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Abstract: Let E be a real uniformly convex Banach spa&ebe a nonempty closed convex subsetoénd letT; : K — E beN
li-asymptotically nonexpansive nonself mappings krize N asymptotically nonexpansive nonself mappings. It is pdavet a new
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1 Introduction

Let K be a nonempty subset of a real normed linear sfiacBenote byF (T) the set of fixed points o, that is,
F (T) = {x€ K: Tx=x}. Throughout this paper, we always assume Fh@) # 0. A mappingT : K — K is said to be
asymptotically nonexpansive if there exists a sequerég} C [0,) with limh,0ky, = O such that
IT"x—T"y| < (1+kn)|x—y]| forall x,y € K andn > 1.

The class of asymptotically nonexpansive self-mappings waoduced by Goebel and Kirl] in 1972, who proved
that if K is a nonempty closed convex subset of a real uniformly cold@xach space an@l is an asymptotically
nonexpansive self-mapping &) thenT has a fixed point.

A mapping T : K — K is called uniformly L-Lipschitzian if there exists constant > 0 such that
IT"x—T"y| <L|x—y| forallx,y € Kandn > 1. Also T is called asymptotically quasi-nonexpansive ifT ) # 0 and
there exists a sequen€k,} C [1, ) with limp_« ky = 1 such that for alk € K, the following inequality holds:

IT™ = pll < kllx—pll, VP F(T), n> 1.
From the above definitions, it follows that a nonexpansivepirag must be asymptotically nonexpansive. Every

asymptotically nonexpansive mapping with a fixed point imgstotically quasi-nonexpansive, but the converse may be
not true.

In 2007, Agarwal et al.J(] introduced a new iteration process.
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ForK a convex subset of a linear spde@andT a mapping oK into itself, the iterative sequende,} is generated from
X1 € K, and is defined by

XrH,]_ = (1 —_ an)Tan + anTnyn

n>1, (2)
Yn = (1= Bn) X+ BnT"™n

where{an} and{f,} are real sequences(f,1).

They showed that their process is independent of Mann arikblsh iteration processes and converges faster than both
of these (Seell0, Proposition 3.1]).

A subsetK of E is said to be a retract d if there exists a continuous mé&p: E — K such thatPx = x, for all x € K.
Every closed convex subset of a uniformly convex Banachesjgaa retract. A map : E — K is said to be a retraction if
P2 = P. It follows that, if a magP is a retraction, theRy =y for all y in the range oP.

In 2003, as the generalization of asymptotically nonexjyarself-mappings Chidume et all]] introduced the concept
of nonself asymptotically nonexpansive mappings. The elbresymptotically nonexpansive mapping is defined as
follows.

Definition 1. [11] Let K be a nonempty subset of real normed linear space E. LdE P> K be the nonexpansive
retraction of E into K.

(i) A nonself mapping TK — E is called asymptotically nonexpansive if there existsqueace{k,} € [0,%) with
kn — 0 as n— o such that

[TPT)™x—T(PT)™ || < (1+kn) [x—Vl, ¥xyeK, n>1
(i) A nonself mapping TK — E is said to be uniformly L-Lipschitzian if there exists a stamt L> O such that
[TPT)™x—T(PT)™ 1y <L|x—y|, ¥xyeK, n>1

(i) A nonself mapping TK — E is called asymptotically quasi-nonexpansive {fl§ # 0 and there exists a sequence
{kn} € [0, ) with ky — 0 as n— o such that for all xe K,

[TPT)"x—T(PT)"*p|| < (1+kn) [x—p||, YVPEF, n>1.
If T is a self-mapping, theR becomes the identity mapping.
By using the following iterative algorithm:
x1 € K, Xni1=P((1—an)n+ anT(PT)"1xy), ¥n>1. 2)

Chidume et al. 11] established demiclosed principle, strong and weak caarare theorems for nonself asymptotically
nonexpansive mappings in uniformly convex Banach spaces.

In 2009, Thianwan13,14] considered a new iterative scheme for two nonself asyngatit nonexpansive mappings as
follows.
Xn+1 = P((1— an)yn+ anTe (PTL)" v,

Yo = P((1— Bopr + BrTa (PT)™ ), n> 1, )
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where{an} and{f,} are real sequences|d,1].

