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COEFFICIENT BOUNDS FOR A CERTAIN SUBCLASS OF
ANALYTIC AND BI-UNIVALENT FUNCTIONS

NIZAMI MUSTAFA AND VEYSEL NEZIR

ABSTRACT. In this paper, we introduce and investigate a new subclass of the a-
nalytic and bi-univalent functions in the open unit disk in the complex plane.
For the functions belonging to this class, we obtain estimates on the first
three coefficients in their Taylor-Maclaurin series expansion. Some interesting
corollaries and applications of the results obtained here are also discussed.

1. INTRODUCTION AND PRELIMINARIES

Let A denote the class of all complex-valued analytic functions in the open unit
disk U = {z € C: |z| < 1} in the complex plane of the form

f(z):z+a2z2+agz3+-~-=z+Zanz", zel. (1.1)
n=2
Furthermore, by S we shall denote the class of all functions in A which are
univalent in U. Some of the important and well-investigated subclasses of S include
the class S*(«) of starlike functions of order « and the class C'(«) of convex functions
of order a (a € [0,1)).
By definition
()

S*(a)z{féS:Re(Jc(z)>>a,z€U}7a€[0,1)

C(a)—{feS:Re(1+Zj:;(z§)> >a,z€U}, ael01).

The above mentioned function classes have been recently investigated rather
extensively in [I0, 20, 26], 29] and the references therein.

It is well-known that every function f € S has an inverse f !, defined by
JUSE) = 2 2 € U and f(f 7 w) = w, w € D = {weC:uw| <no(f)},
ro(f) > 1/4 where f~!(w) = w—asw?+ (2a3 — a3) w®— (5a3 — Bagas + ag) w+---.

and
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An analytic function f is subordinate to an analytic function ¢, written f(z) <
¢(z), provided there is an analytic function u : U — U with u(0) = 0 and |u(z)| < 1
satisfying f(z) = & (u(z)) (see, for example, [14]).

Ma and Minda [12] unified various subclasses of starlike and convex functions

Zﬁg) orl+ Z}{;;S) is subordinate to a more super-
ordinate function. For this purpose, they considered an analytic function ¢ with
positive real part in U, with ¢(0) = 1, ¢'(0) > 0 and ¢ maps U onto a region
starlike with respect to 1 and symmetric with respect to the real axis. The class of
Ma-Minda starlike and Ma-Minda convex functions consists of functions f € A sat-
isfying the subordination z;ég) < ¢(z) and 1+ Z}:,/;(S) =< ¢(z), respectively. These
classes denoted, respectively, by S* (¢) and C (¢).

An analytic function f € S is said to be bi- starlike of Ma-Minda type or bi-
convex of Ma-Minda type if both f and f~! are, respectively, Ma-Minda starlike
or Ma-Minda convex functions. These classes are denoted, respectively, by S5 (¢)
and Cy; (¢) . In the sequel, it is assumed that ¢ is an analytic function with positive
real part in U, satisfying ¢(0) = 1, ¢'(0) > 0 and ¢ (U) is starlike with respect to 1
and symmetric with respect to the real axis. Such a function has a series expansion
of the following form:

for which either of the quantity

¢(2) =1+ bz +boz® +b32” + -+, by > 0. (1.2)

A function f € A is said to be bi-univalent in U if both f and f~! are univalent.
Let ¥ denote the class of bi-univalent functions in U given by (1.1J).
Examples of functions in the class ¥ are

z 1 1+ 2
, In , In .
1—=2 1—=2 1—=2

However, the familiar Koebe function is not a member of . Other common
examples of functions in A such as

2 1— 22
are also not members of X.

Earlier, Brannan and Taha [3] introduced certain subclasses of bi-univalent func-
tion class ¥, namely bi-starlike function of order o denoted S5 (o) and bi-convex
function of order o denoted Cx () corresponding to the function classes S* () and
C(«), respectively. Thus, following Brannan and Taha [3], a function f € ¥ is
in the classes S5 (a) and Cx(«), respectively, if each of the following conditions is
satisfied:

Re (i{i?) >a,z €U, Re (’Zg/(w)> >a,weD
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and

! /
Re <1 + 2 (Z)> >a,z€ U, Re (1 + 9 (w)) >a,w € D.
f(2) g(w)

For each of the function classes S5 (o) and Cx (), they found non-sharp estimates
on the first two Taylor-Maclaurin coefficients |as| and |as|.

