (z0) C D (f), ro > 0, of centre xo,
the following conditions are fulfilled:

a) f is a lower semi-continuous mapping (i.e. f € CY.) such that f (x) is a convez
closed set for any x € By (wo) (if f is single-valued then f € C°);

B) There are functions u,v € C° satisfying the condition i) of Theorem 2.1 such
that
B1) For the Hausdorff distance hY (f (x); f (x0))}

(24) B (f (@) f (20)) < p (e = woll )
holds for any = € BX (z0);
B2) There are yo € f(x0) and a mapping g : D(g9) € X — Y™, such that
g ' €C° g(z0) =0, clUo = By (z0), cl(g (Vo)) = BY (0), cl(g(Uh)) 2
S (0), and for any y* € g(Uo) € By (0), z =g~" (y*) € Uo (y — yo,y")
> v (||lx — xolx) holds for any y € f(z), where Uo = B (w0) N D (g),
Ui =5 (zo)ND(g) Cg" (S}/* (0)) Moreover v (o) > 60 > 0.
Then f (U (z0)) has a subset which is an everywhere dense in some connected subset
Mo CY with nonempty interior (i.e. a bodily set My ). Furthermore, this subset has the
form:

25) Mo={yeV|y) <), vy €SI (0), 3z € ST (w0), Ve € (@)}

fWe recall that the Hausdorff distance between the subsets G1, G2 of Y is
hY (G1;G2) = max{sup{d" (G1;y2) | y2 € G2}, sup{d" (y1;G2) | y1 € G1 }}
where
d¥ (Gi;y2) = inf{d" (y1;92) | y1 € G1} = inf{|ly1 —w2lly |v1 € G1 }.
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2.5. Note. A remark similar to Remark 2.2 holds in this case also, furthermore we will
show later that the set My (and My) is a convex body in Y (in X™, respectively). It
should be noted that Theorems 2.1 and 2.4 are solvability theorems, i.e. they imply
that the equation f (x) = vy, or inclusion f (z) 3 vy, is solvable for any element y of an
everywhere dense subset of the set My (or Mg, respectively).

It is easy to see that the condition 32) is more than enough for the conclusion of this
theorem.

The proofs of these theorems are based on certain results which we now give. These
results demonstrate that the conditions of Theorems 2.1 and 2.4 have a geometrical
nature.

2.6. Lemma. Let f: D(f) C X — Y be a continuous mapping (maybe lower or upper
semi-continuous), G some subset of D (f) and do > 0 a number. If for almost every
y* € ST (0) there is x = x (y*) € G such that (y,y*) > 8o > 0 holds for some y € f (z),
then the affine space Yy gy generated by f (G) contains at least an everywhere dense subset
of Y. (In other words clconv f (G) contains a convez body of Y.)

2.7. Remark. If X and Y are a finite-dimensional spaces then Yy¢) =Y.

For the proof, it is enough to note that it follows from a similar result in [19]* (see,
also [20, 21]). In fact, the fulfillment of Lemma 2.6 follows directly by the continuity of
f from the following result.

2.8. Lemma. Let f: D(f) C X — Y be a mapping (single or multi-valued, continuous
or discontinuous), and G C D (f) a subset. If for any y* € SY"(0) there is x =z (y*) €
G such that (y,y") > 0 holds for a y € f(x), then the affine space Yy generated by
f(G), so contains at least an everywhere dense subset of Y. (In other words, clconv f (G)
contains a convex body of Y.)

It should be noted that condition (y,y*) > do > 0 of Lemma 2.6 is essential. In fact,
even if f is a single-valued continuous mapping the conclusion of Lemma 2.6 may not be
valid if this condition not is fulfilled. For example, let X =Y = R? be Euclidean spaces,
G = Bf%2 (0), and f be such that f(z) = f(z1,22) = (21,0) for any = = (z1,22) €
Bf“2 (0). Then it is not difficult to see that the following expression holds:

>0 Vz=(x1,22), 21 #0,

(f(z), z) {_0’ V= (0,z2)

for all z € B{Q2 (0). Thus, f is continuous and (f (z),z) > 0 holds almost everywhere on
the ball, but the conclusion of Lemma 2.6 is not valid.

2.9. Note. In the following results we can assume without loss of generality that
BX (0) C D(f) and f(0) = 0 since X is a Banach space and we can choose f(z) =
f(z) — £(0) for any = € B} (0).

