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Abstract

In this paper, the energy selective electron (ESE) refrigerator with an ideal energy filter based on resonant tunneling
is established. It consists of two infinitely large electron reservoirs with different temperatures and chemical
potentials, and electrons can be exchanged between the two reservoirs through the ideal energy filter. According to
Landauer formula and the assumption of being coupled tightly with the electron current, the expressions for the heat
flux, the cooling rate and the coefficient of performance (COP) are derived analytically. The performance
characteristic curves such as the cooling rate versus coefficient of performance, the cooling rate and coefficient of
performance versus the position of energy level are plotted by numerical calculation. The optimal regions of the
cooling rate and the COP are determined. Moreover, we optimize the cooling rate and the COP respectively with
respect to the position of energy level. The influence of the width of energy level on performance of the ESE

refrigerator is discussed. Finally, based on the optimization criterion y =&-Q. for refrigerator, i.e. the product of
the COP times the cooling rate, the optimal performance of the ESE refrigerator is discussed in detail.

Keywords: Electron transport; thermoelectric ESE refrigerator; irreversible thermodynamics.

1. Introduction

In recent years, scientists have made a series of
important breakthroughs in thermoelectric technology and
discovered some new nanostructure thermoelectric
materials which exhibit a high quality factor [1-5], such as
quantum dot, superlattice, nanowires and so on. These
materials have two distinct properties: One is a high density
of interfaces which is used to reduce parasitic heat flow
carried by the crystal lattice on a length scale comparable to
the phonon mean-free path. The other is a reduced
dimensionality of the electronic system which achieved by
band engineering on the scale of the electron wavelength
[6]. Moreover, some scholars have used these materials as
the working substances to design various thermoelectric
devices, such as thermoelectric or thermionic power
generators and refrigerators [7-9], Brownian heat engines
and refrigerators [10-16], and so on. Furthermore, it has
been shown that Carnot efficiency can be reached for
reversible electron transport between two reservoirs at
different temperatures and chemical potentials by using a

sharply tuned energy filter [10, 12]. A double-barrier
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resonant tunneling structure has been proposed as a
theoretical and experimental observation of near-Carnot
efficiency [13-16]. The model of an energy selective
electron (ESE) heat engine in one dimensional system was
firstly proposed by Humphrey et al. [10] in the form of a
reversible quantum Brownian heat engines for electrons.
After that, a variety of models of the ESE heat engines and
refrigerators were proposed. Based on the finite time
thermodynamics, the performance of these heat engines and
refrigerators are optimized, and many novel results have
been obtained [17-33].

On the basis of the previous works [10, 11] in which the
influence of the center position and width of resonance
energy level on the efficiency and power output of the
electron heat engine as well as the coefficient of
performance and cooling rate of the electron refrigeration
was analyzed respectively at an ideal transmission
probability and a Lorentzian transmission probability, we
study further the performance of the ESE refrigerator with a
single resonance in this paper. The expressions for the heat

flux and the COP are derived analytically. Under the
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conditions of maximum cooling rate and maximum COP,
the optimal performance characteristics of the refrigerator
are analyzed. Furthermore, after introducing the figure of
merit as a target function, i.e. the product of the cooling rate
and the COP, we obtain the optimal cooling rate and COP
at maximum figure of merit. The influence of the
temperature ratio 7 and the energy level width on the
performance of the refrigerator is discussed. The difference
between the present paper and Humphrey’s work [11] is
mainly the use of different optimal target function. The
results obtained here are expected to have significant
implications for the design of practical thermoelectric

refrigerator.