Recently, Temir 2, 3] introduced the following definitions and studied Ishikaikeaation processes for a finite family of
nonselfl -asymptotically nonexpansive mappings.

Definition 2. Let T, : K — K be two mappings. T is said to be I-asymptotically nonexpen®, 3] if there exists a
sequencéu,} C [0, ) with limy_,. Uy = 0 such that

[T =T < (L+un) [[1"x— 17| 4)
forallx,ye Kand n> 1. T is said to be I-uniformly Lipschitz if there exigts> 0 such that

[IT"x—T"| < [I"x—1"y||, x,y € K and n> 1. (5)

Incorporating the ideas of Chidume et d1] and Temir P, 3], Yang and Xie f] introduced the following generalized
definition recently.

Definition 3. [4] Let K be a nonempty subset of a real normed space E arte P K be a nonexpansive retraction of
E onto K. Let Tl : K — E be two mappings. T is called nonself I-asymptotically xpaesive if there exists sequence
{Vn} C [0, ) with lim_,. vy = 0, such that

T(PT)™ 5= T(PT)™ ] < (L) 1 (P1)" b= 1 (P ]

for all x,y € Kand n> 1. T is said to bd -uniformly Lipschitzian if there exists > 0 such that for all xy € K and all
positive integer n
IT(PT)™ =T (PT)™ || < 1 (PH™ x—1(P)™y]].

Yang and Xie fi] also introduced an iteration scheme for a finite family ohself -asymptotically nonexpansive
mappings as follows.

Let {T }iN:1 be a finite family ofl;-asymptotically nonexpansive nonself-mappings ét@iN:lbe a finite family of
asymptotically nonexpansive nonself-mapping. Let} and{f,} be two real sequences [A,1]. Then the sequence
{Xn}n>1 is generated as follows:

{ o =P (1= B %o+ BTi (PT)" )

_ ,Vn>1, (6)
Xnt1 =P ((1* On) Yn+ ol (Pli)n lyl'l)

wheren= (k—1)N+i,i=i(n) € lp:={1,2,...,N}, k=k(n) > 1 is a positive integer ark{n) — o asn — .

In the light of the above facts, a new two-step iterative sohefor a finite family of nonselfi-asymptotically
nonexpansive mappings is introduced and studied in thismp&uir iterative scheme reads as follows.

Let K be a nonempty subset of a Banach spacket T : K — E beN nonselfl;-asymptotically nonexpansive mappings
and {Ii}iN:1 be N nonself asymptotically nonexpansive mappings. {&t} and {f,} be two real sequences [, 1].
Then the sequendex,} is generated as follows.

{yn =P (1= Bo)xa + BT (PT)" 20

,Vn>1, (7)
Xni2 =P (1= an) i (PH)" yn+anTi (PT)"™ ya)
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wheren = (k—1)N+i, i =i(n) € J:={1,2,...,N} is a positive integer an#l(n) — « asn — . Thus, {) can be
expressed in the following form:

n>1.

)

Y =P (1= Bo)xa-+ BT (PT)H 1)

Xai1 =P (1= an) i (P yn -+ o Ti (PR 2y
Remark.Our procesg7) generalizes Chidume-Ofoedu-Zegeye prod@ys Thianwan proces§3) and, Yang and Xie
procesg6). Our procesg7) is able to compute common fixed points lik&), (6) and Temir procesésee P]) but at a

better rate.

Some fixed point theorems using an iteration process for ptinally nonexpansive mappings in different spaces was
proved by different authors (se2(, 24,26,25,27)).

2 Preliminaries

Let E be a Banach space with its dimension greater than or equaliee?2modulus oE is the functionde (¢) : (0,2] —
[0,1] defined by

ge(e)=int {1~ [30ctv) < 1xI =1, Iyl =1, &= -y |
A Banach spack is uniformly convex if and only idg (¢) > 0 for all € € (0, 2].
A Banach space is said to satisfy Opial’s condition if, for any sequersg} in E, x, — x implies that
limsup||x, — x|| < limsup||xn—V||
n—ro0 N—o0
for all y € E with y # x, wherex, — x means thaf{x,} converges weakly tg.