2.10. Proposition. Let f : D(f) C X — X*, f(0) = 0 and suppose that the con-
ditions of Theorem 2.1 hold on the sphere SX (0) C D(f), v(r) > & > 0. Then
f(SX(0)) belongs to a ring generated by a ball in the form: B,);f: (0) \Bﬁ; (0) C X7, i.e
f(SX(0) C BR: (0) \Bﬁ; (0), where Ri = u(r), Ro=v(r) —¢, ande =¢(6,7) > 0 is
some number.

*see, also Soltanov, K.N., Fized Point Theory and Applications, 2007, v. Q2, ID 80987
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Indeed from (2.1) it follows that || f ()| x. < R1, Y& € SX (0) is fulfilled, and from
the continuity of the mapping f and (2.2) it follows that there is ¢ = € (d,7) > 0 such
that (f (x),z) > (v(r) — )r holds for any x € S (0).

2.11. Corollary. Let the conditions of Proposition 2.10 hold. Then f (z) belongs to
* * + +

a set K, = By, (0)N (Xzi> for any x € S (0), where (XZ;) is a mon-negative

half-space of X* defined by a hyperplane Ly = {z* € X*| (", z) = (v(r) —&)r, € > 0},

[11]. Moreover, f (x) belongs to a conic section K;l = Bfg (0) N Ky (z), here Ky (z) is

a cone of X™ with generatriz S}):L{: (0) N L}, and vertezx in the zero of X*.

. +
Indeed, from the Proposition it follows that f (z) € By, (0) and f(z) € (XE;)

The remainder of the proof is obvious.

2.12. Proposition. Let f : D(f) C X — X*, f(0) = 0, and let the conditions of
Theorem 2.1 hold on BX (0) C D(f). Then for anye > 0 and R: 0 < R < Ro <
p(ro) there exists a sphere S;X (0) C BX (0) and a neighbourhood Us (z1) N S;X (0) for a
z1 € SX (0) such that f (Us (z1) NS (0)) is contained in a ring generated by the ball:
B, . (0)\B&_.(0). (It is easy to see that if there is zo € SX (0) such that || f (zo)| x» =
w(ro) then we can choose Ry = i (ro)).

Proof. Since {||f (z)||x~ : = € BX (0)} is a bounded set and X a reflexive space we may
define Ry = sup{||f(z)||x+ : € B (0)}. Then for any R:0 < R < Ro < i (ro), there
exists an element 21 € B;} (0) such that ||f (z1)||x. = R and z1 € S;X (0) for a number
r:0 <71 < rg. The proof may now be completed easily by applying the conditions of
the Proposition. O

Now, we will give a generalization of [20, Lemma 2] (see, also [21]), which corresponds
to the case considered here. For the proof of this result we will use concepts similar to
those in [20, 21] (see, also [6, 7, 23]).

2.13. Lemma. Let the conditions of Theorem 2.1 be fulfilled, f (0) =0 andr:0<r <rg
be such that v (r) > 6, > 0. Then f (S; (0)) includes a subset which is everywhere dense

in the boundary of a neighbourhood of the zero of X™, which contains the ball B,f((:)_g (0),
where € : §, > ¢ > 0 is some number.

For the proof we will note that it is conducted analogously to the proof of the similar
Lemma from [20] (see, also [21]), using the properties of reflexive Banach spaces [6 - 9,
12, 15], homotopy theory [11], and continuity of the mapping f . However in this case
we must take into account the fact that inequality (2.2) holds only almost everywhere,
therefore here we use the essential condition v (rg) > do > 0 (really, v (r) > d, > 0) and
the above-mentioned concept of non-closed hypersurface from [20, 21].§

81t should be noted that here we use the following concept. A connected component of the
boundary 992 of Q C X, where € is a connected bounded closed neighborhood of zero in X, is
called a closed hypersurface. If I' is a closed hypersurface in X then the space X has the form
X = XoUTI'U X1, where cl Xg N X; = cl X1 N Xo = &. Clearly a closed hypersurface can be
defined as the image of the unit sphere under a certain single-valued continuous mapping. A
hypersurface I' C X is called non-closed if any point of X can be connected with the zero of X.
Consequently if T" is a non-closed hypersurface then the space X is not as the form mentioned
above.

We conduct the proof by assuming the contrary. So if we assume that f (Sf( (O)) is a non-
closed hypersurface and belongs to the boundary OM* of a star-like closed absorbing neigh-
borhood M* (cl f (S;X (0)) C dM*), then it is shown that such an assumption contradicts the
conditions of this Lemma.
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2.14. Proposition. Under the conditions of Lemma 2.18 the image of every “ray” of
the form {Az:z € S5 (0) C X, 0 < X\ < ro} under the mapping f is in the form

{f(\2):2z €85 (0), 0<A<ro},
which satisfies the following inequalities for almost all x € S7* (0):
1f A)[xx < p(A), v(A)A<(f(Ax), Az) .

