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Fuzzy I'-ideals in I'-AG-groupoids

Tariq Shah®, Inayatur-Rehman' and Asghar Khan?

Abstract

In this paper we study fuzzy I'-ideals and prime, semiprime fuzzy I'-
ideals of a I'-AG-groupoid S. We prove that, if S is a I-AG-groupoid
with left identity, then every fuzzy I'-ideal of S is idempotent if and
only if every fuzzy I'-ideal of S is semiprime. We also show that, if S
is a ['-AG-groupoid with left identity e, then every fuzzy I'-ideal of S
is prime if and only if every fuzzy I'-ideal of S is idempotent and the
set of fuzzy I'-ideals of S is totally ordered by inclusion.
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1. Introduction

In [17], Zadeh introduced the notion of a fuzzy subset f of a set S as a function from
S into unit interval [0,1]. The notion of a fuzzy ideal in I'-rings was first introduced by
Jun and Lee [5]. They studied some preliminary properties of fuzzy ideals of I'-rings.
Dutta and Chanda [4], studied the structures of fuzzy ideals of a I'-ring and characterized
I'-field and Noetherian I'-ring. Jun [6] defined fuzzy prime ideal of a I'-ring and obtained
a number of characterizations for a fuzzy ideal to be a fuzzy prime ideal.

Kazim and naseerudin [8], have introduced the concept of LA-semigroups (also known
as AG-groupoids). An LA-semigroup S is a groupoid which satisfies the left invertive
law (ab)e = (c¢b)a for all a,b,c € S. It is a midway structure between a commutative
semigroup and a groupoid. It is a non-associative structure which has wide applications
in the theory of flocks and in automata theory.

In 1981, the notion of I-semigroups was introduced by Sen [13,14]. Let M and
I' be any nonempty sets. M is said to be a I'-semigroup if there exists a mapping
M xT'x M — M, such that M satisfies the identity (aab)Bc = ac(bpc) for all a,b,c € M
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and a,8 € I'. Whereas the I'-semigroups are a generalization of semigroups. Many
classical notions of semigroups have been extended to I'-semigroups.

Recently, Shah and Rehman [15], have introduced the notion of I'~AG-groupoids and
discussed some properties of I'-ideals and I'-bi-ideals in I'-AG-groupoids. Moreover in
[16], they have discussed M-systems in I'~AG-groupoids. Though I'~AG-groupoid is a
non-associative and non-commutative structure, but due to its peculiar characteristics,
it possesses properties which we usually encounter in associative algebraic structures.

In this paper we define fuzzy I'-ideals in a I'~AG-groupoid and study some of its
properties. We also define prime and semiprime fuzzy I'-ideals in I'-AG-groupoids and
study those I'~AG-groupoids in which each fuzzy I'-ideal is (prime) semiprime.

2. Definitions and Preliminary Lemmas

In this section we recall certain definitions and results from [15], which are needed for
our discussion.

e Let S and I' be nonempty sets. We call S to be a ['-"AG-groupoid if there exists a
mapping S x I' x S — S, written as (a,7, ¢) and denoted by avyc such that S satisfies
the identity (ayb)uc = (cyb)ua for all a,b,c € S and v, € T.

e In a I'-AG-groupoid S, (aab)B(cyd) = (acc)B(byd) for all a,b,c € S and «, 3,y € T.

e An element e of a I'-~AG-groupoid S is called left identity if eya = a for all a € S
and vy eI

e A non-empty subset A of a I'~AG-groupoid S is called a sub I'~AG-groupoid of S if
ayb e Afor all a,be S and v e€T.

e A I'-AG-groupoid S whose all elements are idempotent, that is aya = a for all a € S
and v € I is called a band.

In a I'-AG-band the following are true

o (aab)Ba = aa(bBa) for all a,b € S and a, B € T.
o (aa)Bc (aac)B(byce) for all a,b,c € S and o, B,y € T.
o (aab)fBb baa for all a,be€ S and o, B € T.

