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Abstract

In this paper, it is shown that if (h,) is @ Somos 4 sequence associated to an elliptic curve then each h, can be
expressed as elements of the ring R = Z[ay, az, as, a4, X, ¥, hua*l, ho]. In particular, if h_; = +1, then the Somos 4
sequence consist entirely of integers for n > 0. Also the general term of the Somos 4 sequence is given which
satisfies a binary recurrence relation.
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Somos 4 Dizilerinin Tamsayilik Ozelligi Uzerine
Oz
Bu caligmada, eger (hy), bir eliptik egri ile eslesen bir Somos 4 dizisi ise her bir h, teriminin R = Z[a1, a2, as, as,
X, ¥, h.1™1, ho] halkasmimn bir eleman1 olarak ifade edilebilecegi gosterilmistir. Ozel olarak n >0 igin h 1 = +1 ise
Somos 4 dizisinin terimleri birer tamsayidir. Ustelik bir ikili indirgeme bagmtisint ger¢ekleyen Somos 4

dizisinin genel terimi verilmistir.

Anahtar Kelimeler: Somos 4 dizileri, eliptik egriler, lineer diziler

1. Introduction

Linear recurrence sequences have been
playing an important role in number theory.
These sequences have many applications in
approximation theory, cryptography and
computer science. But there are also
sequences which satisfy a bilinear recurrence
relation. In the late 1980s, Micheal Somos
discovered the sequence which begins

2. 1,1,1,1,1,1,3,5,9,23, 75, ...

M. Somos see that the terms of the above
sequence consist entirely of integers even
though they are obtained from a rational
recursion, see (Propp, 2018) for more details.
Let k > 4 be an integer. A Somos k sequence
iIs a sequence (hn) which satisfies the
recurrence relation

[k/2]

hnhn—k = Z’Eihn—ihn—kJri (11)
i=1

where the coefficients 7 and the initial values
h, ..., hk—1 are given integers. In particular, a

*Corresponding Author: betulgezer@uludag.edu.tr

Somos k sequence with all coefficients and
initial values 1 is called Somos(k)
sequence.Note that the recurrences defining
Somos sequences indicate divisions by
another term. It is clear that, these sequences
turn out to have rational terms. Remarkably,
the Somos(k) sequences have only integer
terms for k < 7 but not for k = 8 (Robinson,
1992; Gale, 1991). The question of when
Somos sequences have only integer terms has
received much attention in the literature
(Fomin et al, 2002; Gale, 1991a and b; Hone
and Swart, 2008; Malouf, 1992). A family of
integer Somos sequence is also given by
using the Tate normal form of an elliptic
curve in Gezer et al (2016).

Robinson (1992) considered the properties of
the Somos(4) sequence modulo prime
powers. Swart (2003) extended his results to
Somos 4 sequences and proved some of his
conjectures.In this paper, we are interested in
Somos 4 sequences which satisfy a
recurrence relation
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hn+2hn-2 =11 Mn+1thn—1 + 120} (1.2)
where 11, T2 are given integers. These
sequences are generalizations of elliptic
divisibility — sequences (EDSs). These
sequences were first presented by M. Ward
(1948b). Ward also showed that the terms of
EDSs consist entirely of integers if the
sequence begins 1, hz, hs, hoc (he, hs, ¢ € Z).
For more details see (Ward 1948a and b;
Everest et al, 2003).Somos 4 sequences are
also closely related to cluster algebras
(Fomin and Zelevinsky, 2002), to integrable
systems (Hone, 2006) and to continued
fractions (van Der Poorten, 2005a and b).
Fomin and Zelevinsky (2002) used the theory
of cluster algebras to prove that all elements
of the Somos 4 sequences are Laurent
polynomials, i.e.,

hn € Z[11, 12, b, Wi, byt hit]

foralln e Z.

Let (hn) be a Somos 4 sequence with
coefficients 11, T2 and the initial values hi, ha,
hs, hs, let T be the quantity

h2h? +1,(h2h, +hh2) +1,h2h2
B hh,h;h,

(1.3)

and let | = 112 + 1T. Hone and Swart (2008)
used the relation between Somos 4 sequences
and elliptic curves and extended the known
results on integrality of Somos 4 sequences.
More precisely, Hone and Swart (2008)
showed that the elements of the sequence (hn)
are elements of the ring

R =Z[t1, 1, |, hlﬂ, h2, h3, ha].

This gave a stronger Laurent phenomen for
Somos 4 sequences. Moreover, Hone and
Swart (2008) showed that if (hn) is a Somos 4
sequence with integer coefficients 11, 12 and
non-zero integer initial values hy = +1, hy, hs,
hs, and if 11T € Z, then hy, € Z for all n > 1.

