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NEGATİF KATSAYILI ÇOK DEĞERELİ ANALİTİK 
FONKSİYONLARIN YENİ BİR SINIFI VE UYGULAMALARI 

 
Yard. Doç. Dr. Ö. Faruk ÇETİN∗ 

Atatürk Üniversitesi, Erzincan Eğitim Fakültesi  
 

 
ABSTRACT 

A novel class ( )αλ ,,npT  of multivalently analytic functions wiht 
negative coeffiicients, and some interesting properties belonging to the this 
class is obtained. 
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1. Introduction, Definitıons 
 
Let T (n, p) denote the class of functions  f(z)  of the form: 

                (1.1) ( ) { }( ),,...3,2,1,;0, =∈≥−= ∑
∞

+=

Npnazazzf k
pnk

k
k

p

which are analytic and p-valent in the open unit disk 
                                            { }1; <∈= zandCzzU . 

A functions f(z) ∈ T (n, p) is said to be p-valently starlike of order α if it 
satisfies the inequality: 
 

                                
( )
( ) ( ).;;0, UzNpp
zf
zfz

∈∈<≤>
⎭
⎬
⎫

⎩
⎨
⎧ ′

ℜ αα       (1.2) 

On the order hand, a function f(z) ∈ T (n, p) is said to be p-valently convex of 
order α  if it satisfies the inequality: 

                                                           
∗ Haberleşme adresi: ofaruk@eef.edu.tr 

Erzincan Eğitim Fakültesi Dergisi Cilt-Sayı: 4-2   Yıl:2002 
 
 
 

mailto:ofaruk@eef


 
 
 
 
 
 
 

84 

 

                          
( )
( ) ( ).;;0,1 UzNpp
zf
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⎭
⎬
⎫

⎩
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⎧

′
′′

+ℜ αα       (1.3) 

Furtermore, a function f(z) ∈ T (n, p) is said to be p-valently close-to-convex 
of order α  if it satisfies the inequality: 
                               
                          ( ){ } ( ).;;0,1 UzNppzfz p ∈∈<≤>′ℜ − αα        (1.4) 
It is easily seen that a function f(z) p-valently convex of order α  ( 0 ≤ α < p;  
p∈ N ) if  and only if  is p-valently starlike of order α ( 0 ≤ α < p;  p∈ 
N ). ( See, for example, [1-3].)  

( )zfz ′

 
 A function f (z) in T (n, p) is said to be in the class ( )αλ ,,npT   if  it  also 
satify the inequality: 

                            
( ) ( )

( ) ( ) ( ) ,
1

2

α
λλ

λ
<−

′+−
′′+′

p
zfzzf

zfzzfz
                             (1.5) 

 
                             ( ),,;0;10 Npnp ∈≤<≤≤ αλ  
In view of the inequallity (1.5), it is easily verified that the class ( )αλ ,,npT  
can be identified with the class of 

 
       (i) p-valently close-to-convex functions of order 

( )Nppp ∈≤<− ;0 αα  when 0=λ  
       (ii) p-valently close-to-convex functions of order 

( )Nppp ∈≤<− ;0 αα  when 1=λ  
      (iii) starlike function of order  ( )101 ≤<− αα  when 

10 == pandλ  
      (iv) convex function of order  ( )101 ≤<− αα  when 

10 == pandλ . 
 
Other interesting works involving functions f (z) of the form (1.1) were 
studied Altıntaş et al. [4], Chen et al. [5,6], Irmak et al. [7,8], and Aouf et al. 
[9]. 
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2. A Theorem on Coefficient Bounds 
 
A necessary and sufficient condition for a function f (z)∈T(n, p) to be in the 
class ( )αλ ,,npT  is provided by. 
 
Theorem 1. Let a function f (z) defined by (1.1) be in the class T(n, p). 
Then, the function f (z) belongs to the class ( )αλ ,,npT  if and only if 

 

                     (2.1) ( )( ) ( ,11 +−≤+−+−∑
∞

+=

λλαλλα pakqk
pnk

k )

                ( ).,;0;10 Npnp ∈≤<≤≤ αλ  
The result is sharp for the function f (z) given by 
                            

( ) ( )
( ) ( )[ ] ( .,,

11
1 Npnz
pnn

pzzf pnp ∈
−+++

)+−
−= +

λα
λλα

                  (2.2) 

 
Proof. We assume that the inequality (2.1) holds true, if we let  z∈∂U, we 
find from (1.1) and (2.1) that 
 

( ) ( ) ( ) ( ) ( )[ ] ( ) ( ) ( )zfzzfzfzzfpzfzzfz ′+−−′+−−′′+′ λλαλλλ 112

 

( )( ) ( ) ,011 ≤+−−+−+−≤ ∑
∞

+=

λλαλλα pakqk
pnk

k

                     

