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Abstract: In this study, a general analytical model called Bag of Solution (BOS) was developed to help students
understand and solve mathematical problems. The model is based on graph theory, a topic under discrete
mathematics. The types of problems to be modelled for BoS were determined by looking at densities of the
problems in the central placement examinations and exam preparation books. As a result, three types of problems
were selected; namely Mixture, Worker and Motion problems. In order to develop a common model for solution
of the three types of problems, a total of 1509 mixture, worker and movement problems were examined. After
the analysis, the problem types were taken together, and variable relations were determined, and a common
graph model was created. Since it is an algorithmic model, it allows solving problems both by paper and pencil
and computer. This study proves that different types of problems (with different scenarios, objects and object
relations) can be solved using a single model. It is expected that the BoS developed in this study will offer two
benefits. It is hoped to both provide an algorithmic basis for computer-aided instructional materials, adaptive
systems and intelligent tutoring systems to be developed for problem solving and also help students to develop a
new understanding of the problem-solving process. A common graph structure that can covers the entirety of a
problem can allow students to construct their own learning while solving the problem step by step.
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1. Introduction

Problem solving is an important skill and cognitive process that affects both social and
intellectual aspects of individuals and thus is defined by Popper (1999) as life itself
(Jonassen, 2011). For this reason, it is also at the centre of mathematical thinking and
learning in academic sense (De Corte & Masui, 2004; English & Gainsburg, 2016;
Sweller, Clark, & Kirschner, 2010). The fact that problem solving has an important place
in mathematical success moved this issue into the focus of mathematics teaching program
at many levels starting from primary education (Yavuz-Mumcu & Baki, 2017). When
examined, K-12 curricula of different countries such as Germany, France, USA, Japan and
China are seen to place emphasis on development of learners' problem-solving skills. As a
matter of fact, the National Council of Teachers of Mathematics (NCTM) standards also
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indicate the prioritized need for increased problem solving success as part of mathematics
teaching. This suggests that mathematics educators and researchers agree that problem-
solving skills of students must be enhanced and it must be a primary objective of
education (Cai, 2003).

Many studies in this scope demonstrated that although students do not have difficulty
in exercises that require knowledge of four operations (addition, subtraction,
multiplication and division), they experience difficulties in verbal problems requiring
knowledge of both operations and concepts, and they make mistakes in problems that
require more than one operation for solution (Anzelmo-Skelton, 2006; Gooding, 2009;
Singh & Lokotsch, 2005). Moreover, most studies reported that students face difficulties
in understanding the concepts involved in problems and relations among those concepts
while solving verbal problems (Ben-Hur, 2006; Chiu & Klassen, 2010; Vicente, Orrantia
& Verschaffel, 2007).

These difficulties are accounted for by factors such as students cannot receive
effective feedback in the traditional teaching environment, they can not create alternative
solutions, they can not be motivated, they learn problem solving by memorizing formulas,
and teachers cannot catch up with overcrowded classrooms (Blatchford, Bassett, &
Brown, 2011; Chingos, 2012; Cho, Glewwe & Whitler, 2012; Thomas, 2012). According
to Polya (1957), one of the most important reasons for these difficulties is the inability of
students to perceive problem solving as a gradual process.

This implies that problem solving is a process in which cognitive skills are employed
rather than a structure in which only arithmetic operations are performed. This view is
also supported by many studies on problem solving processes and strategies (Crippen &
Earl, 2007; Hoffman & Spatariu, 2008; Huang, Liu & Chang, 2012; Yen & Chen, 2008).
Taking into account the mental skills used in the problem solving process, it is seen that
this process includes understanding and bridging the information; critical, creative and
reflective thinking; and analysis and synthesis skills (Soylu & Soylu, 2006). This process
can be carried out effectively if students' problem-solving skills are improved (De Corte &
Masui, 2004).

Polya (1957) proposed a 4-step model for problem-solving skills (understand the
problem, devise a plan, carry out the plan, and look back). Polya also pointed out that
problem solving is perceived as an operation of finding the correct result only (Polya,
1957); however, it is about finding a way for overcoming a difficulty as well as an action
and conclusion that actually encompasses a broader mental process and skills.

Polya (1957) stressed that a real problem can be solved by simulating a simple
problem, and general problem solving strategies can be created in this way. Similarly,
about teaching of problem solving skills, the literature shows that it is important to study a
large number of mathematical examples and thus understand the structure of the problem
beyond merely memorizing template formulas (Sweller et al., 2010). However, relevant
studies revealed that students' verbal problem solving skills are not at the targeted level
and they are not able to adapt a strategy developed for solving a problem to new situations
(Elia, van den Hauvel-Panhuizen & Kolovou, 2009; Erdogan, 2015). In other words, even
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if students succeed in developing a strategy for a type of problem, they can hardly
generalize the strategy. This is due to the fact that students see the questions about verbal
problems as discrete and therefore can not apply the strategies they had previously taken
to solve the problem because mathematics curricula have different types of problems
using different types of objects (e.g. number, fraction, mixture, motion, age, worker, etc.).

