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Abstract

In this paper, a generalized fuzzy metric space is defined and shown
to be a proper generalization of a fuzzy metric space. Besides, the
results corresponding to Banach’s and Ciric’s fixed point theorems are
obtained under our postulates.
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1. Introduction

The concept of fuzzy set was introduced by Zadeh [5] in 1965. Since its initiation,
several mathematicians have worked with fuzzy sets in different branches of Mathemat-
ics. The notion of fuzzy metric evolved in two different perspectives. One group of
mathematicians consider a fuzzy metric to be a non-negative real-valued function on the
collection of all fuzzy points on a set X, satisfying a list of axioms similar to those of a
general metric; while another group imposes the fuzziness on the metric itself rather than
the points of the space. Our approach in this paper is along the first line of development,
initiated by Hu [2].

Following is the existing definition of a fuzzy metric space [4], that we have considered
in this article:-

1.1. Definition. Let X be a crisp set and x the collection of all fuzzy points on X. A
function d : x x x — R™T is said to be a fuzzy metric on X, if the following conditions
are satisfied :

(1) Vza,ys € x with zo < yg we have d (yg, za) =0,

(2) Vza,ys € x with 2o £ ys we have d (ys, zo) > 0,
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(3) meyﬁ?z'y €X,
d(x(uyﬁ) < d(x(wz’Y) + d(z'v7yﬁ)7

(4) Vo, ys € X we have d (0, y5) = d (19, 21-0),
(5) d is continuous for membership grade, i.e. Vzo € x with a € (0,1), and given
any € > 0,38 > 0 such that for all 8 with |8 — a] < § we have d (za,ys) < €.

Fixed point theorems similar to those of Banach and Ciric were fruitfully achieved
[1], [3] in generalized metric spaces. In this paper, our prime objective is to prove similar
fixed point theorems in the setting of generalized fuzzy metric spaces.

In this context, we state here the definition of generalized metric space.

1.2. Definition. [1] Let X be a set and d : X x X — R" a mapping such that for all
z,y € X and for all distinct points &, 7, each of them different from = and y, one has

. dle,y) =0 = z=y,

o d(z,y) = d(y, ),

o d(z,y) < d(z,§) +d(&n) + dn,y).
Then (X, d) is called a generalized metric space.

As in the case of a metric, such spaces (X, d) become topological spaces with a neigh-
bourhood basis given by

B = {B(z,7)lz € X,r € R" —0}.

Also, in [1], an example is cited to establish that a generalized metric space need not be
a metric space in general.

The first section of our paper introduces the notion of a generalized fuzzy metric space
(in short, GFMS), and shows that all fuzzy metric spaces are generalized fuzzy metric
spaces but that the converse need not hold. Besides, a few terms concerning GFMS are
also defined that we require subsequently. The second and third sections are devoted to
establishing Banach’s fixed point theorem for fuzzy contraction maps and Ciric’s fixed
point theorem for fuzzy almost contraction maps, respectively.

In what follows, Za, Ya, ... always denote fuzzy points on a crisp set X, defined as

2a(2) = {oz7 for z==x

0, otherwise.

2. Generalized fuzzy metric spaces

2.1. Definition. Let X be a crisp set and x the collection of all fuzzy points on X. A
function d : x x x — R7 is said to be a generalized fuzzy metric on X, if the following
conditions are satisfied:

(1) Vza,ys € x with zo < yg we have d(yg, za) =0,
(2) Vza,ys € x with 24 £ ys we have d (ys, za) > 0,
(3) Vza,ys,2y,ts € x where none of zy or t5 equals zo or yg,

d(xouyﬁ) < d(xouz"/) + d(ZW,t(;) + d(t(;,yg),

(4) Vza,ys € x we have d (za,yp) = d(y1-5,T1-a),
(5) d is continuous for membership grade, i.e. Yz, € x with @ € (0,1), and given
any € > 0,30 > 0 such that for all 8 with |3 — a| < 6 we have d (za,ys) < €.

Then (X, d) is called a generalized fuzzy metric space. In what follows, we shall always
refer to a generalized fuzzy metric space as a GFMS, and the collection of all fuzzy points
on X by x.
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2.2. Remark. ts = 2z, in Condition 3 of the above definition shows that a fuzzy metric
space is a generalized fuzzy metric space.

