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Fuzzy Γ-ideals in Γ-AG-groupoids
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Abstract

In this paper we study fuzzy Γ-ideals and prime, semiprime fuzzy Γ-
ideals of a Γ-AG-groupoid S. We prove that, if S is a Γ-AG-groupoid
with left identity, then every fuzzy Γ-ideal of S is idempotent if and
only if every fuzzy Γ-ideal of S is semiprime. We also show that, if S
is a Γ-AG-groupoid with left identity e, then every fuzzy Γ-ideal of S
is prime if and only if every fuzzy Γ-ideal of S is idempotent and the
set of fuzzy Γ-ideals of S is totally ordered by inclusion.
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1. Introduction

In [17], Zadeh introduced the notion of a fuzzy subset f of a set S as a function from
S into unit interval [0, 1]. The notion of a fuzzy ideal in Γ-rings was first introduced by
Jun and Lee [5]. They studied some preliminary properties of fuzzy ideals of Γ-rings.
Dutta and Chanda [4], studied the structures of fuzzy ideals of a Γ-ring and characterized
Γ-field and Noetherian Γ-ring. Jun [6] defined fuzzy prime ideal of a Γ-ring and obtained
a number of characterizations for a fuzzy ideal to be a fuzzy prime ideal.

Kazim and naseerudin [8], have introduced the concept of LA-semigroups (also known
as AG-groupoids). An LA-semigroup S is a groupoid which satisfies the left invertive
law (ab)c = (cb)a for all a, b, c ∈ S. It is a midway structure between a commutative
semigroup and a groupoid. It is a non-associative structure which has wide applications
in the theory of flocks and in automata theory.

In 1981, the notion of Γ-semigroups was introduced by Sen [13, 14]. Let M and
Γ be any nonempty sets. M is said to be a Γ-semigroup if there exists a mapping
M×Γ×M −→M, such that M satisfies the identity (aαb)βc = aα(bβc) for all a, b, c ∈M
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and α, β ∈ Γ. Whereas the Γ-semigroups are a generalization of semigroups. Many
classical notions of semigroups have been extended to Γ-semigroups.

Recently, Shah and Rehman [15], have introduced the notion of Γ-AG-groupoids and
discussed some properties of Γ-ideals and Γ-bi-ideals in Γ-AG-groupoids. Moreover in
[16], they have discussed M -systems in Γ-AG-groupoids. Though Γ-AG-groupoid is a
non-associative and non-commutative structure, but due to its peculiar characteristics,
it possesses properties which we usually encounter in associative algebraic structures.

In this paper we define fuzzy Γ-ideals in a Γ-AG-groupoid and study some of its
properties. We also define prime and semiprime fuzzy Γ-ideals in Γ-AG-groupoids and
study those Γ-AG-groupoids in which each fuzzy Γ-ideal is (prime) semiprime.

2. Definitions and Preliminary Lemmas

In this section we recall certain definitions and results from [15], which are needed for
our discussion.
• Let S and Γ be nonempty sets. We call S to be a Γ-AG-groupoid if there exists a

mapping S × Γ × S −→ S, written as (a, γ, c) and denoted by aγc such that S satisfies
the identity (aγb)µc = (cγb)µa for all a, b, c ∈ S and γ, µ ∈ Γ.
• In a Γ-AG-groupoid S, (aαb)β(cγd) = (aαc)β(bγd) for all a, b, c ∈ S and α, β, γ ∈ Γ.
• An element e of a Γ-AG-groupoid S is called left identity if eγa = a for all a ∈ S

and γ ∈ Γ.
• A non-empty subset A of a Γ-AG-groupoid S is called a sub Γ-AG-groupoid of S if

aγb ∈ A for all a, b ∈ S and γ ∈ Γ.
• A Γ-AG-groupoid S whose all elements are idempotent, that is aγa = a for all a ∈ S

and γ ∈ Γ is called a band.
In a Γ-AG-band the following are true

◦ (aαb)βa = aα(bβa) for all a, b ∈ S and α, β ∈ Γ.

