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ABSTRACT

11
In this paper, we consider one of the most known Fibonacci matrix Q = (1 Oj and the Fibonacci quaternion

ix M _
matrix Q

[ Qn +1 Qn
Q Qs

quaternion matrices. Our object is to derive some identities concerning Fibonacci and Lucas quaternions by using
some new quaternion matrices with terms Fibonacci and Lucas numbers.

J,where Qn is the N-th Fibonacci quaternion. In particular we define some new
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Kuaterniyon Matrisleri ile Baz1 Fibonacci ve Lucas Kuaterniyon
Ozdeslikleri

OzeT

11
Bu makalede en ¢ok bilinen Fibonacci matrislerinden biri olan Q =(1 0 matrisi ve Qn Nn. Fibonacci

Qn +1 Qn
Qn Qn -1

kuaterniyon matrisleri tanimlanmistir. Bu ¢alismada terimleri Fibonacci ve Lucas kuaterniyonlar1 olan yeni
kuaterniyon matrislerini kullanarak, Fibonacci ve Lucas kuaterniyonlart ile ilgili bazi 6zdeslikler elde edilecektir.

kuaterniyonu olmak iizere MQ“ 2[ j Fibonacci kuaterniyon matrisi ele alinmistir. Ayrica bazi yeni
F

Anahtar Kelimeler: Fibonacci sayilari, Lucas sayilari, Fibonacci kuaterniyonlari, Lucas kuaterniyonlar
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|. INTRODUCTION

The recurrence relation for Fibonacci sequence (F,),., is defined as

F.=F +F

with initial conditions F, =0, F =1. Moreover Lucas sequence (L, ),., is recursively defined as
L..=L+L,

with initial conditions Ly =2, L =1. Theterms F, and L, are called the n -th Fibonacci and Lucas
numbers, respectively [9,11,12].

Binet's formulas for Fibonacci and Lucas numbers are given by

F=Z =5 and L =a"+p"
a-p

+5

1 1-+/5
where a = el and S = > are the roots of the characteristic equation x* —x—1=0.

William R. Hamilton observed quaternions firstly in 1843 [4]. Let a,b,c,d €[J. Then the hyper
complex number ¢ =al+bi+cj+dk is called a quaternion where

i?=j=k*=-1, ij=k =—ji, jk =i =-kj,ki=j=—-ik.
The {1, 1], k} is called the base of the quaternion ¢, and the conjugate of this quaternion is defined as
q=al-bi—cj—dk in[4].

The group of quaternions is denoted as H. Addition is closed and commutative over H, but quaternion
multiplication is not commutative over H.

The n -th Fibonacci quaternion is defined as

Q =F +F

n+l

i+F, ,J+F,.k n>0

n+3
where F, isthe n-th Fibonacci number. The n -th Lucas quaternion is defined as
Kn = I‘n + Lm—li + I‘n+2j + Ln+3k’ nz O

where L, isthe n-th Lucas number [5, 6].
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In [2], Binet's formulas for these quaternions are given by

aa" — pp"

0 = and K = aa” + ,;G“ﬁ”
a—f

Where @=l+ai+a’j+a’k and f =1+ fi+fj+ k.

It can be seen that

Q1 =Q, +Q, 4, (1.1)
K=K +K_,, (1.2)
Kn = Qs +Quias (1.3)
and

5Q =K, ,+K,,, (1.4)

forall n>1,in[2]. Inaddition to these, we can give the following identities which were derived in [1]

af+Ba=2(2+2i+6j+3k). (1.5)
aa =2a-(1+a*)1+a), (1.6)
and

BB =2p~-Q1+p)1+ 5. (L7

Il. MAIN THEOREMS

Matrix methods are used to obtain many results for various identities about Fibonacci and Lucas

: . : : Q
numbers. Halic1 defined a Fibonacci quaternion matrix ( ? !

j and proved Cassini’s identity in [2].
1 o

Moreover Halic1 introduced complex Fibonacci quaternions and obtained a new 4x4complex
quaternionic matrix by means of 8x8 matrix with Fibonacci number components, in [3].

11
One of the most known Fibonacci matrix is the matrix Q which is given by Q = (1 0]. Adapting this

Qn Qn—l

matrix to quaternions, Patel and Ray considered the Fibonacci quaternion matrix MQn = [

Qn +1 Qn j

and stated the following theorem in [10, Theorem 3.12].
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Theorem 1: The matrix equation

MHZ(QM Qanz Qe oy on
oF Qn Qn—l Ql QO 1 0

holds for any integer n>1.