The proof is obvious, and is omitted.

2.15. Lemma. The set M (Mo C Y ) defined by formula (2.1) (respectively, by formula
(2.5)) is a convex body of X* (respectively, of Y ).

Proof. The convexity of Mg (M) is obvious from the definition. It is enough to show
that if yo € Mg is a relative interior point of My (i.e. yo € riM{g [8]) then there is a
neighbourhood V (yo) C X™ that belongs to My. For simplicity we only consider the
case of Theorem 2.1. In fact, if for each y € Mg the inequality (y,z) < (f (z),z) holds
for any z € Sff) (0) then for a yo € riMy there exists o > 0 such that the inequality
(yo,z) + o < (f (z),z) holds.

Let Vs (0) be a neighbourhood of zero of X, where § = 6 (0, 79) > 0 is some number.
Then we can represent every element y € Vs (yo) in the form: yo + 3, y € V5 (0), i.e.
Vs (yo) = yo + V5 (0). Consequently for the proof of the embedding Vs (yo) C My it is
sufficient to show that yo + ¥ € Mg for any y € V5(0). As we can choose |||y . <

6(o,ro) < % and @ € SX (0) this statement follows from the following sequence of
inequalities:

(

(yo, ) + 19ll x« [l x
(yo,z) + 8 (o,7m0) T0
(
(

PROOFS OF THEOREMS 2.1 AND 2.4.

Now we can now give the proofs of the theorems.

Proof. (Theorem 2.1). From Lemma 2.13 and Proposition 2.12 it follows that f (Bff] (0))
contains a subset everywhere dense in some body of X*. We will denote by M7 the closure
(i.e. cl f (B7y (0)) = M) of this subset and we will show the inclusion Mg C My,

We can assume, without loss of generality, that f(0) = 0. (If f(0) # 0 then we can
consider instead the mapping fi defined by fi(z) = f(z) — f(0) on B; (0).) From
Proposition 2.12 it follows that f (S (0)) belongs into B§§+€ (0) \ng_g (0), and con-
sequently the boundary OM{ containing this image also belongs to this set. Thus we
obtain that the ball Bf(:o) (0) is contained in M7 and in Mg, because for every z* € M{

the inequality (z*,z) < (f (z), ) holds for all z € S;5 (0) by virtue of the definition.

From here we obtain also the following inequality:
(@, z) < (f(2),2), Yo € S} (0)

for every z* € OM{. Furthermore for an element z7 € M7 collinear to z* € Mg the
inequality [|z*||y. < ||z7]/x« holds (ie. z7 = az™ for some number «). Further, we
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obtain that f (ng (0)) belongs to My, consequently My C M7 holds, since there exists
aAr 1 0 < Ary, <1 (and may be Ay, < 1) such that

sup {|f O\0)ll. : @ € 875 (0), 0 A1} = |1 (g -

Hence it follows that f (B, (0)) contains a subset that is dense in the set Mg. Thus
Theorem 2.1 is completely proved. O

We now prove Theorem 2.4 using the proof of Theorem 2.1.

Proof. (Theorem 2.4). For the proof we will use the well-known Michael Selection Theo-
rem [17]. This will enable us to obtain Theorem 2.4 from Theorem 2.1. In fact, by virtue
of this theorem we have the following fact: if f is a lower semi-continuous mapping then
there exists a continuous mapping fo which is the selection mapping for f. Moreover,
from the condition on the mapping g we have that g~ : D (g) C Y* — X is a contin-
uous mapping. Therefore we can consider the mapping fo o g~ * acting from Y™* into Y
and for which the conditions of Theorem 2.1 are fulfilled. Then Theorem 2.1 is valid for
the mapping foog~ !, from which the statement of Theorem 2.4 immediately follows. O

The following results immediately follow from Theorems 2.1 and 2.4.
2.16. Corollary. Under the conditions of Theorem 2.4 (Theorem 2.1) if

F (U (0)) (£(B(0)))

is a closed subset of Y (X*) then f (U (z0)) (f (Bs, (0))) is a bodily subset of Y (respec-
tively, of X*). Furthermore M C f (U (z0)) (respectively, Mg C f (B} (0))) holds.