Lewin [I] investigated bi-univalent function class ¥ and showed that |as| < 1.51.
Subsequently, Brannan and Clunie [2] conjectured that |ag| < v/2.

For a brief history and interesting examples of functions which are in the class X,
together with various other properties of this bi-univalent function class, one can
refer the work of Srivastava et al. [22] and references therein. In [22], Srivastava
et al. reviewed the study of coefficient problems for bi-univalent functions. Also,
various subclasses of bi-univalent function class were introduced and non-sharp
estimates on the first two coefficients in the Taylor-Maclaurin series expansion
were found in several recent investigations (see, for example, [I} [4, [5, [6, [7, [8] @9, [13]
15, 19, 211, 23, 24, 25, 27, 28]. Recently, Orhan et al. [I7] reviewed the study of
coefficient problems for the subclass NPg’/\ (8, h) of bi-univalent functions.

However, the problem to find the coefficient bounds on |a,|, n = 3,4, ... for
functions f € ¥ is presumably still an open problem (see, for example [2, 111 [16]).

Inspired by the aforementioned works, we define a subclass of 3 as follows.

Definition 1.1. A function f € ¥ given by ([1.1)) is said to be in the class My, (¢, 8),
B > 0, where ¢ is an analytic function given by (1.2)), if the following conditions

are satisfied:
(Y (1 2™ <o, e
( q"

(zggwu))))ﬁ <1 N zg/(i}z;))lﬁ e D,
where g = f~1.

Remark 1.2. Taking 8 = 1, we have My (¢,1) = S& (¢); that is,

Z}C(S) < ¢(2),z €U and zg(g’)’) < ¢(w),w € D
if and only if f € S% (¢), where g = f~1.
Remark 1.3. Taking § = 0, we have My, (¢,0) = Cx, (¢); that is,

1+ ij(g) < ¢(2),z€ U and 1+Z§(g§> < ¢(w),w € D if and only if f € Cs; (),
where g = f1.
Remark 1.4. These classes S5 (¢) and Cx, (¢) were investigated by Ma and Minda
[12].

The object of this paper is to introduce a new subclass My, (¢, 8) of the function
class ¥ that is wider (respect to ) to the subclasses examined so far and to find
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estimates on the first three Taylor-Maclaurin coefficients |as], |ag| and |ay| for the
functions in this class.

To prove our main results, we have to recall the following well-known Lemma
[18].

Lemma 1.5. Let P be the class of all analytic functions p(z) of the form

p(z) =14+prz+p2®+--- =1+ anz",
n=1

satisfying Re (p(z)) > 0,z € U and p(0) = 1. Then,
2p> =i + (4 - pi) =,
dps = pi +2 (4= pf) pro — (4 - pi) pra® + 2 (4 - ) (1 - IxIQ) 2,

for some x, z with || <1, |2| <1 and p; €0,2].

2. COEFFICIENT BOUNDS FOR THE FUNCTION CLASS My (¢, 3)

In this section, we will try to find the estimates on the coefficients |as|, |as| and
|ay| for the functions in the class My (4, ).

Theorem 2.1. Let the function f(z) given by (1.1) be in the class Ms (¢,8), B €
[0, 1], where ¢ is an analytic function given by (1.2). Then,

if b1§2(2_76)2

b2
b1 —=7, 3-28)°
|ag| < Jagl < 79 -2
J— . _/6
2-5 stz i b > 5y,

and
Bl (B)—6(2=B)" A +6(2—8)"[2bb—bi| 4
18(2— B)° (4 — 3B) "3(4-30)

|ag| < min

where ¢ () = 5% — 38% — 466 4 60 > 0 and A = A (by, by, bg) = by — 2by + bs.