If S is I-AG-groupoid and A, B C S, then we denote AT'B := {aybla € A,y € T',b €
B}.
A non-empty subset I of a I'-AG-groupoid S is called a left (right) I'-ideal of S if
STI C I (IT'S CI). A non-empty subset I of a I'~AG-groupoid S is called a I'-ideal if it
is both a left and a right I'-ideal of S.

If S is a ['"AG-groupoid with left identity e, then every right I'-ideal of S is a left
I'-ideal of S [15, Proposition 1].

3. Fuzzy Concepts in ['-AG-groupoids

3.1. Fuzzy Subset of I'-AG-groupoids. A function f from a non empty set X to the
unit interval [0, 1] is called a fuzzy subset of S. For fuzzy subsets f, g of X, f C g means
that f(z) < g(z) for all z € X.

Let f be a fuzzy subset and ¢t € (0,1]. Then the set

U(f;t) :=A{z € X[f(z) =2 t},

is called the level set of f.
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If S is a I'-AG groupoid and f, g are any fuzzy subsets of S. We define the product
fTg of f and g as follows:

V' min{f(y),g9(2)} if 3 z,y € S and v € T" such that z = yvyz,
(fTg)(x) :=§ ==vr= .
0 if x # yvyz.

3.2. Definition. Let S be a I'-AG- groupoid and # # A C S. Then the characteristic
function xa of A is defined by:

lifze A,

x4 8 — [0,1],— xa(2) 1:{ Oifz ¢ A

3.3. Definition. Let S be a I'~AG-groupoid and f a fuzzy subset of S. Then f is called
a fuzzy sub I'-AG-groupoid of S if f(zyy) >min{f(z), f(y)} for all z,y € S and v € T.

3.4. Definition. Let S be a I'-AG-groupoid and f a fuzzy subset of S. Then f is called
a fuzzy left (right) T-ideal of S if f(xzyy) > f(y)(f(zyy) > f(x)) for all z,y € S and
yel.

If f is both a fuzzy left I'-ideal and a fuzzy right I'-ideal of S. Then f is called a
two-sided fuzzy ['-ideal of S.

Note that if f is a fuzzy right I'-ideal of a I'~AG-groupoid S with left identity e. Then

f(x) = f(eazx) > f(e) for all z € S and o € T".

In the following, the proofs of Propositions 3.5, 3.6, 3.7 and 3.8 are obvious and are
omitted.

3.5. Proposition. Let S be a I'~AG-groupoid and § # A C S. Then A is a sub I'-AG-
groupoid if and only if the characteristic function x4 of A is a fuzzy sub I'-AG-groupoid.

3.6. Proposition. Let S be a '~AG-groupoid and § # A C S. Then A is a left (right)
I'-ideal of S if and only if the characteristic function x4 of A is a fuzzy left (right) I'-ideal
of S.

3.7. Proposition. Let S be a I'~AG-groupoid f a fuzzy subset of S. Then f is a fuzzy
sub I'~AG-groupoid if and only if U(f;¢)(# 0) is a sub I'-AG groupoid for all ¢t € (0, 1].

3.8. Proposition. Let S be a I'-AG-groupoid f a fuzzy subset of S. Then f if a fuzzy
left (right) I'-ideal of S if and only if U(f;t)(# 0) is a left (right) I-ideal of S for all
t € (0,1].

3.9. Example. Let S = {1,2,3,4,5} and define a binary operation “” in S as follows:

1112131415
1111111
21111111
3|11|1|5(|3]|4
4111114513
5(1(1(3[4]5

Then (S,-) is an AG-groupoid. Now let I' = {1} and define the mapping S x I' x
S — S by alb = ab for all a,b € S. Then S is a I~AG-groupoid (see [15]) and
{1},{1,2},{1,3,4,5} and S are ideal of S.
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Define f: S — [0,1] by f(1) = 0.9, f(2) = 0.8, f(3) = 0.5, f(4) = 0.5, f(5) = 0.5.