A Banach spack is said to have a Fréchet differentiable nors][if for all xe Se = {x € E: ||x|| =1}

. X+ty|| — ||X
ety x|
t—0 t

exists and is attained uniformly ne .

A mappingT with domainD(T) and rangeR(T) in E is said to be demiclosed atif whenever{x,} is a sequence in
D(T) such that, — x* € D(T) andT x, — pthenTx* = p.

A mappingT : K — K is said to be semicompact if, for any bounded sequérggin K such thaf|x, — Tx,|| — 0 as
n — oo, there exists a subsequence $ay } of {x,} such thaf{x,; } converges strongly to sonx¢ in K.

Lemma 1.[5] Let{an}, {bn} and{dn} be sequences of nonnegative real numbers satisfying theaatigy

an+1 < (1+dn)an+by, n> 1.

If Shqbn<wandyp_q0n < oo, thenrllim an exists.
— 00
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Lemma 2.[8] Suppose that E is a uniformly convex Banach spacelang <t, < g < 1for all n > 1. Also, suppose
that {x,} and{yn} are sequences of E such that

limsup|[xn|| <r, limsup|lyn|| <rand lim |[taxn+ (1 —ta) Ynl| =T
n—oo n—o n—oo

hold for some > 0. Thenlimp_,e ||Xn — Yn|| = 0.

Lemma 3.[11] Let E be a real uniformly convex Banach space, K a nonemps$gdlsubset of E, and let: K — E be
an asymptotically nonexpansive mapping with a sequékgec [0,) and k — 0 as n— w, then(I — T) is demiclosed
at zero, wherd is an identity mapping.

A Banach spacé is said to have the Kadec—Klee property if, for every seqadmg} in E, X, — x and ||x|| — ||X||
imply ||, — x|| — 0. Every locally uniformly convex space has the Kadec-Kleepprty. In particularL, spaces,
1 < p < » have this property.

Let i {X} = {X: 3xn; = x} denote the weak limit set d,}.

Lemma4.[12] Let E be a real reflexive Banach space such that its dual E hate&&lee property. Le{x,} be a
bounded sequence in E and @y € wy {Xn}. Supposdimp_.« ||axn+ (1 — a)gi — gz|| = O exists for alla € [0,1] . Then

01 = Ge.

The mappingT : K — K with F(T) # 0 is said to satisfy conditiofA) [7] if there is a nondecreasing function
f :[0,00) — [0,00) with f(0) =0, f(t) > 0 for allt € (0,e) such thatjx—Tx|| > f (d(x,F (T))) for all n > 1. Senter
and DotsonT] pointed out that every continuous and semi-compact mappinst satisfy Condition (A).

Let{Ti:i €lp} and{l;i :i € lp} be two family of nonself mappings with nonempty fixed poirgsFs. These families are
said to satisfy conditior{B) if there is a nondecreasing functidn: [0, o) — [0,0) with f(0) =0, f(t) > 0 for all
t € (0,0) such that

either inewlzobﬂxf'l'ixﬂ > f(d(x,F)) or rir;%xnxf lix|]| > f(d(x,F)).

3 Main results

Lemma 5. Let E be a real Banach space, K be a nonempty closed convegtsafoE which is also a nonexpansive
retract with retraction P. Let T: K — E (i € J) be nonselflasymptotically nonexpansive mappings with sequences
{uin} C [0,00) and } : K — E (i € J) be asymptotically nonexpansive nonself-mappings {itht C [0,) such that

N
F=NF(M)NFE(l) # 0. For an arbitrary x € K, let {x,} be the sequence generated @3y satisfying the following

i=1

1=
conditions.