Proof. Let f € Mx (¢,8), B € ]0,1], where ¢ is an analytic function given by (1.2))
and g = f~!'. Then, there are analytic functions v : U — U, v : D — D with
u(0) = 0 =v(0), |u(z)| <1, |v(w)| <1 and satisfying

’ /[3 " 1_6
2f'(2) z2f"(2) _
(:5) (12 7 ~ o)
wg' (w) wg” (w) \* " _
and ( pTe) ) (1+ Faem) ) = ¢ (v(w)).
Let us define the functions p(z) and g(w) by

p(z) = ?_rzgg = 1+ZZO:1 pn2", z € U and q(w) = }fzgig = 1+Zzo:1 g™, w € D.

It follows that

(2.1)
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2)—1 1 i i
u(z) = B 1 . 2{p1z+[pz—g}z +{p3—p1pz+i} 3+-~~}

v(w):q()i_1 ;{thw-*-[ q21]w_|_[3—q1q2+4ﬂ 3.;_...}.

Q( )+1

Using ([2.2) and ( in , we can easily write

6 () = 1+ st [ (po— ) + Loupt] 2
+ [7 (ps—p1p2+£)+b2%(p2 §)+@]Zs+m
and
¢ (v(w)) =1+ b““w + [l’l (q2 — 7) + b2‘h}
T {7 (QS —qQ1q2 + 73) + 2o (q2 — j) + b3q1} W
Also, using and in and equating the coefficients, we get

(Q_ﬂ)GQZbl%v

bl p% 2
2(3—-28)az + = (ﬂ +53 —8) a3 5 (=5 )+ Jbopl,

3(4—3B)as+ (4/3 + 116 - 18) asaz — g (B° +215” + 208 — 48) o}
(P3 —pip2 + ) + ”22?’1 (p2 ”;) + bori

and

— @2 Bay =1

2(3-28)as+ - (ﬁ—116+16 = ( )+ Zbag?,

2
—3(4—3B)as + (487 — 348 + 42) asas + & (B° 276 + 1583 — 192) a3
02

= bl <q3 — 142 + pl) + b2¢Z1 + b38(11

From (2.6) and (2.9), we have

b1p1 —biqx
a2 = =

2(2-8) 202-p5)

which is equivalent to
P11 = —q1.

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

By subtracting from (2.7)) to (2.10) and considering (2.12) and (2.13)), we can easily

obtain
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b2 2 b _
ay= P 1P ) (2.14)
42-p8)7 8(3-28)
On the other hand, subtracting (2.11) from (2.8) and considering (2.12]) and
(2.14), we get

_ bipte(B) 5b7p1(p2—g2)  bi(ps—gs)
U= 10 (i aE) T - 5)(5-29) T 1201-30) (2.15)
+(52—51)P1(p2+Q2) __pIA )
12(4—30) 24(4—35)°
where ¢ (8) = 8% — 36% — 468 + 60 > 0 and A=A (b1, by, b3) = by — 2by + bs.
Since p1 = —qi, according to Lemma [T.5] we write
4 —p? 4 —p?
P2=q2= 1($—y)7P2+Q2=P%+Tl($+y) (2.16)

and

3 d4—p2 d—p?
po—as =4+ 20 (@ gy - 2O (224 g2) (2.17)
+47% Kl - |$|2> z— (1 - |y|2) w} .
for some z,y,z,w with |z|] < 1, |Jy| < 1,]z] < 1,|w| < 1. In this case, since

p1 € [0,2], we may assume without any restriction that ¢ € [0, 2], where ¢t = |p;|.
Hence, we find from (2.12)) that

by
2-4"
Substituting the first expression (2.16) in (2.14)), we obtain
0y — bipi b1 (4 —pi)
12—  16(3-25)

Applying triangle inequality on the last equation and taking & = |z|,n = |y|, we
have

las] <

(x—y).

las| < c1(t) + c2(t) (€ + 1), (2.18)
where
bR b (4—1?)
Cl(t) = 74(2_/8)2 > 0, C2(t) = 716(3—26) ZO,tE [0,2]

Let us define the function F : R? — R as follows:

F(&m,t) = c1(t) +c2(t) (E+m), (&n) €, t€]0,2], (2.19)

where Q = {(¢,7) : £, € [0,1]}.
From (2.18) and (2.19), we can write
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las| < min {max {F (,n,t) : (§,n) € N} :t €]0,2]}. (2.20)

We can easily show that

max {F (§,m,t) : (§,m) € Q} = F(1,1,t) = c1(t) + 2¢2(t), t € [0,2]. (2.21)

Now, let us define the function H : R — R as follows:

H(t) = 1 (t) + 2e2(t), t € ]0,2].