S ift € (0,0.5]
) {12y ift e (0.5,0.8]
Ul = {1} if t € (0.8,0.9]
0 ifte(0.9,1]

Then by Proposition 3.8, f is a fuzzy ideal of S.

3.10. Lemma. If S is a I'"AG-groupoid with left identity e. Then every fuzzy right
I'-ideal of S is a fuzzy left I'-ideal of S.

Proof. : Let S be a I'-AG-groupoid with left identity e and f a fuzzy right I'-ideal of S.
Let a,b € S and «, 8,7 € . Then

flaab) = f((eya)ab) because e is left identity
f((bya)ae) by left invertive law

(
f(bya) because f is a fuzzy right I'-ideal
(

(A\VARY

f(b) because f is a fuzzy right I'-ideal.

Thus f(aab) > f(b) for all a,b € S and a, 8,7 € T'. Hence f is a fuzzy left I-ideal.
Note that the intersection and union of any family of fuzzy I'-ideals of a I'~AG-groupoid
S is a fuzzy I'-ideal of S. 0

3.11. Proposition. If S is a I'~"AG-groupoid and f, g, h are fuzzy subsets of S. Then

(fTg)Th = (hI'g)L'f.
Proof. Let x € S and a, 8 € T, then

((fToth)(z) =\ {(fT9)(y) Ah(2)}

Y ( V(@ Ag(b») e
r=yaz |0 if y # aBb

= \ (@) A g(b)) Ah(=)}
z=(afb)az

Since @ = (afax = (zB)aa, so (TYTWE) = V. [(h(:) A g(b) A F(@).
Also h(z) A g(b) < b\:/ ) {h(c) A g(d)}), so
((fTg)Th)(z) < V [{ Vo A{ne /\g(d)}} A f(a)}
z=(zBb)aa zab=cad

= \/  {(hg)(2Bb) A f(a)}

z=(zpb)aa

<\ {(rg)s) A B}

r=s7t

= ((hLg)Lf)(x).
Hence (fT'g)T'h < (h'g)Tf. Similarly, (hI'g)I'f < (fT'g)Th. Thus (fT'g)T’h = (h['g)T'f.

3.12. Remark. The above Proposition shows that if S is a I'~AG-groupoid and F'(.5)
is the collection of all fuzzy subsets of S, then (F'(S), F,) is a I'~AG-groupoid.
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3.13. Lemma. Let S be a I'~AG-groupoid with left identity e and f, g, h be fuzzy subsets
of S, then

fT(gTh) = gU'(fTh).

Proof. The proof follows from Proposition 3.11 and from a generalized form of Lemma
4 in [12].

3.14. Lemma. Let S be a '~AG-groupoid with left identity e and f a fuzzy right I'-ideal
of S, then fI'f is a fuzzy I'-ideal of S.

Proof: Since f is a fuzzy right I'-ideal of S, by Lemma 3.10, f is a fuzzy left I'-ideal
of S.

Let a,b € S and a € T'. If (fT'f)(a) =0, then (fI'f)(aabd) > (fT'f)(a). Otherwise

(fTf)aad) = \/ {f() A f(2)}

(Ifa = yjyz, then aab = (yyz)ab = (byz)ay by left invertive law)
So, (fTf)(aab) = \/ {f(y) A f(2)}
< \/ {f(byz) A f(y)}, since f is a fuzzy left I'-ideal
<\ @A f(d)} = (fTf)(aad).
aab=cyd

Thus (fT'f)(aab) > (fTf)(a). Hence fT'f is a fuzzy right I'-ideal of S and by Lemma
3.10, a fuzzy I'-ideal of S.

N

3.15. Lemma. If S is a I'"AG-groupoid and f,g are fuzzy I'-ideals of S, then fI'g
fng.

proof: Let f and g be fuzzy I'-ideals of S and « € S. If (fT'g)(z) = 0, then (fT'g)(z)
(fNg)(z), otherwise

V (F) A g(2)

T=yoaz

\/ (fy) A g(2))(f(yaz) A g(yaz)), since f and g are fuzzy I'-ideals of S

T=yoaz

=V (f@) rg)

T=yoaz

= (fng)(=).