Q) § hn < 0o, where by = max{uin :i € J} V max{vi, :i € 3};
n=1

(2) there exist constants, 7> € (0,1) such thatr; < (1—ap),(1—Bn) < Tp,¥Vn> 1.
Thenlimy_,« [|[X, — p|| exists for each g F.
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Proof. We suppose thaj € F. From (7) we have

Iva =il =[P (2= B a-+ BT (PT)™ 0 ) P
<|@= 8 00— @) + o (T (PT)™ 30— a) |
< (1 B) [xa = 0|+ B[ T (PT)" o — g
< (1= B [0 =gl + B (24 ) |1 (P1)™ 0 — g ®)

< (L= Bn) [%n =l + Bn (14 o) [[xn QII
< (14 B (200 +1R)) %0 =l < (2+hn)? (% — .

Using (7) and @), we have
X1 —alll = HP (2= w1 (PH)™ *yn+ T (PT)™ Hya) - PqH

<||@=an (1 P1)" ya—a) +an (T PTH)" a0 |

< (X—an) ||l (P tyn— qH + 0 |[T (PT)" tyn — qH 9)

IN

(1 —an) (1+bn) [lyn —ql[ +an(1+ hn)z llyn —ql|
(14 hn+ anhn (14 hn)) [[ya —q|
(14 hn)? [lyn — .-

IN

IN

Substituting 8) into (9), we get that
X412 = Pl < (14 hn)? (14 hn)? [[%0 — ] < (1+ &) X —ql (10)

where &, = hy (4+5hn+4h2+ h3) Since Z h, < o, we obtain Z o < o. By Lemmal and (@0), we get

limn_w ||Xn — || exists. This completes the proof

Lemma 6. Let E be a real uniformly convex Banach space, K be a nonengsga convex subset of E which is also a
nonexpansive retract with retraction P. Lagt: K — E (i € J) be nonself;tasymptotically nonexpansive mappings with
sequence$um} C [0,0) and k : K — E (i € J) be asymptotically nonexpansive nonself-mappings (it} C [0, )

such that F= ﬂ F (T)) NF (i) # 0. For an arbitrary % € K, let {xn} be the sequence generated 3y satisfying the

followmg cond|t|ons
(1) Z hn < o, where i = max{ui, :i € 3} V max{vi, : i € J};

2 there exist constantg, 1 € (0,1) such thatry < (1—ap),(1—Bn) <172, Vn> 1.
Thenlimp e [|[Xh — TiXa|| = 0 andlimp_e |[Xn — liXa|| = O for all i € J.

Proof. In view of Lemmab, we obtain that the limit of the sequendéx,—q||} exits. Next, we assume that
liMn e [|[Xa — || = d, for somed > 0. It follows from (8) and @) that

lim [lyn—al| =d. (11)
Note that usind;-asymptotically nonexpansivity at (i € J), we get

TP 0 —dl| < (14 0)

1 (PH)™ 0 0| < (140 =gl

(© 2017 BISKA Bilisim Technology
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It follows that
IimsupHTi (PTi)”’lxn—qH <d. (12)

n—oo

Moreover, from 8), we have

Iyn—all < | (1= B 00— @)+ B (T (PT)" 30 —01) | < (1+1w)? [xa—al]

and (L1) implies
im, (1~ B) 0a— @)+ Ba (T (PT)" 20— ) | = . (13)

n—oo

Combining lim e [|X, — q| = d, (12) with (13) and from Lemma5, we obtain that

lim flxa — T (PTH)" x| =0. (14)
In similar way, from @), we can prove that
lim || (1= ) (1 (PH)™*yo—a) + an (T (PT)" Hyn—q) | = . (15)
ThusHIi G qH < (14 hp) |lyn — g]| for all n > 1 implies that
IimsupHIi (Pli)"’lynqu <d. (16)

n—oo

Since

IimsupHTi (PT)" Ly, — q‘ <limsup(1+ hp)

n—oo n—oo

(P —al| < imsup(1-+ ho)? [yn —a

and lim_,e |lyn — gl = d, we have
limsup|[Ti (PT)™ *yn - < d. (17)

n—soo

Now, using (5), (16), (17), and Lemm&b, we obtain

rllmo H i (P|i)nilYn -T (PTi)nilyn

=0 (18)
Byyn=P ((17 Bn) Xn + BnTi (P'I'i)”’lxn) and (14), sinceP is nonexpansive mapping, we have