It can be considered that the students' grasping mathematical problems analytically and
focusing on the solution independently on the scenario could contribute to development of
problem solving skills. In order to be able to test this proposal, it is first necessary to
examine in detail the types of problems handled under different scenarios and contexts
and to model solutions of the related problems. At this point, it would be useful to
examine the concepts of mathematical model and modeling.

Models and modeling perspectives on Mathematics teaching, learning, and problem
solving were discussed earlier before as an important topic (Lesh & Doerr, 2003). In that,
Mathematical modeling is the process of mathematical description of anything in real life
(Berry & Houston, 1995). Working with mathematical models contributes to development
of ideas that can be modelled for many new inventions (Skemp, 1986). In other words,
working with models can contribute to development of different ideas in different areas as
well as academic achievement. One of the most important benefits of modeling is that it
helps students also to solve non-routine problems. For example, a student who solves
problems with small numbers in a certain pattern can not solve the same type of problem
given with slightly larger numbers. In this case, the necessity of modeling comes to the
forefront (Olkun, Sahin, Akkurt, Dikkartin & Giilbagci, 2009). In the study conducted by
Olkun et al. (2009), it was found out that some of the students could improve their ability
to solve non-routine problems by experiencing the modeling process. In another survey on
students' ability to transfer what they have learned in mathematics to everyday life, it was
found out that the groups using mathematical modeling proved superior ability to transfer
mathematics to everyday life compared to test groups (Doruk & Umay, 2011). In a
comprehensive study by Celik and Giiler (2013), it was found out students cannot solve
real life problems. In order to overcome this situation, it was suggested to perform
modeling activities with students besides arithmetic operations taught in routine problems.
Similarly, Erdem, Dogan, Giirbiiz and Sahin (2017), concluded that in order to use
problem solving ability effectively in real life, firstly, modeling activities should be
included in textbooks correctly and effectively. Blum (2011) found out that students are
inclined to create a mathematical model that is unsuitable for solving the problem by
adapting the previously known numeric values to the schematics they have previously
learnt. In another study related to modeling, it was seen that the individuals who can
understand and apply the concept of modeling recorded higher points (Dede, 2017).
Relevant studies show that mathematical modeling plays a key role in improving problem-
solving skills.

Various approaches to modeling the solutions of mathematical problems are known
(Kaiser & Schwarz, 2006). One of these approaches is to use graph theory for modeling of
problem solutions. A graph is a structure defined with the help of edges that represent a
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set of points and the relationships between these points. For this reason, graph structures
can be used to model the relationships between given values and required values in
mathematical problems. All variables related to the type of problem as well as their
relationships to each other are described. Therefore, the model generated by using the
graph structure can depict possible different paths to solve the related mathematical
problem and steps of the operation to follow for each path (Nabiyev, 2012).

One of the important benefits of graph theory is that it allows algorithmic expression
of graphically constructed structures. So creating a graph specific to a type of problem
also means that its algorithm has been created in order to program that type of problem by
using a computer. Programming graphs allows transfer of the benefits gained on paper
(i.e. seeing the variables related to the type of problem, the relationships among them,
operations that can be done, different paths that can be followed for solution, and the
ability to instantaneously detect strategic errors during the operation) (Nabiyev, 2012).

In studies conducted to increase problem solving success, the applications utilizing
computer technologies besides many teaching methods also play an important role
(Hoffman & Spatariu, 2008; Huang et al., 2012; Li & Ma, 2010; Yen & Chen, 2008). In
most of the studies in which computer technologies are used, students' willingness and
enthusiasm about solving problems increased, and this encouraged them to develop
positive attitudes in this regard (Garcia-Santillan, Flores-Zambada, Escalera-Chavez,
Chong-Gonzalez & Lopez-Morales, 2012; Huang et al., 2012). In addition, it was found
out that computer technologies bear the potential of promoting mathematics learning
processes (Garcia-Santillan et al., 2012; Huang et al., 2012; Lopez-Morteo & Lopez,
2007). Most of such studies demonstrated that students' academic success increased in
relation with problem solving (Chang, Sung & Lin, 2006; Garcia-Santillan et al., 2012;
Huang et al., 2012; Li & Ma, 2010).