The following example shows that a GFMS is not necessarily a fuzzy metric space.

2.3. Example. Consider X = {a,b,c,e}. Define di : X x X — R* by
di(a,b) = di(b,a) = 3,
di(a,c) = di(c,a) = di(b,c) = di(c,b) =1,
di(a,e) =di(e,a) = di(b,e) = di(e,b) = di(c,e) = di(e,c) =2, and
di(z,z) =0,Vz € X.

a,e

It is shown by Branciari in [1] that d; is a generalized metric without being a metric.
Now, we define d : x X x — R™ as follows:

d(:c ) _ max[dl(:c7y)7 |ﬁ - O‘l]7 if (13 i y) or (ﬁ > O‘)
o Y 0, otherwise.

This d is a generalized fuzzy metric. But d(za,ys) = 3 > 2 = d(za, 2¢) + d(2+, ys) shows
that d is not a fuzzy metric on X.

We define a few terms concerning a GFMS:

2.4. Definition. Let (X,d) be a GFMS and « € (0,1).

(1) A sequence {(zn)a} of fuzzy points on X is said to a-converge to a fuzzy point
Za, if for any € > 0 there exists no € N such that for all n > no, d((zn)a, Za) < €.

(2) A sequence {(xn)a} of fuzzy points on X is said to a-dually converge to a
fuzzy point x4, if for any € > 0 there exists ng € N such that for all n > no,
d(za, (Tn)a) < €

In other words, {(zn)a}, a-dually converges to z if and only if {(zn)i-a}, (1 — @)-
converges to T1_q.

2.5. Definition. Let (X,d) be a GFMS and o € (0,1). A sequence {(zn)a} of fuzzy
points on X is said to be a Cauchy sequence if for any € > 0 there exists no € N such that
foralln >mno and i =1,2,..., d((Zn)a, (Tnti)a) < €.

2.6. Definition. A GFMS is said to be complete, if every Cauchy sequence {(zn)a} of
fuzzy points on X, a-converges to some .

2.7. Definition. Let (X, d) be a GFMS and o € [0,1]. A function f: X — X is said to
be

(1) A fuzzy contraction if there exists some ¢ € (0,1) such that
d(f(za), f(Ya)) < ¢ d(TasYa).

The constant c is called the constant of contraction.
(2) A fuzzy almost quasi-contraction if there exists some ¢ € (0,1) such that

d(f(za), f(ya)) < ¢ max[d(za, f(ya)), d(Ta;ya)]-

The constant c is called the constant of fuzzy almost contraction.

2.8. Definition. If (X,d) is a GFMS and f: X — X a fuzzy almost quasi-contraction,
then for all n € N,

O(xavn) = {:Z?a, f(x&)v fz(x&)v R fn(xa)}

and

O(ZCa7 OO) = {fca7f(xa)7f2(ma)7 "'7fn(x(¥)7 }
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Further,
5(0@a,n)) = sup d(za, f'(za)).
0<i<n
2.9. Remark. Since for each n € N, {1,2,...,n} is a finite set, it is easy to see

that 6(O(za,n)) = d(Ta, f¥(za)) for some k € {1,2,...,n}. Also, §(O(za,1)) <
5(0(2q,2)) < -

2.10. Definition. Let (X,d) be a GFMS and f : X — X be a fuzzy almost quasi
contraction on X. Then the GFMS (X, d) is said to be f-orbitally complete, if, for each
Za € X, every Cauchy sequence in O(zq,o0), a-converges in X.

2.11. Remark. It is easy to see that in an f-orbitally complete GFMS (X, d), Vza € X,
if {f™(za)} is a Cauchy sequence then {f"(z«)}, a-dually converges in X.

3. Banach’s fixed point theorem for fuzzy contraction maps on a
GFMS

The well known Banach fixed point theorem for contraction maps on metric spaces
was successfully generalized by Branciari [1] for contraction maps on generalized metric
spaces. In this section, we further expand its scope by proving a fixed point theorem for
fuzzy contraction maps on generalized fuzzy metric spaces. To establish such result, we
require the following theorem.