Substituting the value of ¢1(t) and c¢3(¢) in the above function, we have

o bl A(/B,bl) 2
H(t) = TEET) +8(3725) (276)#’ (2.22)

where A(B,b1) = 2(3 — 28)b7 — (2 — 3)2by.
Differentiating both sides of , we get

A(Bv bl)
(3-26)(2-p)’

It is clear that H'(t) < 0if 0 < b < 2((23%@;); that is, H(t) is a decreasing

H'(t) = -

function. Therefore,

b2
min{H(t): t€[0,2]} = H?2) = ——. (2.23)
(2-8)°
Let b; > 2((23%52);), then H'(t) > 0, so H(¢) is a strictly increasing function.
Therefore,
b1
in{H(t): t€0,2]} =H(0) = ————. 2.24
min (H(1) : 1€ (0.2} = H(0) = 525 (2.21)
Consequently, from (2.21)-(2.24)) and (2.20]), we have
b} ~ (2-p)°
) <{ @ TS sy (2.25)
@z 10> a5

Substituting the expressions (2.16)) and (2.17)) in (2.15)), we obtain

by (4—p? 2 2 b1 (4—p%)p
a = 35 L(l_m )= = (1= 1al”) w] ~ S (02 +02)
b2 (4—p3 )p1 567 (4—p3 )p1
n bie(8)—6(2—8)°A+6(2—B)%(2b2—b1) 3
144(2—B)%(4-36) L

Applying triangle inequality on the last equation, we have
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las| < di (8) (€ +0%) +da (t) (E+7) +ds (2), (2.26)
where
b (4-1?)(t-2)
di(t) = 54 30) <0,
_ (4—12)t[8]b2] (2 B) (3 —2B) + 15b3 (4 — 3B)]
() = 192(25) (3 25) (4 35) =0
i o) 6o A T6@ - b bR

144 (2 — 8)° (4 — 3p) 12(4-33) ~
Let us define the function G : R3 — R as follows:

From and , we can write

las] < min {max {G ({,n,t): (§,n) € Q}: ¢t €[0,2]}. (2.28)
Firstly, we need investigate maximum of the function G(§,7,t) on the closed
square  for each ¢ € [0,2]. Since the coefficients of the function G(,7,t) is
dependent to variable ¢, we must investigate this maximum respect to ¢ taking into
account these cases: t =0, t € (0,2) and t = 2.
For t = 0 we have

Go(&,m) = G(&,n,0) = 6(4_“35) (€ + %) + 3(41)_13@

We can easily show that the maximum of the function Go(&, 1) occurs at (§,7) =
(0,0), and

, (§m) € Q.

max {Go (§,71) : (§,1) € Q} = Gy (0,0) = 5 b1

335" (2.29)

In the case t € (0,2), by simple differentiation, we get

’

Ge(€.m,1) = 21 (1) +da (1), Gy (€,m.1) = 2da (t)n +da (1),
G££(§7 777 t) = Gnn(fv 777 t) = le (t) 9 G&y](é-? 777 t) = Gn§(§7 777 t) = 0
From the first and second equations above, we see that (£,,7,), where £, = 1y =
%((tt)), is critical and likely a extremal point for of the function G(&,n,1t).
Since

1’ 1’ 1’ 2
A (&5 m0) = Gee(§05 M0, )Gy (€05 105 ) — [Ggg(foﬁoﬂf) =4d; (t) >0
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and Ggg(ﬁ,n,t) = G;;n(f,n,t) = 2d; (t) <0, (&,mp) is a likely maximum point for
the function G(&,7,t). But, it is clear that (£, 7,) is not a local maximum point if