In the following corollary, we can give Cassini identity by evaluating the determinant in both sides of
the matrices given in (2.1). Since the proof is obvious, we omit its proof.

Corollary 1: The equation

Qn+1Qn—1 B Qr? = (_1)n (2 +2i+ 4.] + 3k)
holds for all n>1, [7].
In addition to Theorem 1 we can add a lemma. We will use this lemma in the proof of Corollary 2.

Lemma 1: For all n>1, we have
By IR N
Q QJ\1 0 10 Q Q)
. ) 11
Proof: If we consider the (n—1)-th power of the matrix Q = (1 Oj' then we get
[QZ Ql } (1 1]”‘1 :(QZ Ql J( I:n I:n—l J — (QZ Fn + Ql I:n—l QZ Fn—l + Qan—Zj
Ql QO 1 0 Ql QO I:n—l Fn—Z Ql Fn + QO Fn—l Qan—l + QO Fn—2
Since Q,F , +QF, ,=(Q +Q,)F,+QF, ,=Q,(F,,+F, ), it follows that

Q Q)1 1) (QF+QF., QF +QF,,
Ql Qo 1 O - QZFn—1+Q1Fn—2 Qan—l+QOFn—2

e e e o & el
I:n—l I:n—2 Ql QO 1 O Ql QO
Therefore, in the sequel we can give the following corollary.
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Corollary 2: For all integers n,m >1, we have

Qn+lQm+1 + Qan = QZQm—m + QlQn+m—1'

Proof: Using the equality (2.1) and Lemma 1, we get
[Qm Q, j(QM Qmjz(Qz Qlj(l 1]”‘1[@ QlJ(l 1}
Q QuNQ Q) (& QJT 0) (Q QJI1 0
Q)Q, Q)1 1N\"'1 1\
QNQ QN1 0) (10
[2 QIJ(QZ Ql)(l 1)“”“‘2:((92 Qlj(Qm Qnmj
1 Qo Ql QO 1 O Ql QO Qn+m—1 Qn+m—2

QZ n+m + QlQn+m—1 QZQn+m—l + QlQn+m j
QlQn+m + QO n+m-1 QlQn+m—1 + QOQn+m—2 .

On the other side we have

[Qm-l Qn j(Qmﬂ Qm J — [Qn+lQm+1 + Qan Qn+lQm + QanlJ
Qn Qn—l Qm Qm—l Qan+l + Qn—lQm Qan + Qn—lQm—l .

Thus it follows that

Qn+lQm+1 + Qan = QZQn+m + QlQrH—m—l’
Qn+lQm + Qan—l = QZQn+m—1 + QlQn+m !

Qan+l + Qn—lQm = QlQn+m + QOQn+m—1’

and
Qan + Qn—lQm—l = QlQn+m—1 + QOQn+m—2'

Kn+l
K

n

K
We can define another quaternion matrix as MQn :( K " ] with Lucas quaternion entries K. .
L
n-1

Theorem 2: Let n is an integer with n >1, then we have
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v K K[ K1 107" 1 1K, K 2
Ol K, K., K K N1 0 10 (K K,/ '
Proof: We will use the induction method for proving left part of (2.2). It is easy to see that the equation

holds for n =1. Now assume that the relation holds for all positive integers m with 1< m<n. Thus we
have

K, K1 Y71 1) (Key Ko)1 1) (Ku, K
K, K,\t o) (1 0) (K, K J1o0 (K, K./
by the identity (1.2).

Consequently it is true for n=m-+1 and hence for all n. Then it completes the first part of our proof.

11
Moreover considering the (n—1) — th power of the matrix Q = (1 j we get

0

KZ Kl 11 " _ KZ Kl I:n Fn—l _ KZFn + Kan—l KZFn—l+Kan—2
Kl KO 10 B Kl KO Fn—l F -2 B Kan + KO I:n—l Kan—l + KO Fn—2 .

After appropriate algebraic manipulation
KR +KF o, = (Kl + KO)Fn—l +KF, ., = Kl(Fn—l + Fn—Z) + KRy =KF + KR,

we find
K, K1 1) (KR +KF, KF+KF
Kl I<0 1 O - KZanl + Kanfz Kanfl + KO Fn72

(R OFL)(K, K (1 1)7(K, K
\F, FL\K K, ) (1 0) (K K
Thus the following corollary follows from Theorem 2.

