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A NOVEL CLASS OF MULTIVALENTLY ANALYTIC FUNCTIONS
WITH NEGATIVE COEFFICIENTS AND ITS APPLICATIONS
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ABSTRACT
A novel class Tl(p,n,a) of multivalently analytic functions wiht

negative coeffiicients, and some interesting properties belonging to the this
class is obtained.
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1. Introduction, Definitions

Let T (n, p) denote the class of functions f(z) of the form:

f(z)=2" - iakzk, (a >0;n,peN={,23.1), (L]

k=n+p
which are analytic and p-valent in the open unit disk
U=1{zzeCand|f<1}.

A functions f(z) € T (n, p) is said to be p-valently starlike of order « if it
satisfies the inequality:

zf'(z

‘Rﬁ >a, (O£a<p;peN;ZeU). (1.2)
f(z)

On the order hand, a function f(z) € T (n, p) is said to be p-valently convex of

order « if it satisfies the inequality:
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zf"(z
‘J{{I+T())}>a, (OSa< p; peN; ZeU). (1.3)
z
Furtermore, a function f(z) € T (n, p) is said to be p-valently close-to-convex
of order « if it satisfies the inequality:

RiZ™P t(2)f>a (0<a<p;peN;zeU) (1.4
It is easily seen that a function f(z) p-valently convex of order « (0 < a <p;
pe N)if and only if zf '(Z) is p-valently starlike of order a (0 <a <p; pe
N). ( See, for example, [1-3].)

A function f (z) in T (n, p) is said to be in the class Tl(p, n,a) if it also
satify the inequality:
| 2#'(2)+ 2 22£"(2)
-1 "

<a, (1.5)

(0<A<1,0<a<p;npeN)
In view of the inequallity (1.5), it is easily verified that the classT, ( p, n,a)

can be identified with the class of

(i) p-valently close-to-convex functions of order
p—a(0<as p; pe N)when A=0
(i1) p-valently close-to-convex functions of order
p—a(0<a£ p; pe N)When A=1
(iii) starlike function of order 1—¢ (0 < & <1) when
A=0 and p=1
(iv) convex function of order 1—a (0 <a< 1) when
A=0 and p-=1I.
Other interesting works involving functions f (z) of the form (1.1) were

studied Altintas et al. [4], Chen et al. [5,6], Irmak et al. [7,8], and Aouf et al.
[9].
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2. A Theorem on Coefficient Bounds

A necessary and sufficient condition for a function f (z)eT(n, p) to be in the
class T,(p,n,a) is provided by.

Theorem 1. Let a function f (z) defined by (1.1) be in the class T(n, p).
Then, the function f () belongs to the class T, ( P, n,a) if and only if

o0

Y(k-g+afki-A+1)a, <a(pi-A+1), @2.1)

k=n+p
(0<A<L,0<a<pn,peN)
The result is sharp for the function f (z) given by

b a(pl—2+1) nep
f(z)=z _(n+a)[i)+/1(n+p—1)]z , (n,peN) 2.2)

Proof. We assume that the inequality (2.1) holds true, if we let zedU, we
find from (1.1) and (2.1) that

‘zf (2)+ 222 1"(2)-p[l-2)F(2)+ A zf ’(z)]—a|(l—ﬁ)f(z)+/1 zf '(z)

< Yk-q+a)ki-i+la, —a(pi-21+1)<0,
p

k=n+

0

= Y (k-a)ki-2A+1)az""

k=n+p

(pA-A+1)- i(k;t—;ul)akzk-p

k=n+p

-

(2.3)
(0<A<L0<a<pnpeN)

Hence, by the maximum modulus theorem, the function f (z) defined by
(1.1) belongs to the class T, (p, n,a).

In order hand to prove the converse, we suppose that f (z) e Tﬂ(p, n,a),
that is that
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k=n+p

| 2f(2)+ A4 22 1"(2)

= <a 24
D@22 "

— 3 (k= p)A k—A-+1)a, 2"

(Ap-A+1)- > (A k-2+1)az*?

k=n+p

o0

(ZEU;OSZSI;O<0:S p;n,pe N).
Since |Re(2)| < |Z| for any z, choosing z to be real and letting z—1" through
real values, (2.5) yields

i(k—q)(kﬁ,—/lﬂ)ak Sa{(pl—l+l)— i(ki—/%rl)ak},

k=n+p k=n+p
which leads us immediately to the desired inequality (2.1).

3. Growth and Distortion Theorems Involving Operators of Fractional
Calculus

Im this section, we shall prove several growth and distortion theorems for
functions belonging to the genaral class T, ( p, n,a). Each of these theorems

would involve certain operators of fractional calculus, which are defined as
follows ( cf., e.g., [10,11]).

Definition 1 ( Fractional Integral Operator). The fractional integral of
order 9 is defined by, for a function f (z), by

L fle)
F(5)£ (z_g)lfﬁdé:’ (6>0) (3.

D,°f(z)=

where f (2) is an analytic function in a simply-conneted region of the z-plane
containing the origion, and the multiplicity of (Z —6)6_1 is removed by
requiring log(Z - cf) to be real (Z — f) >0.
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Definition 2 ( Fractional Derivative Operator). The fractional derivative
of order q+8 is defined by, for a function f (z), by

1 di f() CSelg-
D% f(2)= 1 T(L- )dz-[( 5)5% (0<5<1q=0) 52

j—D t(z), (0<s<lgeN)
z¢

where f (2) is constrained, and the multiplicity of (Z - )5 is removed, as in
Definition 1.