Thus fT'g C fNg.

IN

(fTg)(x)

IA

3.16. Remark. If S is a I'-AG-groupoid with left identity e and f and g are fuzzy right
I’-ideals of S, then fT'g C fNg.

3.17. Remark. If S is a I'~"AG-groupoid and f a fuzzy I'-ideal of S, then fT'f C f.
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3.18. Lemma. If S is a ['-AG-groupoid with left identity e and f, g are fuzzy I'-ideals
of S, then fT'g is a fuzzy I'-ideal of S.

Proof. Let f,g be fuzzy I'-ideals of S and a,b € S, and «, 3,7 € I". If (fT'g)(a) =0,
then (fT'g)(a) < (fT'g)(aab), otherwise

(fTg)a) = \/ (f(c)Ag(d))

a=cvyd
(since a = c¢vd, so afb = (cyd)Bb = (cyd)B(ead) = (cye)B(dab) by medial law)
(fTg)(a) \/ (f(cve) A g(dab)), since f and g are fuzzy I'-ideals

a=cvyd

V  (f@) Agy)

aBb=zvyy

= (fTg)(apb).

IN

IN

Thus (fT'g)(apb) > (fT'g)(a).
Therefore fT'g is a fuzzy right I'-ideal of S and by Lemma 3.10, fT'g is a fuzzy I'-ideal
of S.

4. Fuzzy points in '-AG-groupoids
Let S be a I~AG-groupoid and = € S. Then for a € S and ¢ € (0, 1], we define

t ifxr=a
ar 1S — [0,1], 2 — ai(z) = { 0 otherwise.
Then a; is a fuzzy subset of S and is called a fuzzy point with support ¢t and value ¢.
By at € f, we mean f(a) > t.

4.1. Theorem. Let S be a I'-AG-groupoid with left identity e. If f is a fuzzy left

I'-ideal of S, then a;I'f is a fuzzy left I'-ideal of S, where a; is a fuzzy point of S.
Proof. Suppose that f is a fuzzy left I'-ideal of S. Let xz,y € S and o, 8,7y € I'. If

(a:I'f)(x) = 0, then (a:T'f)(zyy) = (a:T'f)(), otherwise (a:'f)(y) = V {ar(p)Af(D)}

Since y = pagq, so xyy = zy(paq) = (efz)y(paq) = (efp)y(zaq) = fvp(?rqafﬂ by medial
law. Thus (a:.I'f)(y) = V {a(p) Af(@} < V {ae(®) A flzag)} <V {a(c) A

y=paq =pagq zyy=cad

f(@)} = (eI f)(zvy). Thus (a:I'f)(zvy) > (a:I'f)(y). Consequently, a;I'f is a fuzzy left
I'-ideal of S.

4.2. Definition. Let S be a I~AG-groupoid and a € S. A fuzzy left (two-sided) I'-ideal
f of S is called the fuzzy left (two-sided) I'-ideal of S, generated by a; for t € (0,1] if f
is the smallest fuzzy left (two-sided) I'-ideal of S containing a;.

4.3. Theorem. Let S be a ['-"AG-groupoid with left identity e and a: a fuzzy point of
S. Then the fuzzy left I'-ideal of S, generated by a: is l4,, defined by:

[ tifzeSTa
lag 1 8 = [0,1], &= Lo, (2) 1= { 0 otherwise.
Proof. Let x,y € S and «, 8,7, € I.

Case 1. If y ¢ STa, then Iy, (y) = 0 < lq, (z7y).
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Case 2. If y € STa, then y = saa for some s € S and o € I'. Hence

vy = xy(saa) = (efz)y(saa)
= ((saa)Bz)ve

((saa)B(edz))ve

((sae)B(adz))ve

(eB(adz))y(sae)

= (adz)vy(sae)

= ((sae)dx)ya € Sa.