Now we will consider the duality mapping & : X — X* for the pair (X, X™), ie.
X 2 x *, see [6, 7, 15, 23] and the references therein. In the case considered the
duality mapping is bijective and - together with its inverse mapping - strictly monotone,
surjective, odd, demicontinuous, bounded and coercive since X is a reflexive Banach
space which together with its dual space X™ has a strictly convex norm. Hence we have
for any x € X there is z* € X™ such that

(,27) = (2", 2) =[] x - |27 x

and in particular for any x € X we have ¢ «—— z* = J(x), i.e. it is an equivalence

relation. In addition, there is a strongly monotone increasing continuous function ¢ :
Ry — R4, ©(0) =0, (1) / 400 when 7 / 400 such that S (rz) = @ (1) 2" for any
z € SX and z* € S, where (z,z*) =1 and 7 € Ry, [15].

2.17. Corollary. (Fixed point Theorem) Let X be a Banach space as above. Assume
that a mapping f, acting in X, on a ball BX (z0) satisfies conditions a, B1 of Theorem
2.4 and f (Bf( (z0)) C B (x0), furthermore the mapping fi with the duality mapping
satisfies the condition B2 of Theorem 2.4 on the ball BYX (z0), where fi (z) = z— f (z) for
all x € By (x0). If f1 (Bf( (xo)) is closed in X then f possess a fived point in B (xo).

In particular, if the function u is such that r — p(r) > 6 > 0 and f1 with the duality
mapping S satisfies the condition B2 with v (1) =7 — u(7) for T € [0,7], then f possess
a fiwed point in By (zo) if f1 (B (w0)) is closed in X.

2.18. Remark. From the proof of Theorem 2.1 is easy to see that in the formulations
of Theorems 2.1 and 2.4 we can use a closed star-absorbing neighborhood of the zero of
X and of Y™, respectively, instead of a closed ball.

Now we present some further results that follow immediately from Theorem 2.4.
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2.19. Corollary. Let the conditions of Theorem 2.4 be fulfilled. In addition let f be
a single-valued continuous proper mapping [5] and g a continuous open mapping on a
closed convex body G C X. Then the equation

f@)=y
is solvable for anyy € Y (Y = Y™™) satisfying the inequality (y, g (z)) < (f (z), g (z))
for all z € 0G.

This result is a solvability theorem (see [21] etc.).

2.20. Note. It is clear that if the conditions of Corollary 2.19 are fulfilled on X and

. v(llll
v (7) is such that M

for any y € Y, i.e. f is a surjection.

/" oo for ||z|| /o0, then the equation f (x) = y is solvable

3. Applications of the main result.

1. Our first main result is an application to Nirenberg’s problem on expanding map-

pings¥.
3.1. Corollary. Let X be a reflexive Banach space and f : X — X a mapping such
that

(1) feC° (i.e. f is a single-valued continuous mapping);

(2) f is an “ezpanding” mappings in the sense that the inequality ||f (x) — f (y)|x >

cllz —yllx holds for all x,y € X, where ¢ > 0 is a number;
(3) For any z* € S¥ (0) and r > 0 there is z (z*) € S (0) such that

(f (@) = £(0),2") 2 v (lll)

holds, where the function v € C° satisfies the conditions of Theorem 2.1. Then
fX)=sf=X.

Proof. To begin we note that from Condition (2) we have || f (z) — f (0)||x > cllz| -
Consequently, ||f (z)||x " oo under ||z||y " co. Without loss of generality we assume
that f (0) = 0. From Condition (3) we have that the affine space generated by f (S, (0))
(i.e. Afff(sig(o))) is an everywhere dense subspace of X by virtue of Lemma 2.6. More-

over, in the conditions (1) and (3) we have that the set f (S (0)) is at least everywhere

dense in the boundary of a closed neighbourhood of zero of X by Lemma 2.13 for each
r > 0 such that v (r) > § > 0. Further from this and Condition (2) we see that

cl{%‘xesf(o)r>o}gsf‘(o)

holds for any r > 7o for some 79 > 0. Clearly the relation between z* and x (z*) in
Condition (3) can be reexpressed using this result. Hence there is a continuous mapping
g : X — X™ which, together with f, fulfills the conditions of Theorem 2.4 on each ball
B (0) of X. In particular the inequality