◦ (aαb)βc = (aαc)β(bγc) for all a, b, c ∈ S and α, β, γ ∈ Γ.

◦ (aαb)βb = bαa for all a, b ∈ S and α, β ∈ Γ.

If S is Γ-AG-groupoid and A,B ⊆ S, then we denote AΓB := {aγb|a ∈ A, γ ∈ Γ, b ∈
B}.

A non-empty subset I of a Γ-AG-groupoid S is called a left (right) Γ-ideal of S if
SΓI ⊆ I (IΓS ⊆ I). A non-empty subset I of a Γ-AG-groupoid S is called a Γ-ideal if it
is both a left and a right Γ-ideal of S.

If S is a Γ-AG-groupoid with left identity e, then every right Γ-ideal of S is a left
Γ-ideal of S [15, Proposition 1].

3. Fuzzy Concepts in Γ-AG-groupoids

3.1. Fuzzy Subset of Γ-AG-groupoids. A function f from a non empty set X to the
unit interval [0, 1] is called a fuzzy subset of S. For fuzzy subsets f, g of X, f ⊆ g means
that f(x) ≤ g(x) for all x ∈ X.

Let f be a fuzzy subset and t ∈ (0, 1]. Then the set

U(f ; t) := {x ∈ X|f(x) ≥ t},

is called the level set of f .
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If S is a Γ-AG groupoid and f, g are any fuzzy subsets of S. We define the product
fΓg of f and g as follows:

(fΓg)(x) :=

{ ∨
x=yγz

min{f(y), g(z)} if ∃ x, y ∈ S and γ ∈ Γ such that x = yγz,

0 if x 6= yγz.

3.2. Definition. Let S be a Γ-AG- groupoid and ∅ 6= A ⊆ S. Then the characteristic
function χA of A is defined by:

χA : S −→ [0, 1], 7−→ χA(x) :=

{
1 if x ∈ A,
0 if x /∈ A

3.3. Definition. Let S be a Γ-AG-groupoid and f a fuzzy subset of S. Then f is called
a fuzzy sub Γ-AG-groupoid of S if f(xγy) ≥min{f(x), f(y)} for all x, y ∈ S and γ ∈ Γ.

3.4. Definition. Let S be a Γ-AG-groupoid and f a fuzzy subset of S. Then f is called
a fuzzy left (right) Γ-ideal of S if f(xγy) ≥ f(y)(f(xγy) ≥ f(x)) for all x, y ∈ S and
γ ∈ Γ.

If f is both a fuzzy left Γ-ideal and a fuzzy right Γ-ideal of S. Then f is called a
two-sided fuzzy Γ-ideal of S.

Note that if f is a fuzzy right Γ-ideal of a Γ-AG-groupoid S with left identity e. Then

f(x) = f(eαx) ≥ f(e) for all x ∈ S and α ∈ Γ.

In the following, the proofs of Propositions 3.5, 3.6, 3.7 and 3.8 are obvious and are
omitted.

3.5. Proposition. Let S be a Γ-AG-groupoid and ∅ 6= A ⊆ S. Then A is a sub Γ-AG-
groupoid if and only if the characteristic function χA of A is a fuzzy sub Γ-AG-groupoid.

3.6. Proposition. Let S be a Γ-AG-groupoid and ∅ 6= A ⊆ S. Then A is a left (right)
Γ-ideal of S if and only if the characteristic function χA of A is a fuzzy left (right) Γ-ideal
of S.

3.7. Proposition. Let S be a Γ-AG-groupoid f a fuzzy subset of S. Then f is a fuzzy
sub Γ-AG-groupoid if and only if U(f ; t)( 6= ∅) is a sub Γ-AG groupoid for all t ∈ (0, 1].