Corollary 3: For all integers n,m >1, we have

K..K

n+1l" “m+1

+K K, =K,K. . +KK

n+m-1*

Proof: If we use the equality (2.2), we get

611



Koo Ko (Koo Ko ) (K K)1 1)7(K, K1 1)
K. K )UK, K. \K K1 0 K, K, J\1 0
1 11 1™
10/ (10

(K, KO (K, K )11
LK, KUK, K\
K2 Kl n+m Kn+m—1
- Kl K0 Kn+m—l Kn+m—2
K2 Kn+m + KlKn+m—l KZKn+m—l + K1Kn+m—2
- KlKner + KOKner—l K1Kn+m—l + K0Kn+m—2 -

Considering the left hand side of the matrix multiplication, it follows that

K. K

n+1" “m+1

+ K, K, =K,K, .. +KK

n+m-1?

K Km + KnKm—l = K2Kn+m—1 + KlKn+m—2’

n+l
KnKm+l + Kn—le = K:I.Kn+m + KOKn+m—1’
and

KK, +K K  =KK_ +KK

n+m-1 n+m-2"*

Lemma 2: For all integers n >1, we have

Kn+l Kn—l - Krf = _5(Qn+lQn—l - Qr12)

Proof: It follows from the determinant of the following matrix equation

Kn+1 Kn — 1 2 Qn+1 Qn

Kn Kn—l 2 -1 Qn Qn—l .
If we consider the matrix given in [8, Corollary 4], then the following theorem can be given for
quaternions.
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Theorem 3: For any integer n >1, we have

[Knlz 5Qn/2j_(K1/2 5Ql/2j(1/2 5/2}_ 2.3)

Q,/2 K, /2) \Q/2 K2 )\1/2 1/2

Proof: We will use the induction method to prove this equation. It is clear for n=1. Now assume that
the relation is true for all integers m with 1 <m < n. Then the equation

K, /2 5Q/2\(1/2 5/2\" (K, /2 5Q/2\(1/2 5/2\""(1/2 5/2
Q/2 K2 )12 1/2) \Q/2 K2 )\1/2 1/2) \1/2 1/2
(K,/2 5Q,/2)(1/2 5/2
Q. /2 K /2 \1/12 1/2

_ Km+l/2 5Qm+l/2
Q.. /2 K, /2

m+1
holds for m+1, by the identities (1.3) and (1.4). It completes the proof.

Corollary 4: For all n>1, we have
K?-5Q =4(-1)"(2+2i +6j+3K).

Proof: Calculating the determinant of both sides of the equation (2.3), we get

K /2 50 /2 K /2 50,/2\(1/2 5/2\""
det| " /2] _ det| | * Ql 1 ()" H(KZ-5Q)).
Q. /2 K,I2 Q/2 K. /2 )\1/2 1/2 4

By Binet's formulas, the identity (1.5) and the fact o8 = —1, it follows that

K2 -5Q72 = (-1)"*| (crex + ﬂﬂ)2—5[%J = 2(~1)"(a S+ Boxr) = A(=1)" (2 + 2i + 6 +3K).
o

Corollary 5: For all integers n,m >1, we have

KnKm +5Qan = KlKn+m—1 +5Q1Qn+m—l'

and
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Kan + Qn I‘<m = KlQn+m—l + QlKn+m—l'

Proof: Considering the equation (2.3), we can multiply the following matrices,

K,/2 5Q,/2\(K,/2 5Q,/2) (K2 5Q/2\(1/2 5/2Y (K, /2 5Q/2\(1/2 5/2\"
Q. /2 K /2)\Q /2 K /2) \Qr2 Ki/2)\1/2 1/2) \Qr2 K2 )\1/2 1/2

K, /2 5Q,/2)(K, /2 5Q/2\(1/2 5/2\7(1/2 5/2\""
Q/2 K2 )\Qr2 K2 N\1/2 1/2) \1/2 1/2

(K12 5Q/2\(K,/2 5Q/2\(1/2 5/2)"""
o2 k2 )lore k2 )12 12

K /2 5Q/2\(K. /12 5Q. /2
Q1/2 K1/2 Qn+m—1/2 Kn+m—l/2

(KlKn+m—l + 5Q1Qn+m—l) / 4 5(K1Qn+m—1 + QlKn+m—l) / 4]
(Qlem—l + KlQner—l) / 4 (SQlQmm—l + KlKner—l) / 4

Thus it follows that

KnKm +5Qan = KlKn+m—1 +5Q1Qn+m—l'

and

Kan + Qn Km = KlQn+m—l + QlKn+m—l'
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