For this reason, a common model for solving problems is considered important in
teaching of mathematical problems with and without computer. In this way, a learning
experience can be attained where process gains importance and analytic logic is taught
through computers, and teaching based on templates through memorization of formulas
can be abandoned by helping students assess problems analytically on a common ground
and understand the logic of solution.

Departing from that, our study intends to model the general analyser (Bag of Solution
(BoS)) of motion, worker and mixture problems based on graph theory. In this framework,
answer is sought for the research questions below;

a. What are the structural characteristics of motion, worker and mixture type
problems?

b. Is it possible to combine motion, worker and mixture type problems under a
common model (BoS)?
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2. Modeling of the General Analyser (BoS)

In this study, a general analytical model called Bag of Solution (BOS) was developed
to help students understand and solve mathematical problems. The model is based on
graph theory, a topic under discrete mathematics. The model allows solving problems in
computer environment as well as by paper and pencil.

A graph is a structure defined with the help of edges that expresses a set of points
(nodes) and the relationships between these points G = (Y, E), and it can be expressed as a
set of finite Y and E elements. Here, Y elements are referred to as vertices (vertex) or
nodes. E elements are expressed as edges. Each edge in E adjoins two different nodes in
Y. Nodes are shown by circles and edges are shown by lines (Dharwadker & Pirzada,
2011). A graph structure with its edges and vertices is shown on Figure 1.

G=(Y.E)
Y={Y1.Y2,Y3,Y4,Y5}
E={e;,e,,63,€4, €5,66,67,65}
er=(YnY2)  €:=(Y2,Ya)
es=(Y2¥s)  €~(Y1,Y3)
e5=(Y3,Y4) e6=(Y1,Ys)
e7=(Y3,Ys) e5=(Y4,Ys)

Figure 1. Basic structure of graphs

As shown in Figure 1, this structure also reflects the mesh topology view of computer
network structures. As in mesh topology, multiple paths can be defined with different step
counts for access between nodes. However, each node is not necessarily directly
connected to each other. This depends on the relationships identified in the problem
handled. Thus, the graph model can work properly provided that all necessary nodes and
inter-node relationships are defined in full.

This study was carried out by focusing on the solution of motion, worker, and mixture
problems, Y and E on graph structure and the relationships between them. By using the
characteristics, variables, operations, types and object relations used in the problems, it is
possible to construct a variable-relationship-process tree, i.e. a graph structure. In the
scope of this study, the steps taken in the modeling process of the general analyser based
on graph structure for solving mathematical problems are shown in Figure 2.
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Determining Analysis of ( . 0
Problem Types to be Structural ConStrLciing
Modelled Characteristics of w the BoS
9 Y, Problem Types N J

Figure 2. Steps of Development of BoS

In order to develop the BoS and to make adjustments by testing both mathematical and
algorithmic suitability, a team of 7 experts in mathematics education (a Faculty Member,
a PhD Researcher, three PhD students and two postgraduate students), three experts in
computer education and instructional technologies (CEIT) (three faculty members), and
one expert in computer engineering worked together. First, analyses were done to
scrutinize each type of problem under headings such as General Structure, Variables and
Definitions, Basic Operations and Types. Then, the problem types were examined
together to identify variable relations so that a common graph model could be created.
The following section of the study depicts the procedures carried out in this process and
the findings step by step.

2.1. Step 1. Determining Problem Types to be Modelled

Prior to constructing the BoS, the types of problems to be analyzed were determined.
At first, the topics related to mathematical problems in the curricula of many countries
were examined. Next, mathematics course books, test books and the questions from the
central examinations made in previous years were determined from different countries
(Turkey, Germany, Azerbaijan, the UK, and Russia) to select the topics to be included in
the study.

In selection of questions for analysing the problem types, a similar path was also
followed. Various textbooks, previously asked questions in central exams, and books used
extensively were examined. The number of problems analysed for each type of problem
and the total number of problems are shown in Table 1.

Table 1. Numbers of Problems Analysed by Type of Problem

Mixture Worker Motion Total

538 493 478 1509
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In this framework, also considering their respective weights in national measurement
and placement tests and curriculum; it was decided to study Mixture, Worker and Motion
problems following expert opinions.

2.2. Step 2. Analysis of Structural Characteristics of Types of Problem

In order to use the graph structure for problem solving, it is necessary to first analyse
the problems to reveal their characteristics and basic characteristics in detail. For proper
functioning of the BoS, all possible variables for each type of problem (mixture, worker,
motion) need identifying and the relationships need uncovering.

2.2.1. Analysis of Mixture Problems

Mixture problems are a type of problem in which mixture of solid and liquid
substances with each other and the changes occuring thereafter are examined in relation
with different indicators.