31 (f(@).9@) = (lzlx) l=ly

holds almost everywhere on each ball B;* (0) which with the continuous function vy :
R} — R' fulfills the conditions of Theorem 2.1. Moreover, if we define a function g by

g@) =7 (%) ,

YMorel J. M., Steinlein H., On a problem of Nirenberg concerning expanding maps, J. Math.
Anal. 59 (1), 1984.
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then we have g : SX (0) — 5% (0) for any r > 0, clg (SX(0) = St " (0) and so
Condition (3) is fulfilled for the mapping g. Thus we see from Condition (1) and previous
arguments that the hypotheses of the corollary imply the conditions of Theorem 2.4 on
the space X. Then we can apply Theorem 2.4, Corollary 2.19 and Note 2.20 to end the
proof since f (X) is closed from Conditions (2) and (1). O

3.2. Note. In Nirenberg’s problem the third condition was that f (X) contains an open
subset of X. We now explain the relation between this condition and Condition (3). Using
the same reasoning as above we can assume that this open set is an open neighbourhood
of the zero U (0), and then there is a ball BX (0) C U (0). Clearly in this case there is a
continuous mapping ¢ : X — X* and a continuous function v : R}‘_ — R! that satisfy
the conditions of Theorem 2.4 (and also the inequalities (3.1)) on this ball by virtue of
the conditions (1) and (2) of the problem. But from here it does not follow that we
can extend the mapping ¢ outside U (0) while maintaining the same properties in the
infinite-dimensional Banach spaces. For example, we can consider an operator defined
in the following way. Let X = H be a separable Hilbert space with orthonormal basis
{e:};°, and ¢ a real function of the form ¢ (1) =r—7if 7 <r < 1, and ¢(r) =0 if
7 > 1. Moreover let L : H — H be a translation operator such that

Lrx=1L inei = inflei, Vo € H.

i>1 i>2

Consequently L translate H onto a subspace. Then we consider the operator f : H — H
and f (z) = ¢ (||zl ) = + La.

This suggests that Condition (3) might be in its weakest form for the Corollary to
hold.

2. Let X and Y be Banach spaces, f (¢,-) : D(f(t,-)) € X — Y a mapping. We will
consider the following Cauchy problem:

(32) T+ (62) 3y (), y() € Ly (0,T5Y), 2(0) =0,

where Lq (0,7;Y) is the space of vector functions y(-) : [0,7] — Y, (¢ > 1) and
z(+):[0,T] — X. (For simplicity we assume that x (0) = 2o = 0.)

Assume that X is a reflexive Banach space as in Section 1, Y = X* and D (f) = X.
Moreover, we assume there is a Hilbert space H such that the inclusions X C H C X~
are dense. Finally, we assume that the following condition is fulfilled:

iii) f:Ly(0,T;X) — Lg(0,T; X")is a bounded multivalued lower semi-continuous
mapping such that f (-, x) is a convex closed set for any = € L, (0,7 X). (The
mapping f : D (f) C X — Y is called bounded if the image f (G) of each subset
G C D(f) bounded in X is a bounded subset of Y'), and there are functions
u,v € C° satisfying the condition ii) of Theorem 2.1 such that

sup {1yl x) [ v € S @)} <u(lall, ) Vo € Ly (0,T5X),

T
[ .o@yar=v (Il o) ol o forany () € £.2)

0

holds for any x(t) € L, (0,7;X). Here (-,-) is a dual form for (X, X™) and
p=2 q=p.
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We consider the operator A = {%,’yo} : Wp1 (0,T;X) — Lp(0,T;X) x H, and a
similar operator from W, (0,T; X*), where W, (0,T; X) is the vector Sobolev space [16]
and p > 1 a number. In the case considered A is equivalent to its second conjugate
A™*, as was shown in [16]. In fact, it is easy to see that in this case the operator %
acts as an operator A = {%,'yo} in the form A : Vo — Ly (0,T;X*) x H, where
Vo = W} (0,T;X*) N Ly (0,75 X) N {z (t)| vox (t) = 0}. Then using the transposition
method [16] we obtain that A has a second conjugate which is equivalent to A, as these
spaces are reflexive [7 — 9].

Now, applying Theorem 2.4 to problem (3.2) we obtain the following result.
3.3. Theorem. Let all the conditions of this section be fulfilled for problem (3.2), and

v (1) /' 400 under 7 /' 4+o0o0. Then for any y(t) € M C Lq(0,7;X™) Problem (3.2) is
solvable in Vi, where M is an everywhere dense subset of Ly (0,T; X™).

Proof. For the proof it is enough to conduct the following arguments. From the conditions
of Theorem 5.1 we obtain a mapping F : L, (0,7;X) — (W;,O (0, T X))* (where
Wpo(0,T;X) = W,y (0,7;X) N {z(t)| voz (t) = 0}) generated by Problem (3.2) that
satisfies all the conditions of Theorem 2.4 with the unity operator onto Wpl’o (0,7;X). In
fact, under the conditions of this Theorem there exists a continuous function p1 : Rﬁ_ —
RY (u € C°) such that

sub {[ylly1 oy | ¥ € F @) } < Dlally, o) + 1 (Jl2ll )

< s (Jlall, ) »

Z<‘§:,x> () di+

T

nt { [wa)0a | ye 1.