3.1. Theorem. In a GFMS (X,d), a sequence of fuzzy points {(zn)a} on X with 0 <
a < 1/2, converges to at most one fuzzy point.

Proof. If possible, let {(zn)a} converges to o and yo with xo # ya, for 0 < a < 1/2.
As o # Yo, T F Y.
For any € > 0, there exists ng € N such that Vn > no,
(3.1) d((zn)a, Ta) < €/2
and
(3.2)  d((zn)a,ya) < €/2.
Now,
0<a<1l/2 = a<(1-a)
(3.3) = 2o < 21—qa, VZE X
= d(z1-a,%2a) = 0.
So, by using Equations (3.1), (3.2) and (3.3),
d(T1-a,Ya) < d(T1-a, (Tn)1-a) + d((Tn)1-a; (Tn)a)) + d((Tn)a, Ya)
=d((zn)a, Ta) + d((Tn)1-a; (Tn)a)) + d((Tn)a; Ya)
<e€/24+0+€/2=¢
Since = # y, d(T1-a, Ya) > 0. The arbitrariness of e gives rise to a contradiction. Hence,

To = Ya- O

3.2. Corollary. In a GFMS, a sequence of fuzzy points {(zn)a}t on X with1/2 < a <1,
a-dually converges to at most one fuzzy point.

Proof. Suppose {(zn)a} is a sequence of fuzzy points on a GFMS (X, d) that a-dually
converges to two distinct points z, and yo. Then, by a-dual convergence we get that
{(zn)i1-a}, (1 — a)-converges to x1_o and y1—q. Since 1/2<a <1 = 0< (1 —a) <
1/2, in view of the above Theorem this is not possible. (]
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3.3. Theorem. Let (X,d) be a complete GFMS and f : X — X a fuzzy contraction.
Then for any o with 0 < a < 1/2,

(1) There exists a fuzzy point aa such that for all zo € x, {f(zn)a}, a-converges to

Qo -

(2) f(aa) = aa and for each eq with f(ea) = ea we have e = aq.

(3) Yn eN,
_<
(1-o0

where 0 < ¢ < 1 is the constant of fuzzy contraction of f.

d(fn(xa)7aa) S max[d(:cm f(iCa))7 d(:Ca7 f2(x(¥))]7

Proof. Let x4 be any fuzzy point on X with 0 < « < 1/2. Consider the sequence of
fuzzy points {f(zn)a}. If 24 is a periodic point then there exists some v € N such that
f(za) = za. So,

d(za, f(za)) = d(f (za), 7 (2a)) < Td(@a, f(2a))
(as f is a fuzzy contraction). Thus, (1—¢7)d(za, f(za)) < 0. Since ¢ < 1, d(za, f(za)) =
0 and hence,
(34)  f(za) < za.
Now,

Sup,c -1,y Taly), for f71(2) # ¢
0, otherwise,

flza)(2) = {
So, for y =z, i.e., x € f71(2), f(za)(2) = a and for y # x or f71(2) = ¢, f(za)(z) = 0.
That is,
a, forxz € f71(2)
0, otherwise,
ie.,
f(za) = (f(2))a-
Hence, Vz € X,
f(2a)(2) Swalz) = (f(@))a(2) S2alz) = f(z) =2 (as a>0) = [f(za) = 7a-
Thus we may assume in the sequel that f™(za) # f™(z«) for all n # m.
The following two inequalities are easy to obtain: Vyg € x, and for k = 2,3,4, ..,

2k—3
(35)  dlys, [ (ys)) < D cidlys, f(ys)) + " 2dlys, f*(ys)),

i=1

and for k =0,1,2,...,

2k
(3.6)  dlys, " (ys)) < Y cid(ys. f(ys)).
i=0
Using these equations we obtain,
BT A ). S @) € T

As n — oo, RHS — 0 and consequently, {f"(z«)} becomes a Cauchy sequence of fuzzy
points on X. By the completeness of X, there is a fuzzy point aq such that {f™(za)},
a-converges t0 a. Now, d(f" " (x4), f(aa)) < ¢ d(f™(za),aa) — 0 as n — oco. Hence,

max[d(za, f(za)), d(za f*(za))]-
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f(aa) is another fuzzy point to which {f"(za)}, a-converges. In view of Theorem 3.1,
flaa) = aa.
Now suppose, f(ea) = e for some eo € x. Then
d(aa,eq) = d(f(aq), f(ea)) < c-d(aa,ea) = (1 —¢) d(aa,ea) <0
= d(aa,ea)=0as0<c<1
— eq < Qqn.