3.8. Proposition. Let S be a Γ-AG-groupoid f a fuzzy subset of S. Then f if a fuzzy
left (right) Γ-ideal of S if and only if U(f ; t)(6= ∅) is a left (right) Γ-ideal of S for all
t ∈ (0, 1].

3.9. Example. Let S = {1, 2, 3, 4, 5} and define a binary operation “·” in S as follows:

· 1 2 3 4 5

1 1 1 1 1 1

2 1 1 1 1 1

3 1 1 5 3 4

4 1 1 4 5 3

5 1 1 3 4 5

Then (S, ·) is an AG-groupoid. Now let Γ = {1} and define the mapping S × Γ ×
S −→ S by a1b = ab for all a, b ∈ S. Then S is a Γ-AG-groupoid (see [15]) and
{1}, {1, 2}, {1, 3, 4, 5} and S are ideal of S.
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Define f : S −→ [0, 1] by f(1) = 0.9, f(2) = 0.8, f(3) = 0.5, f(4) = 0.5, f(5) = 0.5.

U(f ; t) :=





S if t ∈ (0, 0.5]
{1, 2} if t ∈ (0.5, 0.8]
{1} if t ∈ (0.8, 0.9]
∅ if t ∈ (0.9, 1]

Then by Proposition 3.8, f is a fuzzy ideal of S.

3.10. Lemma. If S is a Γ-AG-groupoid with left identity e. Then every fuzzy right
Γ-ideal of S is a fuzzy left Γ-ideal of S.

Proof. : Let S be a Γ-AG-groupoid with left identity e and f a fuzzy right Γ-ideal of S.
Let a, b ∈ S and α, β, γ ∈ Γ. Then

f(aαb) = f((eγa)αb) because e is left identity

= f((bγa)αe) by left invertive law

≥ f(bγa) because f is a fuzzy right Γ-ideal

≥ f(b) because f is a fuzzy right Γ-ideal.

Thus f(aαb) ≥ f(b) for all a, b ∈ S and α, β, γ ∈ Γ. Hence f is a fuzzy left Γ-ideal.
Note that the intersection and union of any family of fuzzy Γ-ideals of a Γ-AG-groupoid

S is a fuzzy Γ-ideal of S. �

3.11. Proposition. If S is a Γ-AG-groupoid and f, g, h are fuzzy subsets of S. Then
(fΓg)Γh = (hΓg)Γf.

Proof . Let x ∈ S and α, β ∈ Γ, then

((fΓg)Γh)(x) =
∨

x=yαz

{(fΓg)(y) ∧ h(z)}

=
∨

x=yαz





(
∨

y=aβb

(f(a) ∧ g(b))

)
∧ h(z)

0 if y 6= aβb





=
∨

x=(aβb)αz

{(f(a) ∧ g(b)) ∧ h(z)}

Since x = (aβb)αz = (zβb)αa, so ((fΓg)Γh)(x) =
∨

x=(zβb)αa

[(h(z) ∧ g(b)) ∧ f(a)] .

Also h(z) ∧ g(b) ≤ ∨
zαb=cαd

{h(c) ∧ g(d)}), so

((fΓg)Γh)(x) ≤
∨

x=(zβb)αa

[{ ∨

zαb=cαd

{h(c) ∧ g(d)}
}
∧ f(a)

]

=
∨

x=(zβb)αa

{(hΓg)(zβb) ∧ f(a)}

≤
∨

x=sγt

{(hΓg)(s) ∧ f(t)}

= ((hΓg)Γf)(x).

Hence (fΓg)Γh ≤ (hΓg)Γf. Similarly, (hΓg)Γf ≤ (fΓg)Γh. Thus (fΓg)Γh = (hΓg)Γf.

3.12. Remark. The above Proposition shows that if S is a Γ-AG-groupoid and F (S)

is the collection of all fuzzy subsets of S, then (F (S),Γ
′
) is a Γ-AG-groupoid.
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3.13. Lemma. Let S be a Γ-AG-groupoid with left identity e and f, g, h be fuzzy subsets
of S, then

fΓ(gΓh) = gΓ(fΓh).