( )( ) ( ) ( )∑∑
∞

+=

−
∞

+=

− +−−+−−+−−=
pnk

pk
k

pnk

pk
k zakpzakqk 111 λλλλαλλ

     (2.3)                                
 ( ).,;0;10 Npnp ∈≤<≤≤ αλ  
 
Hence, by the maximum modulus theorem, the function  f (z) defined by 
(1.1) belongs to the class ( )αλ ,,npT . 
In order hand to prove the converse, we suppose that  f (z) ∈ ( )αλ ,,npT , 
that is that  

Erzincan Eğitim Fakültesi Dergisi Cilt-Sayı: 4-2   Yıl:2002 
 
 
 



 
 
 
 
 
 
 

86 
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1

1

2
   (2.4) 

 
                                         ( ).,;0;10; NpnpUz ∈≤<≤≤∈ αλ  

Since ( ) zz ≤Re  for any z, choosing z to be real and letting  z→1- through 
real values, (2.5) yields 
 

( )( ) ( ) ( )
⎭
⎬
⎫

⎩
⎨
⎧

+−−+−≤+−− ∑∑
∞

+=

∞

+= pnk
k

pnk
k akpakqk 111 λλλλαλλ , 

 
which leads us immediately to the desired inequality (2.1). 
 
3. Growth and Distortion Theorems Involving Operators of Fractional 
Calculus 
 
Im this section, we shall prove several growth and distortion theorems for 
functions belonging to the genaral class  ( )αλ ,,npT . Each of these theorems 
would involve certain operators of fractional calculus, which are defined as 
follows ( cf., e.g., [10,11]). 
 
Definition 1 ( Fractional Integral Operator). The fractional integral of 
order δ is defined by, for a function f (z), by 
 

                      ( ) ( )
( )

( )
( ,0,1

0
1 >

−Γ
= ∫ −

− δξ
ξ
ξ

δ δ
δ d

z
fzfD

z

z )                     (3.1) 

 
where f (z) is an analytic function in a simply-conneted region of the z-plane 
containing the origion, and the multiplicity of  ( ) 1−− δξz  is removed by 
requiring  ( )ξ−zlog  to be real ( ) 0>−ξz . 
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Definition 2 ( Fractional Derivative Operator). The fractional derivative 
of order q+δ is defined by, for a function f (z), by 

     ( ) ( )
( )

( )
( )

( ) ( )⎪
⎪
⎩

⎪⎪
⎨

⎧

∈<≤

=<≤
−−Γ=

∫
+

,;10,

0;10,
1
1

0

NqzfD
dz
d

qd
z
f

dz
d

zfD

zq

q

z

q
z

δ

δξ
ξ
ξ

δ
δ

δ
δ           (3.2) 

 
where f (z) is constrained, and the multiplicity of  ( )δξ−z  is removed, as in 
Definition 1. 
 
Theorem2. If  f (z) ∈ ( )αλ ,,npT , then 

    

( ) ( ) ( )( )
( ) ( )[ ] ( ) ,

111
!1!1 µµµ

µλα
λλαµ +++−

+++Γ−+++
++−

≤−++Γ pnp
z z

pnpnn
pnpzpzfDp

          (3.3) 
                                ( ).,;0;10;0; NpnpUz ∈≤<≤≤>∈ αλµ  
The result sharp for a function f (z) given by (2.2). 
 
Proof. Suppose f (z) ∈ ( )αλ ,,npT . Then, we find from the inequality (2.1) 
of Theorem 1, that 
 

( )
( ) ( )[ ] ( .,,

11
1! Npn
pnn

pak
pnk

k ∈
−+++

+−
≤∑

∞

+= λα
λλα )                              (3.4) 

 
Making use of the inequality (3.4) and Definitions 1, we have 

( ) ( ) ( ) ,!
1

! ∑
∞

+=

++− Ψ−
++Γ

=
pnk

k
k

p
z zakkz

p
pzfD µµδ

µ
                           (3.5) 

where, for converience, 
                                          

( ) ( ) ( ).0;;,
1

!
>∈+=

++Γ
=Ψ µ

µ
Nppnk

k
kk  

Clearly, the function   is decreasing in k, and we have ( )kΨ
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( ) ( ) ( )
( ) ( ).0;;,

1
!0 >∈+=
+++Γ

+
=+Ψ≤Ψ< µ

µ
Nppnk

pn
pnpnk  

(3.6) 
Thus, we find from (3.2)-(3.4) that 
 

( ) ( )
( )

( )
( )( )

( ) ( )[ ] ( ) ,
111

!1
1

!
1

!

µ

µµδ

µλα
λλα

µµ

++

∞

+=

+++−

+++Γ−+++
++−

≤

+++Γ
+

≤
++Γ

− ∑

pn

pnk
k

pnp
z

z
pnpnn

pnp

az
pn

pnz
p

pzfD

 
which completes the proof of Theorem 2. 
 
Theorem 3. If  f (z) ∈ ( )αλ ,,npT , then 

                        

( ) ( )
( )( )

( ) ( )[ ] ( ) ,
111

!1

!1

µ

µµ

µλα
λλα

µ

−−+

−−+

+−−+Γ−+++
++−

≤

−++−Γ

qpn

qpq
z

z
qpnpnn

pnp

zpzfDqp

(3.7) 
                   

{ }( ).0;,;0;10;10;; ∪∈∈≤<≤≤<≤>∈ NqNpnpqpUz αλµ  
The result sharp for a function f (z) given by (2.2). 
 