2. Model and Theory

Figure 1 shows the schematic diagram of our ESE
refrigerator which consists of two different reservoirs and
an energy filter contacting the reservoirs both. The two

reservoirs have different temperatures, T, and T, , and
different chemical potentials, 4. and g, . They are
thermally insulated from each other, and interact only via
the energy filter which transmits or blocks electrons
selectively. When the chemical potential of the cold

reservoir is higher than that of the hot one (i.e. T. <Ty and
Hc > My ), the electrons in the two reservoirs will be
exchanged from each other through the energy filter due to
the temperature gradient and chemical potential gradient. In
Figure 1, E' is the position of energy level of the energy
filter, AE is the width of energy level, and eV, is a bias

voltage that is applied to the cold reservoir.
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Figure 1. The schematic diagram of an ESE refrigerator.
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The average occupation of states of electrons in the
reservoirs is described by the Fermi-Dirac function
f =1/{exp[(E — u)/ kgT]+1}, where kg is the Boltzmann
constant, E is energy of electrons, x is chemical potential,
T is temperature. When the occupation of states of the
transmitted electrons in the two reservoirs are equal (the
energy of the electron is marked E, in Figure 1), no net
electron current occurs, and this special energy level is
Eo = (ucTy —unTc)/(Ty —T¢) . Moreover, the net electron
current will flow from cold to hot reservoir when
Ue <E<E; (ie. fo>f, ), and it will reverse when
E>E,(ie. fo<fy).

The heat change of a reservoir due to one transmitted
electron is given by E— . Thus, an electron absorbs the
amount of heat AQ; = E — x4 from cold reservoir when it
leaves the cold reservoir, and then releases the amount of
heat AQ, = E — u, to hot reservoir when it arrives at the
hot reservoir, where eV =AQy —AQ¢c = ¢ — 1y - As a
refrigerator, the net electron current should flow from the
cold to the hot reservoirs and the net heat flux out of the
cold reservoir should be positive as well. So, for the single
level ESE mechanism, the cooling region of the transmitted
electrons is u. <E <Ey. For an ideal energy filter with
energy width, the transmission probability of the electrons

is assumed to be

1, E'<E<E'+AE

§(E)={ ®

0, elsewhere

where the electrons with the energy in E'<E<E'+AE
can be transmitted completely and others are blocked.
According to the Landauer formula the net electron

current between the two reservoirs is given by

2e E'+

=== fE)(f - f,)dE (2)
“h E.G c H

where e is the charge of an electron, h is the Planck
constant. The heat flux into the hot reservoir and out of cold
reservoir associated with the electron current is given,
respectively, by
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where Q. is defined as the cooling rate. Subsequently, the

power input and the COP are given by

. . 2 (E'+AE
P = (Qn ~Qe) =+ [ (e —na)(fc — Ty )0E ©®)
soQ__ Q ®)
P (@)

With the help of the two integral functions

J.b1/(1+ x)dx = In(L+ x]i
a

Ibln(x)/(l+ x)dx = [In(x)In(L+ x)+ PonLog(2,—x)]2
a
the expressions for the cooling rate and the COP are derived

analytically as
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respectively, where PonLog(2,—x) is the Nielsen function,
ry =(E =) /keTy and 1 = (E - uc)/kgTe are two
dimensionless scaled energies, TI'c =AE/kgT. and
I'y =AE/kgTy are two dimensionless widths of energy
level, and 7 =T, /Ty, is the temperature ratio. The cooling
rate and the COP are two important performance
parameters of the refrigerator. And it is found that they are
the functions of the position of energy level E', the width
of energy level AE , the temperatures of T, , and the

chemical potentials of cold/hot reservoirs pc,y

3. Performance Characteristics Analysis

To illustrate the performance characteristics of the ESE
refrigerator, the curves of the cooling rate Q. and the COP
& versus the position of energy level E' are plotted at

different width of energy level AE , as shown in Figures 2

and 3. In the numerical calculation, it is fixed that T, =1K,
Ty =2K, uc =123, uy =10J, kg =1J/K and h=1J-s
for convenience.

It is seen from Figure 2 that the cooling rate Qc
increases firstly and then decreases as the position of

energy level E' increases. So, there exists an optimum
position of energy level E'y leading to a maximum cooling

rate Qg max - AS the width of energy level AE increases,

the position of energy level E'g corresponding to the

maximum cooling rate decreases, while the maximum
cooling rate increases firstly and then decreases. For given
AE , as the position of the energy level E' approaches the
special energy E,, the cooling rate decreases and becomes
negative. This is because refrigeration and heat pumping
mix and counteract one another, or the cooling rate turns
into a heating rate. The electrons with energies only in the

ranges i, <E and E +AE <E, contribute positively to

the value of QC .