2. Elliptic Curves and Somos Sequences

Let E denote an elliptic curve given by a
Weierstrass equation

E:y2+axy +asy = X3+ ax? + asX + ap
(2.1)

with coefficients ai, ..., as € Q. Let E(Q)
denote the set of rational points on E together
with the point at infinity O. For more details
on elliptic curves in general, see (Silverman,
2009; Silverman and Tate, 1992; Husemoller,
1987). In particular, Somos 4 sequences are
quite interesting because of the close relation
with elliptic curves. In fact, Somos 4
sequences with the first coefficient square
can be expressed in terms of the x-
coordinates of the points (xn, yn) = Q + nP
where P = (0, 0) and Q = (X, y) is a suitable
point on an elliptic curve.

The relation between an elliptic curve and a
Somos 4 sequence is  established
independently by N. Elkies and N. Stephens
(for more details see (Propp, 2018)). In
(Swart, 2003), some unpublished works of N.
Stephens were given, see also (Hone, 2005)
for a different approach.

Let P = (0, 0) and Q = (x, y) be non-singular
integral points on E such that Q = +P, O and
(Xn, Yn) = Q + nP £0O for all n € Z. The terms
of Somos 4 sequence (hn) can be defined as
follows: Let hy and ho arbitrary non-zero
integers and

X,

n+1: _h
n-1

for all n > 0 (see (Swart, 2003) for more
details). The following result due to N.
Stephens.

Theorem 2.1. (Swart, 2003) Let E denote an
elliptic curve given by a Weierstrass equation
(2.1) with integral coefficients ag, ..., as. Let
P =(0, 0)and Q = (X, y) be non-singular
integral points on E such that Q = +P, O and
Q+nP#0Oforalln e Z and write Q + nP =
(Xn, Yn). Then the coefficients t1, T2 and the
initial values of the Somos 4 sequence
associated to the elliptic curve E given by

u=aj, T2 = as(as + a1as) — a; a
and h_1 and ho arbitrary non-zero integers,

50



On The Integrality of Somos 4 Sequences

a,x—a.y)h’
= h2=_(4h—23y)0
1 -1

Let E be an elliptic curve given by equation
(2.1) with integral coefficients and let (h,) be
the Somos 4 sequence associated to E. In this
paper we show that elements of the Somos 4
sequence (h,) associated to E can be
expressed as elements of the ring

R = Z[al, az, a31 a41 X! y! hj_ill hO]-

Thus we obtain that the Somos 4 sequence
(hn) with hy = £1 associated to E consists
entirely of integers for all n > 0. The proof of
our theorem uses the relations in Theorem
2.1 and the elliptic equation (2.1), while in
(Hone and Swart, 2008), the authors use the
invariant (1.3) to characterize that a Somos 4
sequence (hn) associated to an elliptic curve.
Hence they obtain the integrality properties
for Somos 4 sequences by using the invariant
(1.3), see (Hone and Swart, 2008).

Theorem 2.2. Let E denote an elliptic curve
given by a Weierstrass equation (2.1) with

integral coefficients and let P = (0, 0) and Q
= (X, y) be non-singular integral points on E
such that Q = +P, O and Q + nP # O for all n
€ Z. Let (hy) denote a Somos 4 sequence
with h-; = +1 associated to an elliptic curve
E. Then the Somos 4 sequence (hn) consists
entirely of integers for all n > 0.

3. Proof of Theorem 2.2

We first state a lemma to prove the main
theorem.

Lemma 3.1. Let E denote an elliptic curve
given by equation (2.1) with integral
coefficients and let P = (0, 0) and Q = (X, Y)
be non-singular integral points on E such that
Q=#+P,0and Q +nP #0 forall n € Z. Let
(hn) be a Somos 4 sequence associated to an
elliptic curve E. Then each h, can be
expressed as elements of the ring

R =Z[a1, a2, a3, as, X, Y, h*, ho].

In particular, if h-y = £1, then the Somos 4
sequence consists entirely of integers for all
n>0

Proof. of Lemma 3.1 Let E be an elliptic curve and let P and Q be points on E as above and
let h_1, ho be arbitrary non-zero integers. Then the coefficients t1, T2 and the initial values hy,

h2 of the Somos 4 sequences associated to E are

T1=Dbe = a;f,

and

hi= —xh2/h,,  h

Using the relations (1.2) and (2.1) we obtain

T2 = —bg = as(as + a1a3) — a2 &;

= —(a,x—azy)hg /h?.