Proof . The proof follows from Proposition 3.11 and from a generalized form of Lemma
4 in [12].

3.14. Lemma. Let S be a Γ-AG-groupoid with left identity e and f a fuzzy right Γ-ideal
of S, then fΓf is a fuzzy Γ-ideal of S.

Proof: Since f is a fuzzy right Γ-ideal of S, by Lemma 3.10, f is a fuzzy left Γ-ideal
of S.

Let a, b ∈ S and α ∈ Γ. If (fΓf)(a) = 0, then (fΓf)(aαb) ≥ (fΓf)(a). Otherwise

(fΓf)(aαb) =
∨

a=yγz

{f(y) ∧ f(z)}

(If a = yγz, then aαb = (yγz)αb = (bγz)αy by left invertive law)

So, (fΓf)(aαb) =
∨

a=yγz

{f(y) ∧ f(z)}

≤
∨

a=yγz

{f(bγz) ∧ f(y)}, since f is a fuzzy left Γ-ideal

≤
∨

aαb=cγd

{f(c) ∧ f(d)} = (fΓf)(aαb).

Thus (fΓf)(aαb) ≥ (fΓf)(a). Hence fΓf is a fuzzy right Γ-ideal of S and by Lemma
3.10, a fuzzy Γ-ideal of S.

3.15. Lemma. If S is a Γ-AG-groupoid and f, g are fuzzy Γ-ideals of S, then fΓg ⊆
f ∩ g.

proof: Let f and g be fuzzy Γ-ideals of S and x ∈ S. If (fΓg)(x) = 0, then (fΓg)(x) ≤
(f ∩ g)(x), otherwise

(fΓg)(x) =
∨

x=yαz

(f(y) ∧ g(z))

≤
∨

x=yαz

(f(y) ∧ g(z))(f(yαz) ∧ g(yαz)), since f and g are fuzzy Γ-ideals of S

=
∨

x=yαz

(f(x) ∧ g(x))

= (f ∩ g)(x).

Thus fΓg ⊆ f ∩ g.

3.16. Remark. If S is a Γ-AG-groupoid with left identity e and f and g are fuzzy right
Γ-ideals of S, then fΓg ⊆ f ∩ g.

3.17. Remark. If S is a Γ-AG-groupoid and f a fuzzy Γ-ideal of S, then fΓf ⊆ f .
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3.18. Lemma. If S is a Γ-AG-groupoid with left identity e and f, g are fuzzy Γ-ideals
of S, then fΓg is a fuzzy Γ-ideal of S.

Proof . Let f, g be fuzzy Γ-ideals of S and a, b ∈ S, and α, β, γ ∈ Γ. If (fΓg)(a) = 0,
then (fΓg)(a) ≤ (fΓg)(aαb), otherwise

(fΓg)(a) =
∨

a=cγd

(f(c) ∧ g(d))

(since a = cγd, so aβb = (cγd)βb = (cγd)β(eαb) = (cγe)β(dαb) by medial law)

(fΓg)(a) ≤
∨

a=cγd

(f(cγe) ∧ g(dαb)), since f and g are fuzzy Γ-ideals

≤
∨

aβb=xγy

(f(x) ∧ g(y))

= (fΓg)(aβb).

Thus (fΓg)(aβb) ≥ (fΓg)(a).
Therefore fΓg is a fuzzy right Γ-ideal of S and by Lemma 3.10, fΓg is a fuzzy Γ-ideal

of S.

4. Fuzzy points in Γ-AG-groupoids

Let S be a Γ-AG-groupoid and x ∈ S. Then for a ∈ S and t ∈ (0, 1], we define

at : S −→ [0, 1], x 7−→ at(x) :=

{
t if x = a

0 otherwise.