Similarly, ao < eo. To get the third part of the theorem, we simply take m — oo in
Equation (3.7). a

3.4. Corollary. Let (X,d) be a complete GFMS and f : X — X a fuzzy contraction.
Then for any o with 1/2 < a <1,

(1) There exists a fuzzy point aq such that for all xo € X, [™(za), a-dual converges

to an.
(2) flaa) = aa and for each eq with f(ea) = ea we have aq = €q.
(3) Vn €N,
C'I’L

(I-o¢)

where 0 < ¢ < 1 is the constant of fuzzy contraction of f.

d(fn(xa)7aa) S max[d(:cm f(iCa))7 d(:CCH f2(x(¥))]7

Proof. Since 1/2 < aw < 1, choose 3 =1 — a so that 0 < 8 < 1/2. So, by Theorem 3.3,
{f™(xn)g}, B-converges to ag and hence {f"(zn)a}, a-dually converges to f(an). In
view of Corollary 3.2, f(aa) = aa.

The rest of the proof follows the same line as that of Theorem 3.3. g

Combining Theorem 3.3 and Corollary 3.4, we get the following;:

3.5. Theorem. Let (X,d) be a GFMS and f : X — X a fuzzy contraction. Then for
every a with 0 < a < 1, f has a unique fixed point.

4. Ciric’s fixed point theorem for fuzzy almost contraction maps
on a GFMS

Ljubomir Ciric’s fixed point theorem for quasi-contractions on metric spaces was suc-
cessfully generalized by Lahiri and Das [3] for such maps on generalized metric spaces.
Here we present a similar type of fixed point theorem for fuzzy almost quasi-contractions
on a GFMS.

To obtain the main result of this section, we require the following couple of lemmas :

4.1. Lemma. If (X,d) is GFMS and f: X — X is fuzzy almost quasi-contraction with
constant ¢, then Vm € N and Vo € [0, 1],

d(f(xa), " (xa)) < ¢+ 6(0(xa, m)).
Proof. We have,
d(f(za), f™" (2a)) < ¢ max[d(za, [ (za)), d(@a, f™ " (2a))]
<c-max{d(za, f'(za)) :1=1,2,...,m}
— ¢+ 8(0(a,m)),
vVm e N. a
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4.2. Lemma. If (X,d) is GFMS and f : X — X a fuzzy almost quasi-contraction with
constant ¢, then Vn € N, Va € [0,1] and Vza € X,

5(0(za,n)) < max[d(za, f(2a)), d(za, f*(za))]-

1
(1=¢)
Proof. By the definition of §(O(xa,n)) we have §(O(za,n)) = d(xa, f*(xa)) for some k
with 1 <k <n.

If k=1 or 2, then
(1= 0)3(0(za,n)) = (1 =) - d(za, [*(2a))
d(za, *(2a))

ax {d(za, f* (za))}.

k=1,2

<
<
Therefore,

1
6(0(za, <
(Olawm) < 25
Let k be a positive integer such that 3 < k < n. If zo = f(za), Ta = fz(:ca) or

f(xa) = f*(za), then the result follows trivially. So we assume, xa, f(o) and f2(zq)
are all distinct.