Hence lo,(y) =t = la, (zyy). Thus in any case lq, (zyy) > la, (z). Consequently, lq, is
a fuzzy left I'-ideal of S.

Also by the definition of a;, we have a; < lq,.

Now let f be a fuzzy left I-ideal of S containing a:.

Case 1. If x € STa, then z = saa for some s € S and a € I' and so lq, (z) = t.

Also

t = aia) < f(a)
— 1< /(a) < f(s00) = f(a)
== f(l’) Zt:lat(l')-

Case 2. If x ¢ STa, then l,,(z) =0 < f(x).
Thus lo, C f in any case. This shows that l,, is the smallest fuzzy left I'-ideal of S
containing a;.

4.4. Theorem. Let S be a I'-AG-groupoid with left identity e and a: a fuzzy point of
S. Then the fuzzy right I'-ideal R,, of S, generated by a; is defined by:

tif x € al'SU STa,

Bae 28§ = (01 o= R (o) := { 0 otherwise.

Proof. The proof follows from Theorem 4.3.

A T-AG-groupoid S is called regular if for every a € S, there exists z in S and o, 8 € T
such that a = (aax)Ba, or equivalently, a € (aI'S)Ta.

For a regular I'~AG-groupoid it is easy to see that ST'S = S.

4.5. Proposition. Every fuzzy right I'-ideal of a regular I'-AG-groupoid is a fuzzy left
I'-ideal of S.

Proof. Let f be a fuzzy right I'-ideal of S and a,b € S and v € T". Since S is regular,
there exist z € S, and «a, 8 € I such that a = (aaz)Ba. Then

flayd) = f(((acz)Ba)yb)

f((bBa)y(aax))

f(bBa), since f is a fuzzy right I'-ideal of S
(0).

v v

~

Thus f(ayb) > f(b). Therefore f is a fuzzy left I'-ideal of S.

4.6. Corollary. In a regular I'-AG-groupoid S, every fuzzy right I'-ideal of S is a fuzzy
I'-ideal of S.
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4.7. Lemma. If f and g are fuzzy right I'-ideals of a regular I'~AG-groupoid S, then
fTg=7fnNng.

Proof. Since S is regular, by Proposition 4.5, every fuzzy right I'-ideal of S is a fuzzy
I'-ideal of S. Since S is regular, so for every a € S there exist x € S and «, 8 € T" such
that a = (aax)Ba. Thus

(fng)a) = fla)Argla)
< f(aazx) A g(a), since f is a fuzzy right I-ideal
<V (fa) Ag(b)
= (fTg)(a).

Thus fNg C fI'g. On the other hand by Lemma 3.15, we have fT'g C fNg. Therefore
fTg=fng.

4.8. Corollary. Let f be a fuzzy right I'-ideal of a regular I'-AG-groupoid S, then
f=/rf.

4.9. Definition. A fuzzy I'-ideal f of a I-AG-groupoid S is called prime (semiprime)
if:

gTh C f (gT'g C f) implies g C f or h C f (g C f) for every fuzzy I'-ideal g and h of S.

Note that every prime fuzzy I'-ideal of a I'-AG-groupoid is semiprime.

4.10. Definition. A fuzzy I'-ideal f of a I'-AG-groupoid S is called irreducible if:
gNh C f implies g C f or h C f for every fuzzy I'-ideal g and h of S.

4.11. Proposition. If f is a prime fuzzy I'-ideal of a I'~AG-groupoidS, then it is both
semiprime and irreducible.

Proof. Suppose that f is a prime fuzzy I'-ideal of S. Then clearly, f is semiprime.
Let g and h be fuzzy I'-ideals of S such that gNh C f. As

gTh  C gNhC f=glhC f
= ¢ C forhCf, since f is prime.

Hence f is irreducible fuzzy I'-ideal of S.