Overall structure

In the analysis conducted for this type of problem, problem clusters were formed by
classifying the problems in the test books of similar structures. The criterion used for
clustering such problems is the number of substances added to the mixture. A total of 538
mixture problems were analysed by mathematics education experts and classified into five
types as follows: (1) One-substance mixture, (2) Two or more substance mixtures with
given concentration, (3) Adding pure substance, (4) Water evaporation, (5) Subtracting
and substituting a substance. Also sub-problem types were identified for each of the
categories above. For example; under the heading "adding pure substance", there were
found four sub-groups as adding water, adding other substances, adding water and other
substances concurrently, and adding water and other substances gradually. Apart from
that, the variables necessary for solution of the problems were found as the quantity, unit
(or, kg, liter, ratio), and percentage of the materials used in the mixture and the mixture
itself.

Variables and definitions

In the analysis of mixture problems; it was investigated which substances should be
mixed and what characteristics of the mixture are needed in a possible problem. Those
characteristics were found as the substance and mixture quantity (m), substance and
mixture unit (gram, kg, It, ratio), substance and mixture percentage (% n). The
information such as percentage, quantity and ratio in Table 2 increases depending on the
number of the mixture used in a problem. The expressions and explanations of the
characteristics used in this way are shown in Table 2.
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Table 2. Variables in the Mixture and Characteristics

Variable Definition Variable Definition
n Percentage of the mixture Mxkr The mass of the mixture in the latter
case
nr Percentage of the latter Mwmr Total mass of the substances whose
mixture percentage 1s given in the latter
mixture
mg Mass of the mixture R Ratio of total masses of the mixtures

Mass of the substance
whose percentage is given
in the mixture

Mm

Ratio of the masses of the

substances in the mixture

The variables in Table 2 are the basic variables that reflect the information needed
when mixture problems are prepared, and they are numbered according to the number of

mixtures used in the problem.

Basic operations and types

In addition to the number of mixtures used in the problem, the operations performed
with the mixtures also determine the nature of the problem. The operations performed in
mixture problems are basically as follows; combining the mixtures in a separate container,
emptying part of the mixture, and evaporating.

The information provided allows creating different groupings and sub-problem types
but also preparing the following types of problems under overall mixture problems;

1. Preparing mixture using pure substances (solid-solid, solid-liquid, liquid-liquid),
2. Addition of pure substances in a mixture (solid-solid, solid-liquid, liquid-liquid)

into the mixture

3. Addition of a mixture to into another mixture.

An exemplary problem of two-substance mixture along with traditional solution steps

are demonstrated in Figure 3.
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Example -1:

Two-Substance Mixture Problem: 25 kg of a salt-water mixture having a salt content of 16% and 15 kg of a
salt-water mixture having a salt content of 40% is mixed. What percentage of the salt content of the new mix-
ture is?

Known: Unknown:
n,, =% 16 (The percentage of salt in first mixture) n,, = ? (The percentage of salt in latter mixture)
m_ =25kg (The mass of first mixture) it 6 sali
n,, = % 40 (The percentage of salt in second mixture) 25'kg-of salt-water 15%kg-of salt-water
m =15 kg (The mass of second mixture)
p=0
Solution: i
/nlamml n2amm2 %25+%15
n_= + .100= -100= 25
i L m, m, j 25+15

Figure 3. Traditional solution steps of a sample two-substance mixture problem

In the problem given in Example 1, ny, stands for the percentage of the first substance
in first container and mg; stands for the total mass in this container. In second container, n
and my variables are known values in the problem. Although the number of containers
increases, and the procedures performed vary (evaporation, addition, etc.), the three
variables that basically make up mixture problems remain as n (percent of the substance in
the mixture), my, and m,,. If two of these three variables are given, the other variable can
be found. Additionally, it may be necessary to use equations and proportions depending
on the nature of the problem.

Analysis of Worker Problems

Worker problems are a kind of problem in which the parameters included in the
process of completion of a work by individuals collectively or individually are examined
in relation with different indicators. In order to model worker problems, a comprehensive
analysis was first performed on example questions.

Overall structure

During the analysis, the problems with similar structure in course materials and test
books were clustered. So, worker problems were grouped according to the number of
workers in the problem. The data necessary for solution of worker problems were found
as the time of completion of the work in both cases including individual work or
cooperation, or the part of work completed after a certain period of time.
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Variables and definitions

As a result of the analysis, the variables used in worker problems were identified. The
variables are given along with definitions in Table 3.