Then at is a fuzzy subset of S and is called a fuzzy point with support t and value t.
By at ∈ f, we mean f(a) ≥ t.

4.1. Theorem. Let S be a Γ-AG-groupoid with left identity e. If f is a fuzzy left
Γ-ideal of S, then atΓf is a fuzzy left Γ-ideal of S, where at is a fuzzy point of S.

Proof . Suppose that f is a fuzzy left Γ-ideal of S. Let x, y ∈ S and α, β, γ ∈ Γ. If
(atΓf)(x) = 0, then (atΓf)(xγy) ≥ (atΓf)(x), otherwise (atΓf)(y) =

∨
y=pαq

{at(p)∧f(q)}.

Since y = pαq, so xγy = xγ(pαq) = (eβx)γ(pαq) = (eβp)γ(xαq) = pγ(xαq) by medial
law. Thus (atΓf)(y) =

∨
y=pαq

{at(p) ∧ f(q)} ≤ ∨
y=pαq

{at(p) ∧ f(xαq)} ≤ ∨
xγy=cαd

{at(c) ∧

f(d)} = (atΓf)(xγy). Thus (atΓf)(xγy) ≥ (atΓf)(y). Consequently, atΓf is a fuzzy left
Γ-ideal of S.

4.2. Definition. Let S be a Γ-AG-groupoid and a ∈ S. A fuzzy left (two-sided) Γ-ideal
f of S is called the fuzzy left (two-sided) Γ-ideal of S, generated by at for t ∈ (0, 1] if f
is the smallest fuzzy left (two-sided) Γ-ideal of S containing at.

4.3. Theorem. Let S be a Γ-AG-groupoid with left identity e and at a fuzzy point of
S. Then the fuzzy left Γ-ideal of S, generated by at is lat , defined by:

lat : S −→ [0, 1], x 7−→ lat(x) :=

{
t if x ∈ SΓa
0 otherwise.

.

Proof . Let x, y ∈ S and α, β, γ, δ ∈ Γ.
Case 1. If y /∈ SΓa, then lat(y) = 0 ≤ lat(xγy).
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Case 2. If y ∈ SΓa, then y = sαa for some s ∈ S and α ∈ Γ. Hence

xγy = xγ(sαa) = (eβx)γ(sαa)

= ((sαa)βx)γe

= ((sαa)β(eδx))γe

= ((sαe)β(aδx))γe

= (eβ(aδx))γ(sαe)

= (aδx)γ(sαe)

= ((sαe)δx)γa ∈ Sa.

Hence lat(y) = t = lat(xγy). Thus in any case lat(xγy) ≥ lat(x). Consequently, lat is
a fuzzy left Γ-ideal of S.

Also by the definition of at, we have at ≤ lat .
Now let f be a fuzzy left Γ-ideal of S containing at.
Case 1. If x ∈ SΓa, then x = sαa for some s ∈ S and α ∈ Γ and so lat(x) = t.
Also

t = at(a) ≤ f(a)

=⇒ t ≤ f(a) ≤ f(sαa) = f(x)

=⇒ f(x) ≥ t = lat(x).

Case 2. If x /∈ SΓa, then lat(x) = 0 ≤ f(x).
Thus lat ⊆ f in any case. This shows that lat is the smallest fuzzy left Γ-ideal of S

containing at.

4.4. Theorem. Let S be a Γ-AG-groupoid with left identity e and at a fuzzy point of
S. Then the fuzzy right Γ-ideal Rat of S, generated by at is defined by:

Rat : S −→ [0, 1], x 7−→ Rat(x) :=

{
t if x ∈ aΓS ∪ SΓa,
0 otherwise.

.

Proof . The proof follows from Theorem 4.3.
A Γ-AG-groupoid S is called regular if for every a ∈ S, there exists x in S and α, β ∈ Γ

such that a = (aαx)βa, or equivalently, a ∈ (aΓS)Γa.
For a regular Γ-AG-groupoid it is easy to see that SΓS = S.