Let f*(z4) be a fuzzy point other than f(z,) and f?(za).

d(wa, f*(wa)) < d(@a, (@) + d(f(@a), f*(2a)) + d(f*(2a), f* (2a))
< d(za, f(2a)) + ¢ max{d(za, [*(2a)), d(@a, f(za))}
+d(f(f(wa)), [ (f(za))
< d(wa, f(za)) + ¢ - max{d(@a, 2(za)), d(za, f(za))}
+¢-6(0(f(za),k—1)) (by Lemma 4.1)
= (1+¢) - max{d(za, f*(za)), d(za, f(2a))}
+c-0(0(f(za),k—1))
= (14 ¢) - max{d(za, f*(a)), d(za, f(2a))}
e d(f(@a), £™(F(za)) (for some m < (k — 1))
< (14 ) - max{d(@a, f*(za)), d(@a, f(za))
+c-c-0(0(xa,m+1)) (by Lemma 4.1)
< (14 0) - max{d(za, f(22)), d(@a, f(@a)) + ¢ - 6(0(@arn))
(asm+1<k<n).

max[d(za, f(a)), d(za, f*(za))]-

Therefore,
§(0(a,n)) = d(za, f*(za))
< (1+¢) - max{d(za, f(za)), d(@a, [*(2a))} +¢* - 6(0(za,n)),
so (1 —c*)-6(0(xa,n)) < (1 + c) - max{d(za, f(za)),d(za, f*(za))}. Hence,
3(0(za,n)) < iy max{d(za, f(2a)), d(wa, f*(za))}- 0

Since the above lemma guarantees the boundedness of {§(O(za,n)) : n € N}, we
define:
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4.3. Definition. For each z, € x, (a € [0, 1]),
0(0O(za,0) = supd(O(za,n)).
neN

In view of Lemma 4.2 and Definition 4.3, we have,

4.4. Lemma. If (X,d) is a GFMS and f : X — X a fuzzy almost quasi-contraction
with constant ¢, then Vo € [0,1] and Vza € X,

5(0(xa,0)) < max[d(za, f(a)), d(@a, f*(2a))]-

_t
“ (-9
4.5. Theorem. Let (X,d) be an f-orbitally complete GFMS and f : X — X a fuzzy
almost quasi contraction with constant c. Then

(1) For each fuzzy point zo on X, (0 < a < 1), the sequence {f"(za)}, a-converges
to some aq.
(2) flaa) = Ga, and for any eq on X with f(ea) = ea we have aa = eq.

(3) d(f"(za),za) < gy max{d(za, f(za)), d(za,f*(za))}-
Proof. For each x4, consider the sequence {f™(za)}. Now,
d(f" (wa), 7" (wa)) = d(f(f" " (@a)), f17 (1 = 1(wa))
<c 6(f" Nza), k+1)
=c-d(f" (za), T (24)) (for some m < k +1)
< 5(0(f" *(za),m +1)) (by Lemma 4.1)
< 5(0(" (wa) k +2))
Proceeding in this way, we get
d(f" (@ar " (2)) < € - 8(0(a, k + 1))

(4.1) o 9
< mmax{d(xmf(fva)% d(za, [~ (za))}

As n — oo, ¢ — 0 and hence RHS — 0, proving {f"(z.)} to be a Cauchy sequence.
Since {f"(z«)} is a Cauchy sequence contained in O(zq,00), the f-orbital completeness
of X enures that {f™(za)}, a-converges to some aq.

As k — oo in Equation (4.1), we get
A" (w0).00) < s mac{d(ra. (@) (@)

Now we shall show that f(aa) = aa, and that such an a, is unique. Now,

d(f(a), " (2a)) < ¢ max{d(aa, f"(a)), d(aa, [ (za))}-
Asn — oo,

d(f(aa),aa) < c-d(aa,a) =0 = d(f(aa),aa) =0
(4‘2) == Qo < f(a&)'
Again,

d(f"(aa), f(aa)) < c- max{d(f" (aa), f(aa)), d(f"(aa),aa)}-
Asn — oo and f*(z«), a-dual converges to aa, we get

d(aa, f(aa)) < ¢- d(aa, f(aa)) = (1 —c)-d(aa, f(aa)) <0
(4.3) = d(aa, f(aa)) =0

= f(aa) < Ga.
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Hence, Equations (4.2) and (4.3) imply f(aa) = aa. If e is such that f(ea) = ea, then
d(f(aa)7 f(ea)) <c- ma‘x{d(aav f(aa))7 d(aOu eﬂ)} =c- d(aOu 6&)7

ie.,
(1—-c¢)-d(aa,a) <0 = d(aa,ea) =0 = eq < aaq.

Changing the role of an and e, we get the reverse inclusion. Hence, ao = e, completing
the proof. O
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