Table 3. Variables of Worker Problems and Definitions

Variable Definition Variable Definition
W The exact ratio of a work = 1 Wu The rate of work completed in unit
amount of time
Wr Ratio  of total  work Wi Rate of work completed within t
completed period of time
Wr Ratio of remaining work t Period (Time)

Basic operations and types

In general, following common operations were elicited from that kind of problems: the
amount of work completed in a given time period if the amount of time taken by a worker
to complete a certain amount of work is known; the amount of work completed by two or
more workers working together or individually for a certain period of time; working of
workers in varying amounts of times; workers quitting or participating in the work; and
working of workers at different velocities.

The information provided allows creating different groupings and sub-problem types
but also preparing the following types of problems under overall worker problems;

1. Finding the completion period of work by cooperating workers with given
information such as time taken by individual workers to finish the work,

2. Finding the completion period of work as a result of working in different periods of
time,

3. The amount of work completed by workers by the end of certain periods of time,

4. The completion period of work in case of quitting or participating of workers.

5. Figure 4 depicts the traditional solution of a problem with two workers working for
the same amount of time.

Example-2:

Problem With Two Workers: One worker can finish a job in 4 days, and the other worker
can finish the same job in 12 days. How many days do two workers finish this job by working

together?
Known: Unknown:
Wyt =4 - t=2?
Wy =12
Wr=1
Solution:
1 1 1 .
(—+—).t:WT —>(=+—)t=1—>t=3days
W, - 4 12

Figure 4. Traditional solution of a problem with two workers
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In the problem given in Example 2, W1 stands for the completion time of a certain
amount of work by the first worker, and W2 stands for the completion time of a certain
amount of work by the second worker. If the number of workers increases and the types of
transactions performed vary (making a certain part of the work, leaving after a certain
period of time, etc.), there are three variables Wy, W+ and t. If these three variables are
given, the third unknown variable can be found. However, equations and ratios may need
to be used depending on the nature of the problem. Although the number of workers
increases, and the procedures performed vary (completing a certain of the work, quitting
the work after a certain period of time, etc.), the three variables that basically make up
worker problems remain as Wy, W+, and t. Additionally, it may be necessary to use
equations and proportions depending on the nature of the problem.

Analysis of Motion Problems

Motion problems are a type of problem in which the parameters involved in passing a
certain distance with a vehicle are examined in relation with different indicators.

Overall structure

In the analysis conducted for this type of problem, the problems with similar structure
in course materials and test books were clustered. So, motion problems were grouped
according to the number of vehicles in the problem. The parameters needed for solution of
the problems were found as the velocity of the vehicle(s), the total distance to be taken,
and the time the vehicle(s) keep in motion. In general, following common operations were
elicited from that kind of problems: taking of a distance by a vehicle at a certain velocity
in a certain time; moving of two vehicles with a certain distance between them towards
each other; and moving of two vehicles with a certain distance between them towards the
same direction.

Variables and definitions

The variables used in motion problems and corresponding definitions are given in
Table 4.

Table 4. Variables in Motion Problems and Definitions

Variable Definition
X Distance
\V/ Velocity

t Time

In general, the formula "Distance = Velocity x Time" is used in motion problems. The
variables in Table 4 refer to the distance taken by the vehicle(s), the velocity of the
vehicle(s), and travel times of the vehicle(s). Regardless of the structure of the problem, a
motion problem can be established if both of these three variables are given because other
variables like the number of vehicles, the geometric shape of the road and so on do not
play a key role in solving motion problems.
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Basic operations and types

The principal variable in making motion problems is the number of vehicles. As long
as the number of vehicles is determined, motion problems can be prepared on the basis of
the variables such as distance to be taken by the vehicle(s), velocities of the vehicle(s),
and duration of movement by the vehicle(s).

The information provided allows creating different groupings and sub-problem types
but also preparing the following types of problems under overall motion problems;

1. Single-vehicle problems for finding the third variable when any two of velocity,
distance and time variables are given,

2. Finding the time of meeting or catching up of two vehicles when they are in
motion in the same or opposite directions,

3. Finding the average velocity.

Figure 5 depicts the traditional solution of a problem with two vehicles.

Example 3:

Problem With Two Vehicles: A vehicle is moving at 60 km from city A. If after 2 hours
another vehicle moves at 70 km from city A, what is the distance between them after 5

hours?

Known: Unknown:
V=60 km/sa © Xe=?
V>=70 km/sa
t1=5
t=3 km/h

km/h
Solution: 60.5 =300km

70.3=210km
300 -210=90km
Figure 5. Traditional solution steps of a problem with two vehicles

In the problem given in Example 3, V; denotes the velocity of the first vehicle and t;
denotes the time that the first vehicle travels. In the second container, variables V
(velocity) and t (time) have a value of 2. Although the number of vehicles increases, and
the procedures performed vary (stopping, returning, rotational movement, etc.), the three
variables that basically make up motion problems remain as V (velocity), t; (first time),
and X (distance). If two of these 3 variables are given, the other variable can be found.
Additionally, it may be necessary to use equations and proportions depending on the
nature of the problem.

