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1 Introduction

In this paper, we establish some new inequalities for fomstiwhosenth derivatives in absolute value are log-convex
functions. Convexity theory has appeared as a powerfuhigole to study a wide class of unrelated problems in pure
and applied sciences. For some inequalities, generalimtnd applications concerning convexity sé®,[10,11].
Recently, in the literature there are so many papers abtiotes differentiable functions on several kinds of corities.

In references3, 4,5,8,12,13,17,19], readers can find some results about this issue. Many phpeesbeen written by a
number of mathematicians concerning inequalities foredéfit classes of log-convex functions see for instance the
recent papersl] 2,7,14,15,16,18,20] and the references within these papers.

Definition 1. A function f:1 C R — R is said to be convex if the inequality
ftx+(1-t)y) <tf(x)+(1-t)f(y)
is valid for all x, y € | and t € [0, 1]. If this inequality reverses, then f is said to be concaventerval | # 0. This definition

is well known in the literature.

Definition 2. A positive function f is called log-convex on a real interivat [a,b], if for all x,y € [a,b] and te [0, 1],

f(tx+(1=t)y) < [f ' [f ()"

If f is a positive log-concave function, then the inequastyeversed. Equivalently, a function f is log-convex onfl i
positive and log f is convex on I. Also, iff 0 and f exists on I, then f is log-convex if and only ifff (f’)2 >0.

Let 0< a < b, throughout this paper we will use

b—a bp+1 _ ap+1

1
atb ;
mb—ma @D = <m> a#b, peR p#-1,0

Aa,b) = T G(a,b) = \/%a L(a,b) =
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for the arithmetic, geometric, logarithmic, generalizegdrithmic mean foa, b > 0 respectively.

2 Main results

We will use the following Lemmal[3] for we obtain the main results.

Lemma 1.Let f: 1 C R — R be n-times differentiable mapping ohfor ne N and f € L[a,b], where ab € I° with
a < b, we have the identity

nil(_l)k (f(k)(b)bk(ll;:lg('k) (a)ak+1> - /.b () dx— (_]r_])'nJrl /bx(n)f(n)(x)dx
k=0 . Ja ! Ja

where an empty sum is understood to be nil.

Theorem 1.For Vne N; let f : | C [0,00) — (0,0) be n-times differentiable function ofi &nd ab € 1° with a< b. If
£ e L[a,b] and’fm)

n-1 () (YKL kil
Z(J_)k(f (b)b;kle a)akt ) / (0 dx

1,1_
Where5+a =1.

,bl, then the following inequality holds:

q

i)

<= b )Ll (a, b)La (’f“‘)(b)

q
Proof.Since‘ £ ,b], using Lemmal, the Holder integral inequality and

q x—a b—x
(n) q: (n) X—a b—x (n) d71 b=a (n) d1 b-a
o =10 (=204 5250 = e e
we have
n—1 f(k)(b)bk+17 F(K) (a)ak+1 b 1 /b
1) f/f d<—/ ") (x)d
k:( ) < (k+1)! a (gex < 5 (x)dx
b 5 b E a e N
§—</ andX)p</ f(n)(X)‘qu>q§i</ xnpdx>p</ Hf(n)(b)mba[f(n)(a)‘q}badx>
n a a n! a a
x-a 3
a9 b-a
1 (n)
1 b . ]f (b)‘
— (n) / npd> / d
n! (a)‘(ax X A ]f(”)(a)‘q X

. bnml_anpﬂ—é b—a ‘f(n)(b)‘q q
:H‘f (a)‘[ (np+1) ] x In|f® ()| —In|f () (a)|" \f(m(a)\q_l

it ot 15 [ [0 [ r0@[" ) ;
:n_l!{(sz)(ia)} {ln}ﬂn)(b)}q!n|f(n>(L)|q} L CCRIGROIRIRY

This completes the proof of theorem.
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Corollary 1. Under the conditions Theoreinfor n = 1 we have the following inequality:

f(b)b—f(a)a f’(a)‘q).

! bf d
b—a 7bfa/a (x)dx

Proposition 1.Let a b € (0,) with a< b, p,q > 1 with % + %1 =1and we have

)

< Lpab)Li (|F (b) ‘

Ql-

L
17

(a,b) < Lp(a,b) { GLz(?éth)}

2l alk

Proof. Under the assumption of the Proposition, igx) = %xl’% ,X€ (0,). Then
1
[f'(x)|=x"1a

is log-convex or(0, ) and the result follows directly from Corollary 1.