4.5. Proposition. Every fuzzy right Γ-ideal of a regular Γ-AG-groupoid is a fuzzy left
Γ-ideal of S.

Proof . Let f be a fuzzy right Γ-ideal of S and a, b ∈ S and γ ∈ Γ. Since S is regular,
there exist x ∈ S, and α, β ∈ Γ such that a = (aαx)βa. Then

f(aγb) = f(((aαx)βa)γb)

= f((bβa)γ(aαx))

≥ f(bβa), since f is a fuzzy right Γ-ideal of S

≥ f(b).

Thus f(aγb) ≥ f(b). Therefore f is a fuzzy left Γ-ideal of S.

4.6. Corollary. In a regular Γ-AG-groupoid S, every fuzzy right Γ-ideal of S is a fuzzy
Γ-ideal of S.
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4.7. Lemma. If f and g are fuzzy right Γ-ideals of a regular Γ-AG-groupoid S, then
fΓg = f ∩ g.

Proof . Since S is regular, by Proposition 4.5, every fuzzy right Γ-ideal of S is a fuzzy
Γ-ideal of S. Since S is regular, so for every a ∈ S there exist x ∈ S and α, β ∈ Γ such
that a = (aαx)βa. Thus

(f ∩ g)(a) = f(a) ∧ g(a)

≤ f(aαx) ∧ g(a), since f is a fuzzy right Γ-ideal

≤
∨

a=yγz

(f(a) ∧ g(b))

= (fΓg)(a).

Thus f ∩g ⊆ fΓg. On the other hand by Lemma 3.15, we have fΓg ⊆ f ∩g. Therefore
fΓg = f ∩ g.

4.8. Corollary. Let f be a fuzzy right Γ-ideal of a regular Γ-AG-groupoid S, then
f = fΓf .

4.9. Definition. A fuzzy Γ-ideal f of a Γ-AG-groupoid S is called prime (semiprime)
if:

gΓh ⊆ f (gΓg ⊆ f) implies g ⊆ f or h ⊆ f (g ⊆ f) for every fuzzy Γ-ideal g and h of S.

Note that every prime fuzzy Γ-ideal of a Γ-AG-groupoid is semiprime.

4.10. Definition. A fuzzy Γ-ideal f of a Γ-AG-groupoid S is called irreducible if:

g ∩ h ⊆ f implies g ⊆ f or h ⊆ f for every fuzzy Γ-ideal g and h of S.

4.11. Proposition. If f is a prime fuzzy Γ-ideal of a Γ-AG-groupoidS, then it is both
semiprime and irreducible.

Proof . Suppose that f is a prime fuzzy Γ-ideal of S. Then clearly, f is semiprime.
Let g and h be fuzzy Γ-ideals of S such that g ∩ h ⊆ f. As

gΓh ⊆ g ∩ h ⊆ f =⇒ gΓh ⊆ f
=⇒ g ⊆ f or h ⊆ f , since f is prime.

Hence f is irreducible fuzzy Γ-ideal of S.

4.12. Definition. A Γ-AG-groupoid S is called fully fuzzy prime if every fuzzy Γ-ideal
of S is prime fuzzy Γ-ideal of S.

4.13. Theorem. A regular Γ-AG-groupoid S is fully fuzzy prime if and only if the set
of all fuzzy Γ-ideals FI(S) of S is totally ordered under inclusion.

Proof . Suppose that S is fully fuzzy prime. Let f, g be fuzzy Γ-ideals of S. Then by
Lemma 3.15, fΓg ⊆ f ∩ g. As f ∩ g is a prime fuzzy Γ-ideal of S, hence either f ⊆ f ∩ g
or g ⊆ f ∩ g. This implies that either f ⊆ g or g ⊆ f . Hence FI(S) is totally ordered
under inclusion.