[Yn—Xnl| = HP((]-_Bn)Xn‘FBnTi (P-ri)nilxn) - PXnH

< [ B Xt BT (PT)™ 0= | < |30 =T (PT)™ 1 (19)

— 0 (asn — ).
Also

1P yn =

< Hn Pty — T (PT)™ yn

+ HT PT)™ Ly — T (PT)™ 1x,

+ HT (PT)™ % — %o

< Hn (PI)™ Lyn — T (PT)™ Ly,

(L4 10)? lyn =Xl || T (PT)™ = 0
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implies by (L4), (18), and (9) that

lim Hh(Ph)”*lyh——xn —0. (20)

n—oo

From (18), and @0), we have

a2~ Xl = [P (2= ) (PH)™ yn - @ (PT)"™ 9 ) =

< [l (P o= 0|+ an 1§ (P)™ ya =T (PT)" ¥
— 0 (ash — ). (21)
It follows from (19) and @1) that
AmHXnH*ynH =0 (22)

Using 19) and @0), we have

H" (PI)™ Xy — Xn

<

+ H'i (PE)" ™ yn—Xn

< (14 ) [0 = Yol -+ |1 (PR)™ o =i

— 0 (ash — ). (23)
Now
15 P 0 =i | < [ (P o =]+ [0 =011 (24)
gives by 0) and @1) that
nmwwaﬂw_mﬂHzo (25)

n—co

Next, we also have fromld), (22) and 5)

%0 — Tixall < [[%0 — T (PT)™ 2xa| + HT (PT)™ xy— T, (PTi)”*lyHH + HT (PT)" Yyn1—Tixn
< Jxa =T PT x|+ (Lt ) = yooall 1 (PR s
< =T PR x| (24 ) o =yl 4+ 1 [ (PI) ™Y1 =

—0(n— o).
This implies that
AiL“OOHXn*TanH =0. (26)
From (19), (20), and @1), we have

X1 — i (P || < Xos1 = Xal| + {[%0 — 1 (1) yn

+ [ P ya =1 (PE)™

< ||Xn+l - XnH + |[Xn — i (Pli)nil)/n

+ (14 hn) (1% — Ynll

and so

Xne1 — li (P 1xal| =0 (27)

lim
n—-o0

(© 2017 BISKA Bilisim Technology
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By means of asymptotically nonexpansivitylpf(i € J) we get

X — 1 (P 1 xq

(% — 1iXa|| <

n Hli (PI)™ 1% — | (Pli)”’lxn,lH + Hli (PI)™ X1 — Ii%n

<% =1 (P xq

(L4 o) %0 = X2 4+ L1 (PI)™ 201 = %o

It follows from (21), (23) and @7) that

Lemma 7.Let E be a real uniformly convex Banach space, K be a nonengsga convex subset of E which is also a
nonexpansive retract with retraction P. Lgt: K — E (i € J) be nonselfjtasymptotically nonexpansive mappings with
sequence$uin} C [0,00) and k : K — E (i € J) be asymptotically nonexpansive nonself-mappings i} C [0, )

N
such that F= N F (Ti) NF (I;) # 0. For an arbitrary % € K, let {x,} be the sequence generated B3y satisfying the
i=1

following conditions.

Q) § hn < oo, where b = max{ui, : 1 € 3} V max{vi, : i € J};
n=1

(2) there exist constants, 1> € (0,1) such thatr; < (1—ap),(1—fn) <12, Vn>1.
Thenlimp_e [|[tXn + (1 —t) p1 — p2|| exists for all te [0,1] and p, p2 € F.

Proof. Let an(t) = |[tXn+ (1 —t) p1— p2||, then limLean(0) = ||p1— p2|| exists. It follows from Lemma5 that
limn_ean(1) = ||xn— p2|| exists. It now remains to prove the lemma fof (0,1). Let Uy, W, : K — E be defined as
follows:

n>1,

) -

Unx=P (1 Bo)x-+ BT (PT)" )
Wox =P ( (1 an) I (P)"Unx+ T (PT) ™ Unx)

for all x € K. Then for allx,y € K, we have

[Unx—Unyl) < [P (1= B x-+ BiTi (PT)" ) =P (1= Bo)y=+ BT (PT)" )|
< H(l_ Bn) (X—Y) + Bn (Ti (PTi)nle—Ti (PTi)nfly)
< (1= Bo) [X=Yl[+Bn(1+hn) Ii(Pli)”*leli(Ph)”*lyH

< (1= Bn) [x— Yl + Bn (14 hn)? [x— ]|
< (1412 x—yl.

