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ABSTRACT

In this article we introduce some kth order difference operator on some double sequences
operated by an Orlicz function. We introduce some sequence spaces and study different properties of
these spaces like completeness, solidity, symmetricity etc. We establish some inclusion results among
them.
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1. INTRODUCTION

Throughout, a double sequence is denoted by A = <aj;>. A double sequence is a double
infinite array of elements aj; € R for all i, j € N and »w will denote the class of all double
sequences.

The initial works on double sequences is found in Bromwich [2]. Later on it was studied
by Hardy [6], Moricz [12], Moricz and Rhoades [13], Tripathy [16], Tripathy and Sarma [17],
Tripathy, Choudhury and Sarma [18], Basarir and Sonalcan [1] and many others. Hardy [6]
introduced the notion of regular convergence for double sequences.

The concept of paranormed sequences was studied by Nakano [14] and Simmons [15]
at the initial stage. Later on it was studied by many others.

The notion of difference sequence spaces (for single sequences) was introduced by
Kizmaz [8] as follows:

ZA)={(x) ew : (AX) e Z}

for Z=c,co and |, where AX,= X, —X,., forall keN.
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The above spaces are Banach spaces, normed by
XN = 1% ] + sup |AX]

The notion was further investigated by many workers on sequence spaces.
2. DEFINITIONS AND PRELIMINARIES

An Orlicz function M is a mapping M : [0, ) — [0, o) such that it is continuous, non-
decreasing and convex with M(0) = 0, M(x) > 0, for x> 0 and M(X) — o, as X — oo.

Lindenstrauss and Tzafriri [10] used the idea of Orlicz function to construct the
sequence space

M :{(xk):ZM (MJ for some p>0},
k=1 P
which is a Banach space normed by

AE inf{p>0:iM(mjgl}_

P

The space A" is closely related to the space A", which is an Orlicz sequence space with
M(x) = |x]’, for L < p < 0.

An Orlicz function M is said to satisfy the A2 -condition for all values of u, if there
exists a constant K > 0, such that M(2u) < K(Mu), u>0.

Remark 1. Let 0 <A <1, then M(A x) £ AM(x), forall x> 0.

Let p = (p«) be a positive sequence of real numbers. If 0 < px < sup px =Hand D = max
(1, 271, then for ax , bk € C for all k € N, we have

|, +b [*<D{la, [* +|b [*}.

Definition 2.1. A double sequence space E issaid to be solid if <aijaij> € E whenever
<ajj > € E for all double sequences <aij > of scalars with |oij| <1 forall i,j e N.

Definition 2.2. LetK={(ni, ki):1eN; ni<nz<nz<....and ki<k2<ks<....}
< N x N and E be a double sequence space. A K-step space of E is a sequence space
A ={<a,, >e,wi<a, >cE}.

A canonical pre-image of a sequence <a,, >e E is a sequence <bn> € E defined as
follows:

o a,, If (nk)ekK,
"“lo, otherwise.

A canonical pre-image of a step space A is a set of canonical pre-images of all
elements in A .

Definition 2.3. A double sequence space E is said to be monotone if it contains the
canonical pre-images of all its step spaces.
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Remark 2. From the above notions, it follows that “If a sequence space E solid then E
is monotone”.

Definition 2.4. A double sequence space E is said to be symmetric if <ajj>e E implies
<an(inG> € E, where m is the permutation of N.

Let M be an Orlicz function and p = <pj> be a double sequence of strictly positive real
numbers. We introduce the following sequence spaces.

m n Aa —L Py
(M, AX p) = {<a, >ezw:limi22(M(MD _o,

mhmn S = P

forsome p >0 and L}

Pij
m 0 Aa,
Wo(M, A, p) = {<a; >e 2W:Iimizz M 1A | =0, for some p>0.
mnmn S P

Pij
m n A,
2Wae(M, A¥, p) = << a; >e 2W:supiZZ[M (MD < oo, for some p>0.
mn MN 5252 P

3. RESULTS

Theorem 3.1. The sequence spaces 2W(M,A¥, p), 2Wo(M,A¥, p) and 2Wa(M,AX, p) are
paranormed sequence spaces paranormed by

o | Aa, |
g(<aij>) = inf{p? >0:sup| M| — | [<1},
i Yy

where J=max (1, H).
Proof. Clearly g(0) =0, g(- <aij>) = g(<ai>). Let <a; >,<b; > € 2Wa(M, A¥, p). Then
there exists some p1, p2 > 0 such that

|Akaij|
supf M| —— | L1
i P
| A, |
and sup| M| — | |<1.
i P>

Let p = p1+ p2. Then we have,

A¥a, +A“b, A¥a, A¥b,
sup| M A7, i <P supl M A7 | +—P2_gupl M 1A | <1
m,n P Pt Py i P Pt Py i P2

Now
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. o | A¥a, +A*b, |
9(<aij>+<bij>):|nf (p,+p,)° >0:sup| M Ui/ Biiiet L B P |
1] Pt P,

R [Ay | A |A by |
< inf{ p’ sup| M <1t+infs p,’ isup — <1
i P m.n P

:g(<aij >)+g(<bij >)

Let n e C, then the continuity of the product follows from the following equality.