Conversely, assume that FI(S) is totally ordered under inclusion. Let f, g, h be fuzzy
Γ-ideals of S such that gΓh ⊆ f . As FI(S) is totally ordered under inclusion, so either
g ⊆ h or h ⊆ g. Suppose that g ⊆ h. Then g = gΓg ⊆ gΓh ⊆ f. It follows that g ⊆ f .
Thus f is prime fuzzy Γ-ideal of S and hence S is fully fuzzy prime.
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4.14. Theorem. Every fuzzy Γ-ideal f in a regular Γ-AG-groupoid S is prime if and
only if f is irreducible.

Proof . Let f be a prime fuzzy Γ-ideal of S. Let g, h be fuzzy Γ-ideals of S such that
g ∩ h ⊆ f. By Lemma 3.15,

gΓh ⊆ g ∩ h ⊆ f
=⇒ g ⊆ f or h ⊆ f , since f is prime.

Hence f is irreducible.
Conversely, assume that f is irreducible. Let g, h be fuzzy Γ-ideals of S such that

gΓh ⊆ f. Since S is regular, by Lemma 4.7, gΓh = g ∩ h. Thus g ∩ h ⊆ f, since f is
irreducible, we have g ⊆ f or h ⊆ f . Hence f is prime.

4.15. Definition. A fuzzy subset f of a Γ-AG-groupoid is called a Γ-AG-band if all its
elements are idempotent.

4.16. Lemma. The concepts of fuzzy right and fuzzy left Γ-ideals in a Γ-AG-band
coincide.

Proof . Let f be a fuzzy right Γ-ideal of S and a, b ∈ S and α, β, γ ∈ Γ. Then

f(aαb) = f((aαa)βb)

= f((bαa)βa), by left invertive law

≥ f(bαa), since f is a fuzzy right Γ-ideal

≥ f(b).

Hence f(aαb) ≥ f(b) and f is a fuzzy left Γ-ideal of S.
Conversely, assume that f is a fuzzy left Γ-ideal. Then for a, b ∈ S and α, β, γ ∈ Γ,

we have

f(aαb) = f((aαa)βb)

= f((bαa)βa), by left invertive law

≥ f(a), since f is fuzzy left Γ-ideal.

Hence f is a fuzzy right Γ-ideal of S.

4.17. Lemma. Every fuzzy Γ-ideal of a Γ-AG-band is idempotent.
Proof . Straightforward.

4.18. Theorem. Every fuzzy Γ-ideal of a Γ-AG-band is prime if and only if FI(S) is
totally ordered under inclusion.

Proof . Suppose that every fuzzy Γ-ideal of S is prime. Let f and g be fuzzy Γ-ideals
of S, then f ∧ g is a fuzzy Γ-ideal of S and hence prime. Thus

fΓg ≤ f ∧ g
=⇒ f ≤ f ∧ g or g ≤ f ∧ g
=⇒ f ≤ g or g ≤ f .

Hence FI(S) is totally ordered under inclusion.
Conversely, suppose that FI(S) is totally ordered by inclusion. Let f, g, and h be

fuzzy Γ-ideal of S such that fΓg ≤ h. Since FI(S) is totally ordered under inclusion so
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either f ≤ g or g ≤ f. Assume that f ≤ g, since S is a band, so every fuzzy Γ-ideal is
idempotent and hence

f = fΓf ≤ fΓg ≤ h
=⇒ f ≤ h.

Hence f is prime.

5. Conclusion

In this paper we have characterized Γ-AG-groupoids by the properties of fuzzy Γ-
ideals and prime, semiprime fuzzy Γ-ideals. In our future work, we have planed to define
fuzzy radical of Γ-AG-groupoids and to discuss its related properties. Also we will try to
define prime fuzzy bi-Γ-ideals in Γ-AG-groupoids and will discuss those Γ-AG-groupoids
for which every fuzzy bi-Γ-ideals is idempotent.
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