Similarly, we get

VX — Why]| < HP ((1 —an) i (P Upx+ anTy (P'ﬁ)”’lunx) _p ((1 —an) i (P)™ *Upy + anTy (P'I'i)”’luny) H
< H (1— o) (Ii (P TUpx— (Pn)”*luny) +an (‘ﬁ (PT)" LUnx—T, (P'I'i)”’luny) H

< (X—an) ||l (P T Unx— 1 (P Uny|| + an || T (P U= T (PT)™ Uy

IN

(1= an) (1+hn) [Unx=Uny[| + an (14 hn) (1+ hn) [[Unx — Uny||
< (14 hn+ anhn (14 hy)) [[Unx — Upy||

< (14 hn)? [[Unx— Upyl|

< (1+h)*x—y].
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This implies that, : K — K is Lipschitz with the Lipschitz constat + hn)4 andxn 1 =Wnxn. SettingHn = [ (1+h; )4
j=n
forn> 1, thenH, — 1 asn — co. Putting

Sim=Whim-1tWhim-2---Wh, n,m> 1,

thenS, m : K — K is Lipschitz with the Lipschitz constabtn, ShmXn = Xn+-m andS, mp = p for eachp € F.
Then the rest of the proof follows as in the proof of Lemma 39fThis completes the proof.

Theorem 1.Let E be a real uniformly convex Banach space such that itsHtihas the Kadec—Klee property and K be
a nonempty closed convex subset of E which is also a nonexpaasact with retraction P. Let;T K — E (i € J) be
nonself {-asymptotically nonexpansive mappings with sequefggs C [0,0) and t : K — E (i € J) be asymptotically

N
nonexpansive nonself-mappings Wjth, } C [0,) such that F= N F (T;) NF (I;) # 0. For an arbitrary x € K, let {xn}
i=1

be the sequence generated(@y satisfying the following conditions.

(1) Z hn < o0, where b = max{ui, : i € 3} Vv max{viy :i € J};

2 there exist constantg, 1, € (0,1) such thatry < (1—ap),(1—Bn) < 172, Vn> 1.
Then{x,} converges weakly to some=d-.

Proof. It follows from Lemma5 that{x,} is bounded. Sinc& is a uniformly convex Banach spades,} has a weakly
convergent subsequen¢e,, } such that converges weakly @ Since{xn} C K andK is weakly closed, thep € K.
Moreover, lim_,e || — T (PT)™ x, X — 1 (P1)" g
by Lemma3.

Now, we show thaf{x,} converges weakly t@. Suppose tha{x,, } is another subsequence pf,} which converges

weakly to somey € K. By the same method as above, we haeeF andp,q € wy{X,}. By LemmaZ,

=0 and linh_e

lim [[txa+(1—-t) p—ql|

exists for allt € [0, 1] and sop = q by Lemma4. Therefore, the sequen¢r,} converges weakly tp. This completes the
proof.

Remarkln [16], it is point out that there exist uniformly convex Banaclsgs which have neither a Fréchet differentiable
norm nor the Opial property but their duals do have the Kalése-property. And the duals of reflexive Banach spaces
with Fréchet differentiable norms or the Opial propertyédnthe Kadec—Klee property.

Theorem 2. Let E be a real uniformly convex Banach space, K be a nonengsga convex subset of E which is also a
nonexpansive retract with retraction P. Lat: K — E (i € J) be nonselfjtasymptotically nonexpansive mappings with
sequence$uln} C [0,0) and k : K — E (i € J) be asymptotically nonexpansive nonself-mappings it C [0, )

such that F= ﬂ F (T)) NF (i) # 0. For an arbitrary % € K, let {x,} be the sequence generated {3y satisfying the

following condltlons

1) Z hn < 00, where hy = max{uin : i € 3} V max{vin : i € J};

(2) there exist constants, 7o € (0,1) such thatr; < (1—ap),(1—Bn) <12, Vn> 1.
Then{xn} converges strongly to some=gF- if and only ifliminf,_. d(X,,F) = 0.