(3.3)

holds for any x € L, (0,7; X), and

inf{?(y,x)(t) dt |y e F(m)}

(3.4)

> 1 (l12ll g, x) ) 2l ) Yo € Vo

¢
holds for any = € Vp, by virtue of Condition (iii) and as [ (%, z)(s)ds > 0 ae.,

0
t € (0,T) holds. Consequently, Condition (ii) of Theorem 2.4 holds for the mapping
F:Ly(0,T;X) — (Wpo(0,T;X))" by (3.3) and (3.4). So, we can apply Theorem 2.4
to the problem considered because F : L, (0,7;X) — (W;O (0,T; X))* is continuous.
Hence applying Theorem 2.4 we obtain that there exists an everywhere dense subset M
in (Wy, (0,75 X))" such that problem (3.2) is solvable for any y (t) € M.

Further we can make use of the argument at the beginning of this section applied
to the space W, 1 (0,T;X) = W, (0,T;X)N {z (t)| yrx (t) = 0}. (It should be noted
that this space is everywhere dense in each of spaces L, (0,7;X), Lq (0,7;X™) and
(Wp0(0,T;X))" under conditions of this Theorem). Thus all that remains is to note
that we consider the equation for an y(t) € Lq(0,7;X"), and f : L, (0,7T;X) —
Lq(0,T;X*) is a bounded continuous mapping, therefore Problem (3.2) is solvable in
Vo for any y (t) € M1 C Lq (0,7; X*) by virtue of Theorem 2.4, where the set M; is
everywhere dense in L, (0,7;X™). (In the case when f(¢,-) is a linear mapping this
result may be compared with analogous results using the transposition method [16]). O
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It should be noted that the case x (0) = zo 2 0 can be studied in the same way with
some modifications, as in the linear case [16].

4. Some sufficient conditions on completeness of the image

Now we consider some sufficient conditions on the completeness of the image of a
mapping.
4.1. Lemma. Let X be a Banach space such as above, f : X — X™ a monotone
mapping satisfying the conditions of Theorem 2.1, and r > 71 some number. Then f (G)

is a bounded closed subset containing a ball Bfi* (0) for every bounded closed convex body
G C X such that BX (0) C G, where r1 =11 (r) > 81 > 0.

Proof. Let G be a bounded closed convex body of X containing a ball By (0) with radius
r > 71. From Theorem 2.1 it follows that f(G) contains a subset which is dense in a
convex closed body of X*. Consequently we can choose a sequence {ym }oo_, from f(G)
which is fundamental in X™*. It is clear that there is an element yo € X* such that a
Ym — Yo in X .

We can choose a weakly convergent subsequence {zm, },’ _; from T ymte ) NG
in the following form

{:rmk | Tmy, € f_l (ymk) NG, Ym,y, € {ym}»,o:;:1}
by using the reflexivity of X and the boundedness of G.

It now follows that xm, — zo € G weakly in X as my /" 00; and ym, — yo weakly in
X" as my / oo (and strongly in X* by virtue of the assumption).

Clearly we can write the second relation also in the following form: f(zm,) — o
weakly in X* (and strongly by virtue of the assumption) as my  co.

Now, for the proof of the equality f(zo) = yo we will use monotonicity of the
mapping f : X — X*. As known [3, 9, 15, 23], for any z,Z € X the inequality
(f (x) = f(Z),x —Z) > 0 holds by definition. Then under my ,” co we have

0<(f(zmy) = f (@), m, — ) = (f (@my) s Tmy, — @) = {f () ,Tm), — 7)) —
(o, w0 — ) — (f (x) , w0 — ) = (yo — f(x) , w0 — ).

Thus we obtain the following inequality:
(yo— f(x),z0—2) >0, Vz € X,

which proves that yo = f (z0). Consequently, f (G) is a closed subset in X*. O

4.2. Remark. The assertion of Lemma 4.1 remains true if f is a lower semi-continuous
maximal monotone bounded operator satisfying the remaining conditions of Theorem 5.1
and having a convex closed image for any x.

4.3. Lemma. Let X,Y be Banach spaces as above, and suppose the mapping f : D (f) C
X — Y has a weakly closed graph and that for any bounded subset of Y its pre-image
under mapping f is a bounded subset of X. Then f is a weakly closed mapping (compare
a similar lemma from [18]).