2.3. Step 3. Constructing the Common Model (BoS) for Types of Problem

The data obtained from the analysis of the mixture, worker and motion problems were
analyzed so as to achieve a common model seeking answer for the question. “Is it possible
to combine motion, worker and mixture type problems under a common model (BoS)?”
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With cooperation of three faculty members specialising in computer and instructional
technologies and one faculty member specialising in computer engineering a total of 1509
questions were covered for the three types of problems handled in the study and a
common model was developed to solve various mixture, worker and motion problems.
The common graph model helps find solutions for the variables that make up mixture,
worker and motion problems, and various combinations of these variables.

As a result of the analysis on characteristics of mixture, worker and motion problems
and solutions performed accordingly, it was understood that problem contents are
prepared based on calculation of an unknown (needed) variable by known variables, the
graph structure is expanded according to the number of variables, and it is possible to
solve problems by using a similar structure. It suggests that although the objects and
scenario given in a particular type of problem vary, solution can be achieved through
similar graph models. The basic variables used in mixture, worker and motion problems
are shown comparatively in Table 5.

Table 5. Variables used in graph model and definitions

Problem Type Variables
Mp, Mg nrR
Mixture Substance Mass Mixture Mass Substance
Percentage
Wu T W
Worker Working capacity ~ Time Work ratio
. \/ T X
Motion Velocity Time Distance

It is seen that the problem types have basically three variables and derivatives of these
three variables are used in problems. The basic triple variables, symbols and
representative graph nodes for the types of problems handled in this study are shown in
Table 6.

The basic triple graph structure using the symbols and operation nodes in Table 6 can
form the basis for solving mathematical problems. In order to elaborate this proposal, it is
necessary to examine a sample problem solution and depiction of the basic triple structure.
Figure 6 shows the graph model developed for an example problem solution.
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Table 6. Symbols used in graph model and descriptions

Status of Node
Type Basic Triple Variables Symbol

Known Unknown  Parametric

Substance mass My

O

Mixture Substance percentage n

Total mass of the mixture mg

Ratio of total work
completed

The rate of work completed

COO0O00
CeeC00000
OO000 O

Worker ; :
in unit amount of time
Time t
Distance X
Motion Velocity v

Operation node can get +, -, ¥, / values and it is shown aso.

» Example-4 (Mixture Problem): How many liters of alcohol is there in 120 liters of
alcohol-water mixture with 30% alcohol content?

» Example-5 (Worker Problem): Taylan can do a job in 12 hours, so how much of the job
can he do in 4 hours?

» Example-6 (Motion Problem): How many kilometers does a car travel in 5 hours when
it travels at 90 km/h?

Example-4 Example-5 Example-6
(Mixture Problem) (Worker Problem) (Motion Problem)
M1 =7 Wt =? X=?
n;,;= 30/100 my,=120gr W,=1/12 t=4h V=90km/h t=5h

Figure 6. Example of the basic triple graph structure
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Figure 6 shows how to solve three basic types of problems by using the basic triple
graph structure containing the main nodes (variables). For example; known values in the
mixture problem are the substance ratio and the quantity of mixture. The unknown value
is the quantity of alcohol. In the case of the motion and worker problems at the same
difficulty level, the known and unknown values are different from the first type.
Nevertheless, all the three graph structures are identical except for variable names. The
basic graph structure can be expanded to comply with complexity of the content of the
mathematical problems (scenario) and number of known variables and parameters.

3. Running of BoS in Problem Solving Teaching

In this study, it is described how to use the BoS, the common solution model based on
mixture, worker and motion problems, in the context of mathematical problem solving
teaching (as seen in Figure 7).

Figure 7. BoS Model

To illustrate appropriateness of the BoS for such a teaching, it would be useful to
examine how Graph structures work according to the types of problems.

The solution of the traditionally solved two-substance mixture problem with its
modeled graph structure is shown step by step in Figure 8. According to the graph model
in Figure 8, once the values given in the problem are placed into the relevant nodes, the
solution can be reached by following the numbered steps of operation in correct order.
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Mt 100 -, 9%.100:%25

5. KT

Figure 8. Graph model and solution steps for an example two-substance mixture problem

In the example problem; after the given data (percentage of salt in container 1
(nla) = 16%, amount of mixture in container 1 (mml) = 25 kg, percentage of salt in
container 2 (n2a) = 40%, amount of mixture in container 2 (mm2) = 15 kg) are placed on
the graph, pre-determined arithmetic operations are realized in the direction of arrow by
going from what is known towards unknown. Every new node value found is checked
against the basic triple graph model again to continue finding what is unknown. The
procedure is continued till finding what is needed in the problem (salt ratio of the resulting
mixture (nTa) =?). Also possible different solution paths can be discovered by using the
relationships between the nodes on the graph.