4.12. Definition. A T'-AG-groupoid S is called fully fuzzy prime if every fuzzy I'-ideal
of S is prime fuzzy I'-ideal of S.

4.13. Theorem. A regular I'~AG-groupoid S is fully fuzzy prime if and only if the set
of all fuzzy I'-ideals FI(S) of S is totally ordered under inclusion.

Proof. Suppose that S is fully fuzzy prime. Let f, g be fuzzy I'-ideals of S. Then by
Lemma 3.15, fT'g C fNg. As fNg is a prime fuzzy I'-ideal of S, hence either f C fNg
or g C fNg. This implies that either f C g or g C f. Hence FI(S) is totally ordered
under inclusion.

Conversely, assume that FI(S) is totally ordered under inclusion. Let f, g, h be fuzzy
I'-ideals of S such that gI'h C f. As FI(S) is totally ordered under inclusion, so either
g C hor h Cg. Suppose that g C h. Then g = gl'g C gI'h C f. It follows that g C f.
Thus f is prime fuzzy I'-ideal of S and hence S is fully fuzzy prime.
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4.14. Theorem. Every fuzzy I'-ideal f in a regular I'-AG-groupoid S is prime if and
only if f is irreducible.

Proof. Let f be a prime fuzzy I'-ideal of S. Let g, h be fuzzy I'-ideals of S such that
gNh C f. By Lemma 3.15,

gl'h

Hence f is irreducible.

Conversely, assume that f is irreducible. Let g, h be fuzzy I'-ideals of S such that
g’k C f. Since S is regular, by Lemma 4.7, gI'h = g N h. Thus g N h C f, since f is
irreducible, we have g C f or h C f. Hence f is prime.

4.15. Definition. A fuzzy subset f of a ['-AG-groupoid is called a I'-AG-band if all its
elements are idempotent.

4.16. Lemma. The concepts of fuzzy right and fuzzy left I'-ideals in a I'~AG-band
coincide.
Proof. Let f be a fuzzy right I'-ideal of S and a,b € S and «, 5,y € I'. Then
f(aab) f((aca)Bb)
f(
(
(

(baa)Ba), by left invertive law

f

baa), since f is a fuzzy right I'-ideal
b).

v v

~

Hence f(aab) > f(b) and f is a fuzzy left I'-ideal of S.
Conversely, assume that f is a fuzzy left I'-ideal. Then for a,b € S and o, 3,7 € ',
we have

flaab) = f((
= f(

> f(a), since f is fuzzy left I'-ideal.

aaa)Bb)

baa)Ba), by left invertive law

Hence f is a fuzzy right I'-ideal of S.

4.17. Lemma. Every fuzzy I'-ideal of a I'~AG-band is idempotent.
Proof . Straightforward.

4.18. Theorem. Every fuzzy I'-ideal of a I'-AG-band is prime if and only if FI(S) is
totally ordered under inclusion.

Proof. Suppose that every fuzzy I'-ideal of S is prime. Let f and g be fuzzy I'-ideals
of S, then f A g is a fuzzy I'-ideal of S and hence prime. Thus

Tg < fAg
= [<fAgorg<fAg
= f<gorg<f.

Hence FI(S) is totally ordered under inclusion.
Conversely, suppose that FI(S) is totally ordered by inclusion. Let f,g, and h be
fuzzy I'-ideal of S such that fT'g < h. Since FI(S) is totally ordered under inclusion so
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either f < g or g < f. Assume that f < g, since S is a band, so every fuzzy I'-ideal is
idempotent and hence

Hence f is prime.
5. Conclusion

In this paper we have characterized I'~AG-groupoids by the properties of fuzzy I'-
ideals and prime, semiprime fuzzy I'-ideals. In our future work, we have planed to define
fuzzy radical of I'-AG-groupoids and to discuss its related properties. Also we will try to
define prime fuzzy bi-I'-ideals in I'-AG-groupoids and will discuss those I'-AG-groupoids
for which every fuzzy bi-I'-ideals is idempotent.
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