;jf((f)) > 0; that is if (§y,719) ¢ Q. We assume that (£,,7,) € Q. In this case (£y,7,)

is a local maximum point for the function G(§,7,1t).
Therefore,

max {G (§,1,1) : (§,m) € Q} = G (§g, M0, t) = d3 (1) — ;c(ljf((tt))

Let us define the function h: R — R by

_—di(t)
2dy (t)’
Substituting the value d; (t), da (t) and ds (¢) in the above function, we have

h(t) = ds (t) te(0,2).

h(t) = bt + hot? + hs, t € (0,2), (2.30)

where

_ |pde(B)—6(2—-B)> A|+6(2—B)%|2b2 b1 |
a 144(2—5)*(4-36)
[8lb21(2—B)(3—28)+15b3 (4—38)]
1536(2—£)2(3—28)%(4—38)by
[81b2 2 — 8) (3—28) + 1563 (4= 38)]" b,
768 (2 — 8)2 (3 —28)% (4 — 38) by 12(4-3p)
- 3(4-3p)
Also, we consider the_function h R — R as follows:
h(t) = hat® 4+ hot® + h3, t € (0,2), (2.31)

hy
2

>0,

hs > 0.

where

2
o b _ [816a[ (2 B) (3 28) + 156¢ (4 - 38)]
hy = hs + - 2 2
12 (4 - 3p) 768 (2 — B)* (3 —2B)% (4 — 38) by
Since h (t) < h(t) for all t € (0,2), we can write
min {h (t) : t € (0,2)} <min{h(t):t € (0,2)}. (2.32)
Now, we will investigate minimum of the function A (¢) on the open interval
(0,2).
Differentiating both sides of (2.31]), we have

B (t) = (3hit + 2h2) ¢, t € (0,2).
Since hy > 0, hy > 0, the function A (t) is a strictly increasing function on (0, 2).
Therefore,

min {h (t) : t € (0,2)} = h(0+) = lim h(t) = b (2.33)

0+ 3(4-3p)
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Finally, let ¢ = 2. In this case the function G(&,7,2) is a constant as follows:

e —62-8° A +6(2-5)" 20 — by

Ga(&,m) = G(&,,2) = d3 (2) 18(2— 8)° (4 - 38)

(2.34)
Thus, from ([2.29)-(2.34) and , we obtain
e B (8)~6(2-8)°A|+6C2 =820 ~bi|
a min ’
0o 18(2— )’ (4 3) 3(1-39)
With this, the proof of Theorem [2:1] is completed. O

The following theorems are direct results of Theorem

Theorem 2.2. Let the function f(z) given by (L.1) be in the class S& (¢), where
@ is an analytic function given by (1.2]). Then,

b2, if by <2
< < 1 = 2
2] < b1, Jas| < { B by > 1

and

] |208 — A + 26y — by by
|a4| < min 3 3 (0

where A = A(bl,bg,b:;) = b1 — 2[)2 + b3.

Theorem 2.3. Let the function f(z) given by (1.1)) be in the class Cx (¢), where
¢ is an analytic function given by (1.2). Then,

b b 2
lag] < 2 Jasl < A0 TS5
2 Fl, if by > 3

and

] |56 — A+ 42 — by by
|ag| < min L= 2,
48 12

where A = A(bl, bs, b3) = by — 2by + b3.

3. CONCLUDING REMARKS
If the function ¢(z), aforementioned in study, is given by
1+az
9(z) = 14 bz
then by = (a — b), by = —b(a — b) and bz = b*(a — b).

=1+(a—b)z—bla—b)22+b*(a—b)2> +--- (-1 <b<a<1), (3.1)
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Taking a =1 —2a, b= —1 in (3.1]), we have

1 1-2
¢(z) = % =1+2(1-a)z+2(1-a)2® +2(1—a)*+--- (0<a<1).
(3.2)
Hence, by = by = b3 = 2(1 — ).
Choosing ¢(z) of the form (3.1)) and (3.2)) in Theorem [2.1] we can readily deduce

the following results, respectively.