Proof. The necessity is obvious. Let us proof the sufficiency pathebrem. For any givep € F, we have (seel())

X1 =PIl < (14 6n) X0 — - (29)
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Taking the infimum over alp € F in the inequalitiesZ9), we get

d(Xn1,F) < (1+0n)d (%0, F) (30)
Now applying Lemmal to (30) we obtain the existence of the limit lim. d (xn, F ). By hypothesis, we see

lim d (xn,F) =1lim nig];d(xn,F) =0.

n—co

It will be proved that{x,} is a Cauchy sequence. In fact, as 1< exp(t) for all t > 0, from (29), we obtain
X1 =PIl < exp(dn) X —qll (31)

Thus, for any positive integers, n, iterating 31) and noting Z On < o, we get
nZ1
[Xn+m— Pl < €Xp{Shim-1} [[Xn+m-1— Pl
< exp{dnsm-1} [€XP{Shm-2} [IXn+m-2 — PI]
= exp{Shim-1+ Onim-2} [Xnym2— P < -

n+m-1
<expy > G plxa—pl<Mxa—pll,
j=n

whereM = 5 j < . Therefore,
=1

[1Xa+m = Xal| < [[Xntm — Pl + (%2 — Pl < (1+M) [xo—pl[, (32
for all p € F. Taking the infimum ovep € F in (32) we obtain
[[Xam —Xnl| < (1+M)Amd(xna|:)- (33)

Due to limh . d (%,,F) = 0, givene > 0 there exists an integél > 0 such that for alh > No we haved (xn, F) < 5.
Consequently, for all integers> Np andm > 1, from (33) we get||Xn+m — Xa|| < €, which means thafx,} is a Cauchy
sequence iiE. Since the spack is complete, lim_,. X, exists. Let lim Xy =q . Then, lim_.d (x,,F) = 0 implies
that limy_.d (q,F) = 0. F is closed, thug € F. This completes the proof.

Applying Theoren®?, we obtain a strong convergence theorem using the itersgiggence?) under the condition (B) as
follows.

Theorem 3.Let E be a real uniformly convex Banach space, K be a nonengagd convex subset of E which is also a
nonexpansive retract with retraction P. Lat: K — E (i € J) be nonselfjtasymptotically nonexpansive mappings with
sequence$uin} C [0,00) and | : K — E (i € J) be asymptotically nonexpansive nonself-mappings it} C [0, )
such that F= ﬂ F (Ti)NF (Ii) # 0. For an arbitrary % € K, let {x,} be the sequence generated (@ satisfying the

following condltlons

1) Z hn < o0, where b = max{ui, : i € 3} V max{vin :i € J};

(2) there exist constants, 7, € (0,1) such thatr; < (1—ap),(1—6n) < Tp, Vn> 1.
If {T1,T2,..., Tn} @and{ly,lz,...,In} satisfy Condition(B) then{x,} converges strongly to some=gf-.

(© 2017 BISKA Bilisim Technology


www.ntmsci.com

27 BIS K A B.Gunduz: Anew two step iterative scheme for a finite famflyanself I-asymptotically nonexpansive...

Proof.In Lemma6, we proved that

X —Ti (PT)™ 1, Xn— L (P x| =0

=0and Iim‘
n—-o0

lim ‘
n—oo

for all i € J. Thus from the condition (B), we get lim.» f (d(x,,F)) = 0. Since f is a nondecreasing function and
f(0) =0, it follows that liny,_,e d(Xn, F) = 0.
Now all the conditions of Theore@are satisfied, therefore by its conclusipa} converges strongly to a point &f

Remark. (i) Our results can be viewed generalization of result of élkbet al. ).
(i) If the error terms are added (i) and assumed to be bounded, then the results of this papéostil

(iii) Our results can be viewed extension of the result givef17,18,19,20,21,22,23].
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