Figure 3 shows that the COP increases firstly and then
decreases as the position of energy level E' increases.
There exists an optimum position of energy level E,

leading to a maximum COP ¢, .
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Figure 2. The variation of the cooling rate with respect to

the position of energy level.

As the width of energy level AE increases, the position of
energy level E_ corresponding to the maximum cooling
rate decreases, and the maximum COP ¢, also decreases.
Obviously, the maximum COP is lower than Carnot value,
i€ Emax <& =Te /Ty —T¢)=1.
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Figure 3. The variation of COP with respect to the position

of energy level.

Especially, the curves of the cooling rate versus the
COP are plotted in Figure 4. It is found that the
performance characteristic curves between the cooling rate

and the COP are the closed loop-shaped ones. The

maximum cooling rate Q and the corresponding COP

cmax

&g » as well as the maximum COP g, and the

156 / Vol. 17 (No. 3)

corresponding cooling rate Q.. can be numerically

calculated at the given parameters.

0.16
—AE=1]
012 [Lener - oo AES2)
SR e AE=25]
= # Ty - - AF=3]
B v A
Z oosl, i ‘.
. 2 TN A — !
- 'f' ! . .f"
J : :
ooal /) A
] ’ P O
tos o
./",-"_—” O ignmx
0.00 k== = : .
0.0 0.3 0.6 0.9
&

Figure 4. The characteristic curves between COP and Q.

at different values of AE .

The optimal operating regions of the refrigerator should be

located in those of the Qc ~ & curve with a negative slope.

It is clearly shown that when the cooling rate is in this

region, there are two different COPs for a given cooling
rate, where one is smaller than ¢4 and the other is larger

than &4 . As a refrigerator, one always wants to obtain the

COP as large as possible for a given cooling rate. Thus, the

optimal COP of the refrigerator should be
9)

£q and &, are two important performance parameters

which determine the lower and upper bounds of the optimal

COP. The cooling rate Q. should be

ch < QC < QC max (10)

Qc, and Qcna are also two important performance
parameters which determine the lower and upper bounds of

the optimal cooling rate.

4. Maximum Figure of Merit Regime

For a refrigerator, the wanted thing is that both the
cooling rate and the COP are as large as possible
simultaneously. But we have seen above that in the optimal

region the larger the cooling rate is, the smaller the COP is,
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and vice versa. Thus, neither the cooling rate Q. nor the
COP is a good target function for determining an optimal
regime of refrigeration. In order to pay equal attention to

the cooling rate and the COP, one select

r=¢Qc (11)

as the target function for optimization. It is also called as
the figure of merit [34]. A reasonable compromise is
achieved by optimizing the figure of merit. Yan and Chen
[34] first derived the coefficient of performance for an
endoreversible with  linear

Carnot-type  refrigerator

(Newtonian) finite heat transfer law, i.e.

Eca :1/,/1—TC/Th —1, which is the counterpart of Curzon-

Ahlborn (CA) efficiency for refrigerators. Similar choice
was also employed in Refs. [35-37] which report on
different approaches to define refrigeration regimes.

It is seen from Egs. (7), (8) that the COP and the
cooling rate are the functions of the dimensionless scaled

energy rq,y , the width of the energy level AE and the
temperature of the reservoir T, . Thus, the figure of merit

is also the functions of r.,,,, AE and T¢,y , i.e.

X =x(cin Tein, AE) (12)
Using Egs. (7), (8), (11) and the extremal condition
0
= (rC =Tomaxy fH =TH max;() =0
ore
(13)

ox
[8 J(rc =Temaxy tH =T max;()zo
My

we can obtain numerically the dimensionless scaled energy

o/Hmax, &t maximum figure of merit by using
Mathematica program. The ranges of the temperature ratio
7 and the width of energy level AE are chosenat 0 <7 <1
and 0 < AE <10, respectively. The only parameter T, =1K
is given. Then the corresponding cooling rate Qc;( and the
COP ¢, are determined by substituting re,,; may, into Egs.
(7) and (8). The three-dimensional diagram of the COP ¢,

as functions of the width of the energy level AE and the

temperature ratio z, and the curves of the COP ¢, versus

Int. J. of Thermodynamics (1JoT)

the temperature ratio z at different widths of the energy

level AE are plotted at given T, =1K as shown in Figures

5and 6.