Corollary 3.1. Let the function f(z) given by (1.1)) be in the class Mx (%i‘g;ﬁ)
(-1<b<a<l1,0<p<1). Then,

(a—b)2 . (2-p)?
o 5w, ifa—b< 555, o
lag| < rb, laz| < { (2(12 fa—b> %53,52)@ and |ay| < 3(4—§ﬁ)'
3(3_2p) L@ 2(3-2p)

Corollary 3.2. Let the function f(z) given by (1.1) be in the class My (%, ﬁ)
= Ms (o, ), « €10,1), g €[0,1). Then,
l—a if 0<a<1—ayg,

2(1—a) 3-243" 2(1—a)
|ag| < 2-B 7 las| < 4((21:;))22, if 1l—ag<a<l, and |as] < 3(4-36)”
g2
where cg = 4((23762)5).
Also, taking o =0 in (3.2), we get
1
¢(z):1‘:2:1+2z+2z2+2z3+---. (3.3)

Hence, by = by = by = 2.

Choosing ¢(z) of the form (3.3) in Theorem we arrive at the following
corollary.

Corollary 3.3. Let the function f(z) given by (1.1) be in the class My (}Z, ) , B €
[0,1]. Then,

laz| < 525, laa| <

1 2
= 3228

and |a4| S m

Choosing ¢(z) of the form (3.1)) and (3.2) in Theorem 2.2} we can readily deduce
the following results, respectively.

Corollary 3.4. Let the function f(z) given by (L.1) be in the class S5, (H'az)

1+bz
(-1<b<a<1l). Then,

(a—b)?, ifa—b< i b
<a-— < 2 < azb,
lag| < a—b, |ag| < { a;,, ifa—b>% and |as| < 43

Corollary 3.5. Let the function f(z) given by (L.1)) be in the classS% (%)
= S&(a), a €[0,1). Then,
1—a, if 0<

3

S a<ly 2(1—a)
17 and |ag| < 2.
<1 laa] < =5

ool < 201 - o). Jeal < { 37 T O S0
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Remark 3.6. In the special case, we can also obtain Corollary [3.4] from Corollary

and Corollary from Corollary [3.2] for 8 = 1.
Moreover, taking, for example, a = % in (3.2), we have
2—z 1 1 1
= — = 1 — — 2 — 3 st 3.4
#(2) 21— 2) NP RISt (3.4)

Hence, bl = b2 = bg = %

Choosing ¢(z) of the form (3.4) in Theorem we arrive at the following
corollary.

Corollary 3.7. Let the function f(z) given by (1.1} be in the class Ss; (ﬁ)
Then,
lao] < L, Jas| < 1 and Jag| < L.

Remark 3.8. In the special case, we can also obtain Corollary [3.7] from Corollary
for a = %.

Choosing ¢(z) of the form (3.1 and (3.2)) in Theorem 2.3, we can readily deduce
the following results, respectively.

Corollary 3.9. Let the function f(z) given by (L.1) be in the class Cx (}igj)
(-1 <b<a<1l). Then,

(@a=b)? e
a2|§azb;|a3|é{ 7 e bi

a—b
12 -

b b

b T g5y mdlals

Corollary 3.10. Let the function f(z) given by (1.1) be in the class Cx, (@)
= Cs(a), a €[0,1). Then,

la if 0<a<?

. 3 — 37

lag] <1 —a, |03|§{ (I-a)? if 2<a<1

Moreover, taking, for example, o = % in (3.2)), we get

1—
and |ag| < 5.

33—z 2 2 2
:7:1 - 72 73 . .
@(2) 50-2) +3z+3z +3z—|— (3.5)

Hence, by = by = bg = %

Choosing ¢(z) of the form (3.5) in Theorem we arrive at the following
corollary.

Corollary 3.11. Let the function f(z) given by (1.1)) be in the classCly (%)
Then,
las| < %, lag| < % and |aq| < %8.

Remark 3.12. In the special case, we can also obtain Corollary from Corollary

fora:%.
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