Theorem 2.For Vne N; let f : | C [0,0) — (0,00) be n-times differentiable function oft &nd ab € 1° with a< b. If

q q
’fm) €L[ab]and ‘ (M| for g > 1is log-convex offa, b], then the following inequality holds:

n-1 (K) (P KL £ (K) ()KL b
Z(‘l)k<f (b)b(k+1f)! = )_/a fedx

11
< 2|10 o-ar " Y aoni@bng)

|f<”><b>|“]”‘dx

where M(a,b,n,q) = 2 X" [mﬂ

Proof. From Lemmal and Power-mean integral inequality, we obtain

nil(—l)k < f(k)(b)bkzlj;;)(!k)(a)awrl) _./: 00X < %/:X”
< % (/abxndx)l (/:x“ £ (x) qu)% . % (/:Xndx 1-1 (ben[ f(n)(b)}q}g:—g [ f(”>(a)}q}%dx)a

44 b-a
_1 (n) 1-1
1 b 1-3 b ’f (b)‘ 1 pl_gt+17ta
— = |f n n| L7 — = | it A
|t (a)‘</alxdx> /alx Lf(n)(a)‘q dx | f (a)‘[ b a } Md (a,b,n,q)
1

1 .nl 713 11
_1m i bT-d 1 1 1 n(1-3
/7@ b2 q[(n+1)(ba) M

f<”>(x)}dx

1
q

This completes the proof of theorem.
Corollary 2. Under the conditions Theore#for n = 1 we have the following inequality.

b f'(b)’qfa
In|'(b)[*—In

@ b-aL(|fo)|
f@[*  In|f(b)"—In

f(obb—f(aja 1 /b
b a 7b—a/a f(x)dx

3

f'(a)*

f'<a>“>}é

< Ad(ab) {
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Proposition 2.Let a b € (0,) with a< b, > 1 and, we have

“3(a,b) < A"4(a,b)G i(a,b)Li(a,b)

—
»—\ »—\
.DU—‘_OIH

Proof. The result follows directly from Corollarg for the function f(x) = %xl’%, X € (0,).

Corollary 3. Under the conditions Theoreffor g = 1 we have the following inequality:

n-1 f(k)(b)bk+l ak+1
k;(l)k< (k+1 ) /f X)dx

Theorem 3.ForVne N; let f : | C [0,00) — (0,0) be n-times differentiable function ofi &nd ab € 1° with a< b. If

<—‘f ‘ (a,b,n,1)

‘f(m [ab] a”d‘f(n) b, then the following inequality holds.
n-1 £ (p)pk+L — gkt
Z(l)"( ®) (k+1 /f
K=0
q q q q %
< Lol P (o )« b|{™(0)]"~a|t@|"  (b-aL (||| @)])
—n! p(n—1)+1\% In‘f(n)(b)‘q7|n|f(n)(a)|q |n|f(n)(b)|q—|n|f(n) a ‘q
1,1
Where5+a =1

q
Proof. Since‘ f(W|” for g > 1 is log-convex or{a,b], using Lemmal and the Holder integral inequality, we have the
following inequality:

n-1 £(0) ()lpftL — ki1
k%(l)k< (k+1 a)a ) / F(x
< % Mlb (x"%)pdx]% [/ab (x%)q’f(n)(X)‘qu]% < % [/a i ldx]% [/abef(m(b)’q}é: [ f<n)(a)’q}g;dx] !
| : w7 | 1 . ’
g [l ] oo
(
(

{(b—a) [b‘f“‘)(b)‘q—a
X

b
l/ x”’%x%‘fm)(x)‘dx
n! Ja

| /\

pp(n-1)+2 _ ap(nl)+2] Tl)

In|f™(b)|T—In|f () (a)|® In| ™ (b)|T—In|f O (a)|®
b[b\f<“>(b)\q—a\f<n>(a)\q} (b—a)L(‘fm)(b)’q,’f(")(a)’q) g
Y It )T fm@|T i[O ) —In[f0 (@)

q q q
I R FE T P b[b’f(”)(b)‘ fa‘fm)(a)H (b—a)L(‘f(m(b)
fﬁ( —a) p(n71)+1(a, ) X |n]f(n)(b)’q_|n’f(n)(a)’q |n‘f<”>(b)‘q—|n’f(n)(a)’q
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Corollary 4. Under the conditions Theoreffor n = 1 we have the following inequality.

f(ob—f(aja 1 /b
b a 7b—a/a f(x)dx

Proposition 3.Let a b € (0,) with a< b, p,q > 1% + % =1, we have

L (bbFOP-alf@f  (b-aL(fBP. @)
SA"(a’b’{In|f’<b>|‘*—ln|f'<a>|q In[¥/(B)[7— In|'(a) " }

1—
L7

_ Y(ab) <A?(ab)G f(ab)Li(ab)

ol ol

Proof. The result follows directly from Corollarg for the functionf (x) = %xlfé, x € (0,00).

3 Conclusions

In this paper, by using an integral identity we obtain some hge inequalities for n-time differentiable log-convex
functions.
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