. ul IAkUai,-|
gn<a;>)=inf<p? :sup| M T <1, p>0
1]
] At |
nf{(n|r)’ :sup| M T‘ <1, r>0¢,

where i

p
A

=|r

Proposition 3.2. (i) 2W (M, A%, p) < 2Wx(M, A¥ p) (i) 2Wo(M, A, p) < 2Wa(M,
p). The inclusions are strict.

Theorem 3.3. If sup— P <o forall i>u, j>v, then 2W (M, AL, p) < 2Wo(M, AX,

p). The inclusion is strict.
Proof. Let <a; >e W (M, A“Y, p). Then

m Ata — L))"
Im—ZZ[ (MD =0, forsome p>0 and L. ... (2)

mrmn TS P

Since sup& < o0 S0 there exists K > 0 such that pij < K.pw forall i>u,j>v.

uv

Ak_la__ . L p|,1+1
Thus from (2) we have, I|m —ZZ( [MU =0,
yo,

i=1 j=1

| Ak_lai. B L | Pita,j
lim =Sy M2 Z0 and
1%

mnmn ST S

m n K1 . Pis1,j+1
|,mizz M MJ] _o.
P

nmniTGa

Now for |Akaij | = |Ak_1(aij —& 0~ Qg +ai+l,j+l)|

k-1 k-1 k-1 k-1
=|A a;—A"a AT, +A ai+l’j+l+L—L+L—L|
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we have,

3]

m n k=1n k-ly k1, kly Pij
<"m—ZZ[ [lA LI 1A%, -] |48, - L] A, LlD

mnmn 4 j=1 P P P P

= i _ Bij
<D2Iimiin M |48 ~L| Ry A8, -L]
mnmn S n P Yo,
k-1 Pij k-1 Pjj
M |A ai,j+1_|-| Y |A ai+1,j+1_|—|
P P
m n Akfl _ L pij Ak,l _ L pi+l‘j
< D2.|imizz M [A73; - L] M [A7a,-L]
mhmn T a P Yol
|Ak71a. - L | Pi ja1 | Akfla- e L | Pisa, jo1
+' M AR Y b . +'M i+1, j+
P P

o 25

=]

Thus <a; > € 2Wo(M, A%, p) and hence 2W (M, p) = 2Wo(M, A¥, p).

The inclusion is strict follows from the following example.
Theorem 3.4. (i) If O<inf p; < p; <1, then 2W(M, A% p) = 2W(M, AY).

(i) If 1< p; <supp; <oo,then 2W(M, A¥) = 2W(M, A, p).

Proof. The first part of the result follows from the inequality

e COR) [P M [ERE)

and the second part of the result follows from the inequality

e S

Theorem 3.5. Let M1 and Mz be two Orlicz functions. Then
2W(Mz, A, p) N 2W(Mz, A%, @) € 2W(M1 + Mz, A¥, q).
Proof. Let <a; > € 2W(Mi, A¥, p) N 2W(Mg, A¥, g). Then
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Pij
A¥a, —L
I|m—zz M =0, forsome p,>0.
mrMn i3 Py

Pij
Aa, —L
Im—ZZ M =0, forsome p,>0.
mhmn TS P

Let p=max { p,, p,}. The result follows from the following inequality.

(L )

Theorem 3.6. The sequence space 2W«(M, A™, p) is solid and hence monotone.

Proof. Let <a; > € 2Wx(M, A¥, p) and <a; > be ascalar sequence such that | ¢; | <1
forall i, j € N.

Now M(lo%aljg (m;au |J
e )

(o) ()

Result 3.7. The sequence spaces ;W(M, A¥, p) and 2Wo(M, A¥, p) are not monotone and
hence are not solid.

Proof. The result follows from the following example.
Example 3.1. Let M(x) = x?, p > 1. Then the double sequence <a; > defined by

a; =1 forall i, j € N belongs to 2W(M, A¥, p) and 2Wo(M,A¥, p). Consider its pre-image
<b; > defined as

a;, if i+ is odd.
1700, otherwise.

Then <by; > belongs neither to 2W(M, AX, p) nor to 2Wo(M, A¥, p) for any k. Hence the

spaces 2W(M, AX, p) and 2Wo(M, A, p) are not monotone and by Remark 3 these are not solid
also.

Result 3.8. The sequence spaces 2W(M, A¥, p), 2Wo(M, A%, p) and 2W-(M,A¥, p) are not
symmetric.

Proof. To prove the results consider the following examples.
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Example 3.2. Let M(x) = x?, k = 2. Consider the sequence < a; > defined by

B 1, ifiis odd forall jeN.
"] -1, otherwise.

Then A%a; =0 forall i, j e N.
Let <b; > be a rearrangement of the sequence < ; > defined by
|- if i+ jis even,
"] 1, otherwise.

16, if i+ jis even.

Then A%b, = _
! 16, otherwise.

Here <a; > e 2Wo(M, A%, p) = 2W(M, A%, p) but <b; > ¢ ;W(M, A% p).

Example 3.3. Let M(x) =xP, p>1,k=2, pjj=2forall i, j € N. Consider the sequence

<@; > defined by

"= 0, ifiis even forall je N.
i, otherwise.

Then Ag; =0 forall i, j e N.
Let <b; > be a rearrangement of the sequence < a; > defined by
|0, if i+ jis odd.
"1, otherwise.

88 ifi+ii _
Then A% |_+ if i+ j !s even
! —8i —8, otherwise.

k k
Here <a; > e 2Wwo(M, A%, p) but <b; > & 2We(M, A, p).
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