Proof. Under the hypothesis  f (z) ∈ ( )αλ ,,npT , we find from Theorem 1, 
that 
                    
( ) ( )[ ]

( ) ( )(

( ),1

,1!
!

11

+−≤

+−+−≤
+

−+++ ∑∑
∞

+=

∞

+=

λλα

λλαλα

p

akpkak
pn

pnn
pnk

k
pnk

k )
   (3.8) 

which readily yields 
                                           

( ) ( )
( ) ( )[ ] ( .,,

11
1!! Npn

pnn
ppnak

pnk
k ∈

−+++
+−+

≤∑
∞

+= λα
λλα )                              (3.9) 
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Now, making use of the inequality (3.9) and Definition 2, we have 
                                     

( ) ( ) ( ) ,!
1

! ∑
∞

+=

−−−−+ Θ−
+−−Γ

=
pnk

qk
k

qpq
z zakkz

qp
pzfD µµµ

µ
            (3.10) 

where, for converience, 
                                          

( ) ( ) ( ).10;,;,
1

1
<≤∈+=

+−−Γ
=Θ µ

µ
Npnpnk

qk
k  

 
Since, the function   is decreasing in k, and we have ( )kΘ

( ) ( ) ( ) .,
1

10
+−−+Γ

=+Θ≤Θ<
µqpn

pnk                                (3.11) 

Thus, we find from (3.9)-(3.11) that 
 

( ) ( ) ( )
( )( )

( ) ( )[ ] ( ) ,
111

!1

!
1

1
1

!

µ

µµµ

µλα
λλα
µµ

−−+

∞

+=

−−+−−+

+−−+Γ−+++
++−

≤

+−−+Γ
≤

+−−Γ
− ∑

qpn

pnk
k

qpnqpq
z

z
qpnpnn

pnp

akz
qpn

z
qp
pzfD

                  
{ }( ).0;,;0;10;10;; ∪∈∈≤<≤≤<≤>∈ NqNpnpqpUz αλµ   

 
Which completes the proof of Theorem 3. 
 
4. Radii of p-Valently Close-To-Convexity, 
p-Valently Starlikenes and p-Valently Convexity 

 
Finally, we determine the radii of p-valently starlikenes, p-valently 
convexity, and p-valently close-to-convexity, for function in the class 

( )αλ ,,npT , which are given by 
 

Theorem 4. If  f(z) ∈ ( )αλ ,,npT , then f (z) is p-valently close-to-convexity 

of order ( ) 1;0 rzinNpp <∈<≤ ββ , p-valently starlike of order 
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( ) 2;0 rzinNpp <∈<≤ ββ , and p-valently convex of order 

( ) 3;0 rzinNpp <∈<≤ ββ , where 

( ) ( )( )( )
( ) ,

1
1inf,,;

1

11

pk

k pk
kpkpprr

−

⎥
⎦

⎤
⎢
⎣

⎡
+−

+−+−−
==

λλα
λλαβαλβ           (4.1) 

 
                            ( ),10;0;0;,; ≤≤<≤≤<∈+≥ λβα ppNpnpnk  
 
and 

( ) ( )( )( )
( )( ) ,

1
1inf,,;

1

22

pk

k pk
kpkpprr

−

⎥
⎦

⎤
⎢
⎣

⎡
+−−

+−+−−
==

λλβα
λλαβαλβ          (4.2) 

 
( ),10;0;0;,; ≤≤<≤≤<∈+≥ λβα ppNpnpnk  
 
and that 

( ) ( )( )( )
( )( ) ,

1
1inf,,;

1

33

pk

k pkk
kpkpprr

−

⎥
⎦

⎤
⎢
⎣

⎡
+−−

+−+−−
==

λλβα
λλαβαλβ          (4.3) 

 
( ),10;0;0;,; ≤≤<≤≤<∈+≥ λβα ppNpnpnk    
 
Each of these result is sharp for the function  f (z) given by 
 

                        ( ) ( )
( )( ) ,

1
1 kp z

kpk
pzzf

+−−−
+−

−=
λλα

λλ
       

               (4.4) ( ).,; Npnpnk ∈+≥
 
Proof.  It is sufficient to show that 
                               

( ) ( ),;;0;, 1
1 NpUzprzppzfz p ∈∈<≤<−<−′− ββ          (4.5) 

and 
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( )
( ) ( ),;;0;,1 2 NpUzprzpp
zf
zfz

∈∈<≤<−<−
′

+ ββ         (4.6) 

and that 
    
                              

( )
( ) ( ),;;0;, 3 NpUzprzpp
zf
zfz

∈∈<≤<−<−
′
′′

ββ                (4.7) 

 
 
for a function  f(z) ∈ ( )αλ ,,npT , where  are defined by (4.1), 
(4.2), and (4.3) respectively. The details involved are fairly straightforward 
and may be ommited. 

321 ,, randrr
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