Theorem?. If f(z) ¢ T,(p,n,a), then

a(pAi-2+1)n+ p) 2P
(n+a)i+A (n+p-1)C(n+ p+p+1)
(3.3)

‘F(p+,u+1jD (X pllz|*| <

(Z eU;u>0,0<A<0<a<p;n,pe N).
The result sharp for a function f (z) given by (2.2).

Proof. Suppose f (2) Tl(p, n,a). Then, we find from the inequality (2.1)
of Theorem 1, that

a(pA-A+1)
kla, < , , N ). 3.4
Z % S ralieznrp PN .
Making use of the inequality (3.4) and Definitions 1, we have
|
D’ f(z L 7P k' (k)a, 2, (3.5)
( ) (p + H + 1 k%p ‘

where, for converience,

k!
Tk +u+1)

Clearly, the function ‘P(k) is decreasing in k, and we have

w(k)= (k=n+p;peN; u>0)
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n |
0<w(k)<W(n+ p)= F(ni ;flﬂ), (k=n+p:peN: >0

(3.6)
Thus, we find from (3.2)-(3.4) that

-5 _ p! p+u n+ p N+ p+u
@) F(p+y+1)|z| = (n+p+y+1|| k;?"
< a(pi—-2+1)n+ p) Zme

“(nta)l+An+p-D)IC(n+p+u+1)

which completes the proof of Theorem 2.

Theorem 3.1f f(z) e T, (p, n,a), then

‘F(p—q+,u+1qu”’f )1 pllz|”

- a(pA—2+1)n+ p) |
T(+afi+ A+ p-D0(n+ p-gq-u+1)

n+p-q-u
s

(3.7)

(ZeU;p>q;0£y<l;0£/1£1;0<aé p;n,peN;quu{O}).
The result sharp for a function f (z) given by (2.2).

Proof. Under the hypothesis f (z) € Tl(p, n,a), we find from Theorem 1,
that

(n+a)l+A(n+p-1)] =
k +al\kl-A+1)a,,
(n+p) k%p z p+a) Ry (3.8)
(p,1 A+1),
which readily yields
ain+pl(pA-A+1)
kla, < N ). 39
k%‘p X n+a)[1+/1(n+p )]’ (n. peN) 39)
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Now, making use of the inequality (3.9) and Definition 2, we have

. p! IR
DI f(z)= Pra-u _ k!®(k au 3.10
: @)‘Np—q—ﬂ+02 > kio(k)a,z (3.10)

where, for converience,

k=n+p

1
CT(k—q-pu+1)’

o(k) (k=n+p;n,peN;0<u<l).

Since, the function @(k) is decreasing in k, and we have

1

0<0k)<0O = 3.11
<o(k)<e(+p) S C— (3.11)
Thus, we find from (3.9)-(3.11) that
‘Df”’f(Z)(— p! |Z|p—q—# < 1 |Z|n+p—q—u ik!ak
F(p-g-u+1) F(n+p-g-p+1) e

- a(pi—-A+1)n+p)
“(n+a)l+An+p-1)C(h+p-q-pu+1)

n+p-q-
z pP—q-u

3

(ZeU;p>q;OS,u<1;OSlS1;O<aS p;n,peN;qe NU{O}).
Which completes the proof of Theorem 3.

4. Radii of p-Valently Close-To-Convexity,
p-Valently Starlikenes and p-Valently Convexity

Finally, we determine the radii of p-valently starlikenes, p-valently

convexity, and p-valently close-to-convexity, for function in the class
T, ( p, n,a) , which are given by

Theorem 4. If f(z) Ti(p, n,a), then f (z) is p-valently close-to-convexity
of order f (0 <p<p;pe N)in |Z| <, p-valently starlike of order
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BO<p<p;peN)in |Z| <r,, and p-valently convex of order
BO<p<ppe N)in|Z|<I’3,where

1
p—pYk—p+afki-A+1)[» @l
ak(pl—A+1) ’ ‘

r = rl(p;ﬁ,ﬂ,a)=ir¢f{(

(k2n+ p;n,peN;0<a<p;0< < p;OSZSl),

and
1

(p-p)k—p+alki-A+1)[-»
: a(k—ﬁg(pl—iﬂ) } W

r, = rz(p;,b’,/l,a):ir%f{

(k=n+p;npeN;0<a<p;0<f<p0<A<1),

and that

—,B)(k—p+a)(k/1—/1+l)}kp 43

—r (p: _infl (P
r3_r3(p’ﬁ”1’a)_“§f{ ak(k—BYpAi-A+1) ’

(k2n+ p;n,peN;0<a<p;0<f< p;OS/ISI),

Each of these result is sharp for the function f(z) given by

(p2-2+1)
(k—p-a)ki-4+1)
(k=n+p;npeN) (4.4)

f(z)=2" -

3

Proof. It is sufficient to show that

< p-p. [eri0spepzeUipen) @9

and
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1+ZI&(ZZ))_p <p-p, (7<r;0<p<pzeU;peN) @46

and that

2 "(2)

ff(z)‘p<p—ﬁ, (7<r;0<p<pzeU;peN) (4.7)

for a function f(2) eTi(p, n,a), where I, I,, and r, are defined by (4.1),

(4.2), and (4.3) respectively. The details involved are fairly straightforward
and may be ommited.
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