The 3-dimension basic graph model is also used to for solving worker problems,
which have the same structure as mixture problems. The solution and graph model of a
two-worker problem with its traditional solution steps is showed in Example-8. The
traditional solution steps of the two-substance mixture problem, indicated in Figure 8, are
showed with its grafh structure in Figure 9.
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Figure 9. Graph model and solution steps for an example worker problem with two
workers

In Example-8, once the given values are located into the relevant nodes on the graph,
the solution can be reached by following the numbered steps of operation in correct order.

As in mixture and worker problems, in motion problems, too, the relationship between
the three variables from the unknown towards the known is modeled by the same basic
triple graph model. Figure 5 shows the traditional solution steps of a problem with two
vehicles, while solution steps through the graph structure are displayed in Figure 10.

X
Solution steps:

. . V., =X, —>60.5=300km

: X 2. V,.t, =X, —>70.3=210km
5. X, —X, =X, —> 300210 = 90km

X
V=60 =5 V,=70 t2=3

Figure 10. Graph model and solution steps of a motion problem with two vehicles

In the example above; first, the values given are placed in the related nodes on the
graph model. Then, the problem is solved by following the steps of operation in the
direction from known to unknown.
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The intention of this research is not to explore effects of BoS on students' problem
solving and algorithmic thinking skills or on academic achievement. It describes the
analyses performed for developing the BoS model and the model itself. The results are
given bearing this in mind.

4, Discussion and Conclusion

Problem solving is of importance for both mathematics learning and cognitive skills
(Schoenfeld, 2017; Sweller et al., 2010). When curricula for K-12 level are examined,
topics related to mathematical problems are seen to take place directly in mathematics
teaching curriculum in some countries (e.g. Turkey, Azerbaijan, the UK, and Germany),
while they take place indirectly in some other countries' curricula (e.g. Japan, Russia, the
USA). The importance of mathematical problem solving in terms of mathematics teaching
curricula, has led to an increase in the tendency towards this topic and frequent works on
this issue (Kilpatrick, 2013).

The review of literature indicates samples about the problem solving process and
difficulties faced in this process. However, it is noticed that there are a limited number of
studies on solving the difficulties encountered in problem solving, and majority of them
are comprised of studies carried out on computer science. Students often try to match the
data in the problem with the corresponding formula and can not solve the problem if they
can not match the formula. Since an appropriate formula is not available for every single
situation encountered in everyday life, it is of great importance to teach students problem-
solving logic so that they can produce their own solution paths (Baki, 2008).

At this point, the need for pedagogical use of advanced information and
communication technologies rises in the context of problem solving. Actually, it is
emphasized in many countries' curricula that timely and effective use of information and
communication technologies is important (Beqiri & Tahiri, 2014), and learners can
actively use the software provided for them, construct their mathematical knowledge in
accordance with the constructivist approach adopted by the program, resulting in
increased success in problem solving (Huang et al., 2012). In this respect, it could be
argued that the BoS developed in this research may pose an important infrastructure for
probable systems to be developed regarding the problem solving process in the future.

While using computers with an eye to improve problem solving success; first, the
problems to be presented to students are analysed to ensure that students deal with
problems of different characteristics and to improve their skills to solve those problems
(Agqda, Hamidi, & Rahimi, 2011; Chang et al., 2006; Jacobse & Harskamp, 2009). To
accomplish this, there is a need for software that can support students in the solution
process by providing meaningful feedback for the solution done by learners (Arnau,
Avrevalillo-Herraez, Puig & Gonzalez-Calero, 2013; Chen, Mdyunus, Ali & Bakar, 2008).
This support, in operational sense, takes place in the form of allowing students to
distinguish the given and needed data in the problem, to establish the equation needed for
solution, to apply the solution steps, to recognize their mistakes and correct actions, and to
try and see different solution paths (Hwang & Wu, 2012; Mohamedi, Bensebaa &
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Trigano, 2012). The support provided for learners is quite important in not only
operational but also cognitive and motivational senses. The software to be created should
increase motivation of learners through feedback (Garcia-Santillan et al., 2012; Lopez-
Morteo & Lopez, 2007). Such software should be developed in a way not to impose extra
cognitive load on learners and confuse them, not to prevent them from focusing on the
application, or not to cause them to make more effort to understand the topic (Chen et al.,
2008; Jeremic, Jovanovic & Gasevic, 2012). Programmable and practical qualities of such
software have to do with how to model problems with such software as much as the
context selected for that. It is not easy for the computer to cover all or most of the
problems possible in one context since it cannot think or make decisions like human
beings. As a matter of fact, this situation is closely related to the possible sentence
structures and the types of problems available in the curriculum (Allahverdi, 2002; Oz &
Baykog, 2004; Rich, 1983). Thus, it is necessary to develop a model capable of covering
all relevant problem types by following a systematic process.