If the mapping f : X — X™ from the previous section satisfies some additional
conditions, then we can prove the completeness of its image. For example, the following
statements are true.

4.4. Corollary. Let all conditions of Theorem 5.1 be fulfilled. We assume that
(iv) f:Lp(0,T;X) — Lq(0,T; X™) is a weakly closed operator.
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Then problem (3.2) is solvable for any y(t) € Lq(0,T;X™), i.e. the mapping F is
surjective.

Proof. For the proof it is sufficient to show that the image of every bounded closed convex
subset of V' is a closed subset of Ly (0,7; X™*). This property follows from Lemma 4.3 by
virtue of the conditions of Theorem 5.1 and the inequalities (3.3) and (3.4). O

4.5. Corollary. Let the conditions of Theorem 5.1 be fulfilled and H = [X, X*]%. More-
over, assume one of the following conditions is satisfied:
(v) f:Lp(0,T;X) — Ly (0, T; X*), p>1, ¢ =p' is a monotone operator, [15,23];
(vi) f:Lp(0,T;X) — Lq(0,T;X*), p>1, g =p is a pseudo-monotone operator,
[15, 23] and references therein.
Then problem (3.2) (with the equation % + f (t,z) =y (t)) is solvable in V (Q) for any
y(t) € Lq (0,75 X7).

Proof. Let Condition (v) be fulfilled. It is easy to see that f : V (Q) — L4 (0,T; X™)
is a continuous mapping. Moreover, [ is a weakly closed operator (this follows from the
linearity of the first operator and from conditions on the mapping f : L, (0,7;X) —
L4 (0,7;X™)). The image of F is a closed subset (this is obtained using the monotonicity
of the mapping f and the reflexivity of the space). Furthermore, Problem (3.2) is solvable

for any y (t) € M C Lq(0,T; X™) and Mt (O7:x7) _ Ly (0,7; X™) by virtue of Theorem

5.1. Consequently F (V (Q))LQ(O’T;X*) =Lq(0,T; X™).

Thus to complete the proof it remains to show that F (V (Q)) is weakly closed. In
fact let {ym (t)}o>_, C SF C Ly (0,T;X™) be a fundamental sequence in the space

m=1
Ly (0,T;X*) and lim ym, (t) =y (¢t) € Ly (0,T; X*). From the conditions and Inequality
(3.4) it follows that F " ({ym (t)}3°_,) C V(Q), and it is a bounded subset of V (Q).
Consequently, we can select a weakly convergent subsequence {Zm, (t)}7-, C V from

F~ ({ym ()}or_,) such that zm,, () € F " (ym,, (t)), k= 1,2,.... Then we have

m=1

F (1) = P05 4 (i, (1)) = e (1)
and
. La(X7) dg Lg(X¥)
dd—tk —— (cji_t; f(@m, (t)) —— — x (t) - weakly.

From here we obtain - using monotonicity - (we assume that z,, = zx)

o
IA

o\ﬂ O\H

(f (x) — f (z0) , m — mo) dt

T T
<yk_f(xo)axk—$0>dt+/<%7$0>dt—/<dd%,xk>dt, Vao € V.
0 0

It is clear that we may pass to the limit as k " 0o in the first and second terms of (4.1),
therefore all that remains is to consider the last term. For this we have

T T
" [ dzk 1 d 1
an [ (%) a=g [ 4ol de= ol ().
0 0

From the conditions we can see that for a fixed T > 0 the inclusion zj (T") € H holds
for any k = 1,2,..., and {zx (T)} belongs to a bounded subset of H. Hence we obtain

(4.1)
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that the sequence {zi (T')} weakly converges (maybe after passing to a subsequence).
Consequently the following relations hold

2k (T) — x (T) weakly in H;
2]l (T) < lim [|zk |57 (T) 5

Further, taking into account these relations and using (4.2) after passing to the limit in
(4.1) as k : k /" oo, we obtain

T
0< lim [ (f(zx) = f(20), 2k — z0) dt
0
T
. d
:klggo <yk_ %—f(l’o),l‘k—xo> dt

g/(X(t)—f(aco),x—xo) dt

) ) 1) weakly, e, x () = ().