Figure 5. The three-dimensional diagram of the COP ¢,

as functions of the width of the energy level AE and the

temperature ratio z at given T, =1K.

It is seen from Figures 5 to 6 that the COP increases
monotonously with increase of the temperature ratio 7,
while the COP decreases with increase of the width of
energy level at given . For given AE , the closer the
temperatures of two reservoirs are, the larger the COP at

maximum figure of merit is. In comparison with the COP of

-1, the COP is

endoreversible refrigerators e, = !
N
slightly higher than &c, in the smaller width of energy
level ( such as AE —0J), while the COP is lower than
gcp In the larger width of energy level (such as AE =2J

and AE =101J).
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Figure 6. The curves of the COP &, versus the temperature

ratio ¢ at different widths of the energy level.
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The three-dimensional diagram of the cooling rate QCZ are

plotted as functions of the width of the energy level AE
and the temperature ratio =, and the curves of the cooling
rate QCZ versus the temperature ratio r at different widths

of the energy level AE are plotted at given T, =1K as

shown in Figures 7 to 8.

Figure 7. The three-dimensional diagram of the cooling
rate Qc, (QCZ) as functions of the width of the energy level

AE and the temperature ratio r at given T, =1K.

07
: e AE=1T

Figure 8. The curves of the cooling rate ch versus the

temperature ratio r at different widths of the energy level.

It is seen from Figures 7 to 8 that the cooling rate QCZ
decreases monotonously with increase of temperature ratio
7. At given 7 the cooling rate increases with increase of
the width of the energy level. The reason is the larger the
width of the energy level is, the more the number of
electrons via the energy level is. Thus, the larger the

maximum cooling rate is. When AE — 0, the cooling rate

Qc, Will vanish.

158/ Vol. 17 (No. 3)
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Figure 9. Dimensionless scaled energy r,, (upper) and

rc, (lower) at maximum » when AE =107 .

The curves of the dimensionless scaled energy ry
and r versus the temperature ratio = is shown in Figure 9
at given AE=101J The optimal ESE refrigerator
performance y» obtain maximum, and the dimensionless
scaled energy meet at r. =ry =1.14543. Actually, rs, is
function of E'-yc,, . According to the Figure 9 when 7
fixed, giving the value of u.,, , we can obtain the

corresponding E'.

5. Conclusions

A model of the ESE refrigerator with an ideal energy
filter has been established in this paper. The analytical
expressions for the cooling rate and the COP has been
derived, respectively. The optimal regions of the cooling
rate and the COP have been determined. Under the
maximum figure of merit, the optimal performance
characteristics of the ESE refrigerator has been analyzed.
From the numerical results we found that: 1) the
performance characteristic curve between the cooling rate
and the COP is a closed loop-shaped one; 2) under the
maximum figure of merit, the corresponding COP ¢
Qe

monotonously with increase of the temperature ratio 7 ; 3)

X
increases and the cooling rate decreases
at given temperature ratio r, the COP ¢, decreases and
the cooling rate increases with increase of the width of the
energy level. The results obtained here can provide some
theoretical guidelines for the design and operation of

practical solid-state thermoelectric ESE refrigerators.
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Nomenclature

E' position of energy level, J
e charge of an electron, C

h Planck constant, J-s

kg Boltzmann constant, J/K

power input, W

Q the rate of heat transfer, W
T temperature, K
Vo bias voltage, V
Greek symbols
AE width of energy level, J
£ coefficient of performance (COP)
7, chemical potential, J
X figure of merit, W
T temperature ratio
Subscripts
C cold electron reservoir
H heat electron reservoir
max maximum
Q maximum cooling rate
£ maximum COP
X maximum figure of merit
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