It is known that mathematical modeling becomes increasingly important both in daily
life and academic context (English & Gainsburg, 2016). It is stated that students who
understand the concept of mathematical modeling and how it can be used are more
successful in solving non-routine problems and real life problems (Dede, 2017; Doruk &
Umay, 2011). Previous research shows that while students are able to learn how to solve a
simple routine problem and transfer it to similar problems, they face difficulties in solving
problems with higher level of difficulty or non-routine real life problems (Blum, 2011,
Xin, Lin, Zhang & Yan, 2007). In present study, three different types of mathematical
problems were investigated based on the graph structure and a general analytical model
was developed. Therefore, it is thought to prove that different types of problems (different
scenarios, objects and relations between objects) can be solved by using a single model.

The study is a theoretical research on Mathematical problem solving. The BoS as a
general analytical model contributes to our understanding of problem solving teaching and
provides opportunity to solve different types of problems using a single model. It is
expected that the BoS, which is the outcome of this study, will not only provide an
algorithmic basis for developing computer-aided instructional materials, adaptive systems
and intelligent instructional systems in relation to problem solving but also help students
develop a new understanding of the problem-solving process. A common graph structure
that can cover the entirety of a specific type of problem can allow students to construct
their own learning while they are solving the problem step by step. Consequently, it could
be possible to achieve a learning experience in which the process gains importance and
the logic of analysis is taught through computers replacing template-based teaching which
requires memorization of already-known formulas for finding the result only.

The literature provides only a very limited number of studies conducted to analyze
mathematical problems using graph structure. In his study, Smithers (2005) focused on
teaching of graph theory to junior high school students as a part of mathematics education.
As a result of the study, he stated that graph theory in mathematical modeling can be used
effectively. In such a research study, Siimersan-Seyhanli (2007) has focused on the use of
graph theory by the teacher in teaching probability subject. In this study, the teacher has
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benefited from the visual representation of probability problems (representation of all the
possibilities in the tree structure) in order that students could better understand the
problems. In this way, students have been able to find easily the solution identifying the
known and the unknown data in the problems. Students who worked the subject of
probability with graph theory have outperformed than those who processed traditionally.
In a study conducted by Eriimit, Karal and Nabiyev (2012), a computerized solution
model based on graph structure was developed for non-parametric motion problems. In
above mentioned study, 250 motion problems were analyzed with the solution model
based on the graph structure developed. The studies in question reveal that only one single
type of problem can be modeled but a common graph structure is not established for
mathematical problems involving different types and scenarios. Hence, the BoS general
analysing model obtained in our study is thought to be significant as it shows that the
solutions of mathematical problems can be modeled by a common structure.

As a result, an important implication regarding the authentic quality of this study is
that a systematic approach to modeling solution of different types of mathematical
problems was followed yielding the BoS with an interdisciplinary point of view. In this
regard, effective use of graph theory, which is extensively used in computer sciences area,
in the pedagogical context and the steps of model development can shed light on the
theoretical and practical aspects of future works. Moreover, it can be said that the
resulting BoS model can be used as an important input for teaching systems and online
learning environments oriented to problem solving.

5. Limitations and Suggestions

As the BoS is employed for problem-solving teaching, it is suggested to teach that
different types of problems for which separate formulas are provided and are structurally
the same indeed. This can be inferred from a structure in which students try to solve
problems by learning by heart the formulas that fit only with certain patterns. Instead of
contemplating and memorizing the structure of problems, students can learn how to solve
them step by step algorithmically. Replacing the formulas traditionally given as a means
of expressing the structure of problem types in mathematics curricula with BoS can also
lead to changes in the problem-solving instruction in schools.

The study developed a common model for solution of only three types of problems
namely Mixture, Worker and Motion. In future studies, the scope of the general analytical
model based on the graph structure can be expanded by taking into consideration other
types of mathematical problems. Also faculty members of mathematics education can be
asked for their views about our model to make inferences on how to employ it in the real
learning environment. Furthermore, adaptive intelligent teaching systems can be
developed for solving mathematical problems based on the existing general analytical
model, and mathematical problem solving experiences of students during the learning
process can be monitored and reported. Last but not the least, once the general analytical
model based on the graph structure is put into use as a part of face-to-face teaching
process, further studies could be carried out to improve problem-solving skills of students.
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