The proof of the other case may be carried out analogously (see [21]!), where it is neces-
sary to make use of the pseudo-monotonicity of the mapping. O

5. On the solvability of the mixed problem for nonlinear hyper-
bolic equations.

Now we will study the solvability of the following problem:

2 n
5.1)  F(u) = ‘Zt'g — 3D, (1Dl D) = h(t,2), (t,2) € Q, p>2.

i=1

u(0,2) =0, %(O,x)zo, z€QCR" n>2;

u(t,z)|r =0, (t,2) e =[0,T] x 99Q.

(5.2)

I Also: Soltanov K.N. Russian Ac.Sci. Dokl.Math. (1992) 45, 3.
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So, let 2 C R™, n > 2, be a domain as in the previous section. We introduce the
following spaces and mappings:

Vi(Q) = Ly (0,75 WH©)) NI} (0,7 L(92),

9%u

) w € LLI(Or T; qul(Q))v

Va(Q) = {u(t,2) | u(t, x) € L,(0, T W(2)

u(0,2) = 0, gt (0,z) = 0},

\70((02) = {u(t x | u(t m)&:% € Ly(0,T; V?/Il,(Q)),u(O,x) = 0}
Fi, Fi(u) = gm + f(u); f, flu ——ZD (|DiufP~2Diu),
i=1

1 Vi(Q) — W (0,T3 Ly () + Ly (0, T3 W, ()
F1:Va(Q) — Lg (0,T; W, 1 () 5

f:Ly (O,T;V(f/ » (Q)) — Ly (0,T; W, () .

We will show that /1 : V2 (Q) — Lg (0,T; W, " (Q)) satisfies the conditions of Theorem
2.1. Tt not is difficult to see that the following equality holds for any function w (¢t,z) €

V2 (Q) N Vo (Q):

t t t

ou o 0%u Ou - p—2 ou
/<F1(u),$> ds:/<852,88>ds—/<zDz (\Dzu| Dlu),as> ds
0 0

0 =1

X & aD

_ 1 e L |P—2 . iU

_ 2/65 +/Zl<|Dzu Dy, 22 >ds
0 0=
t

(5.3) B 1/2

2/ 9s

0

t
I~ [0 oo 1ou|?
*52/&“’“" ts=3 |5
=50
1
+ Dl (1), Ve 0.T].

Furthermore the mapping F1 : Vi (Q) — W, ' (0,73 Lq () + Lq (0, T; W' () is a
bounded since the following inequality is true

lF1 (u)”W{l(o TiLg(2)+ Lg(0,T3Wg 1 (92))

Di Dz p=2 Dz
H ot? Wi (0,T;Lg(0 " Z (| 8 U) -
(0.T:Lq(2)) i—1 Lq(0.T:W H(9))
(G |
Lq(0,T5L4(%)) LP(OTWI(Q)>

Thus we have verified that the problem in question satisfies all conditions of Theo-
rem 2.1 by virtue of the continuity and boundedness of the mapping F1 : Vi (Q) —
W, (0,T; Lg () + Lg (0,T; W, (), and because V2 (Q)N Vo (Q) is everywhere dense
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in V1 (Q) and in L,(0,T; V?/; (Q2)). Consequently, using Theorem 2.1 we deduce that
Problem (4.1) - (4.2) is solvable for any h (¢,z) € M, where M contains an everywhere
dense subset of W, " (0,7 Lq () + Lq (0, T; W, ' (Q)).

Furthermore, useing Equation (4.1) once more we obtain that if h(t,z) € M C
Lq (0,T; W, (Q)) then a solution u (¢,z) belongs to V2 (Q). From this we can conclude

0
that any solution w (¢, z) belongs to a bounded subset of V(g/'}x, (0,7; H)NL*™ (0, W, (Q)) .
Thus we have obtained the following solvability theorem.

5.1. Theorem. Let all conditions considered in this section for the problem (4.1) —
(4.2) be fulfilled, and let Vi (Q) be the space defined above. Then Problem (4.1) — (4.2)
1s solvable in V1 (Q) for any h (t,x) € M, where M contains an everywhere dense subset
of Wit (0,T; Lg () + Lg (0, T; Wy ().

6. Problems

Here we note some questions arising from the above-mentioned results.

6.1. Problem. Let the inequality (1.1) hold for any € BX (z0). It is clear that,
if X = R"™ then this theorem differs from Brouwer’s fixed-point theorem only in the
condition v (r) > 6 > 0. Can we change the condition v (r) > 6 > 0 of this theorem with
the condition v (r) > 07

6.2. Problem. In order to prove the solvability of Problem (4.1) — (4.2) for any h (t,x) €
Lq (0,T; W, (Q)) is it is enough to show / (V1) is a closed subset of Ly (0,7; Wy ' ()
in some sense?
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