hs = (~byx* —a,bgx +ajy)hg /h?,

ha = (BybeX® +a, (~a,by +bg)X* — (a; — 2a,0,)xy —bybsy*)hy /h’y,

hs = (—a(a,a; +a,)°x® +aZaZ (5a,a,a2 + 2a,a’aZ +az +3a3)x

2

3 3 4 2 242
—a,a,(5a, +2a; +8a,aa; +8a,a,a;)xy

+a4 (a3 +a,a’al —3a,a,a; +2a3)y*)hd /h3

where bi's are the usual quantities for the elliptic curve E and

o1
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he = (AX® + Bx?y + Cx2 + Dxy + Ey*)h/ /h®,

where

3,46

3 4,9 8 2,842
A=-a’aja, +a,a,a, —3a,a,a, —3a,a,a,

—8ajalal +3a,al —12a,a%a; +9a,ala;a,

—-9a/aja; —3a’ala, +6a’aja; +2a,a’a, —2a,aja; —2a’aja; —a;a,ala; +12a,a,a’a;

242,643

—4a,a,aa; —9a’a,aja; —6a’a,aja; —12a,ajaa; +18a,asaza; +15a’a’aja;

2,3,8 24 1842 342,772 _ 9 8,3 6,3
—3a;a,8;8, +3a,,8;8, +38,8,8;a, — 8, — 28,8, —58;8, — 8,8,

B =12a,a;a’a; —18a,a,ala; —24a,a,a;a;

3,424,8

3,410

—6a/a,aja, +3a’a’ala, —3a/a,ala’ —aja) +2aja; +6aja; +3a,a’ —2a,al —a’a’a;

5,643

+a’ajal +15a,ala; —12a,ala’ +12a’ala;

2,544

+12a,a’a, +6a’aja; —8a,a’a; +2a,a.’a, +3a,a’a;

C=aa/a; —a’al’a, —a'ala; —6a’aja;

. —27ala,aja; —14a’a,aja) +9a’a’ala;
2A~349
‘alal +19a’a’ +15a’aja; +6a’aja, +6a;a’a,a;
: 2ay’ +3a]aja;,

3,842 2,446

+3ajalal —10a,ala, +9a,ajal —12a’aja;

—-9a’aja; +a,ajaja, +a,a,a;a; +2l1a,a,aja; —12a,a’a’a; +15a’a,aja;

10,42

—3a’a’ala’ +3a’a,ala’ —3a’al +a’a’ +ala;,

2,842

D =15a,a’aja’ — 27a,a,aja; —18a’a,ala; +3a’a’aja, —3a’a,a’a’ +a’a;

3,410

_a1a2a3 2,942

2,249 2,11

+4ala; —2al'a,
4

—3aja; —a’aja’ +ajala; +7a’aja; —4ajaja, +13a,aja;

—-12a,ala; +15a’aja; +12a’ala; + 2a,aja; — 4a,ala;,

3,4743

4 2

E =a/ay’a, —a’alal —a,a,a;' —3a,aja; +3a,asa; —3a’aja; —3a’ala; —2a,a)’a,

3,410

+3a,aja; +6a,a,aa; —3a,a’aja, +3a’a,ala; +2alal —aja; +aja:’.

Thus first six term of (hn) are elements of the
ring R = Z[a1, a2, a3, as, X, y, hY, ho]. By
induction on n > 6 that if hy € R, then hn+1 €

R, which shows that each hn can be expressed
as elements of the ring R.

In particular, the denominator of h, consists
of only the term h_1. Thus if h-y = 1, then hy
€ 7 since the values a1, az, as, as, X, Yy, ho are
integers.

From Lemma 3.1 we deduce that if E is an
elliptic curve given by equation (2.1) with
integral coefficients and if P, Q < E are
points as in Theorem 2.1, then the Somos 4
sequence (hn) with h-1 = £1 consists entirely
of integers for all n > 0, which completes the
proof of main theorem.

4. Linear Sequences and Somos 4

Sequences

A linear recurrence sequence is a sequence
(hn) which satisfies the recurrence relation

hnek=01hn+k_1+o2hnek_2+ ...+ 0k hn
(4.1)

where the coefficients aa, ..., ax and K initial
values ho, hy, ..., hk—1 are given rationals.

The polynomial
f(X) = x* —ax* "1 — ... — ok 1X — ok

associated to relation (4.1) said to be its
characteristic polynomial and the linear
recurrence called order of k. For background
and all properties of (linear) recurrence
sequences we refer the reader (Everest et al,
2003).
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A linear sequence of order 2 (binary) always
satisfies Somos 4 recurrence (1.2). For
instance, the Fibonacci sequence (sn) defined

by

Sn+1=5Sn *+Sn-1
is a Somos 4 sequence with coefficients
T2 = 2.

71 =-1,

On the contrary a Somos 4 sequence (hn)

with the following binary relation
hn+1=a1hn+o2hn-1 (4.2)

(01, a2 € Q) if the coefficients of (h,) are
given by

(hohs B hlhz)2
(hth - hzz)(hohz - h12)

T2=1-11.

T1 =

In this case, the constants o1, o2 are
determined from the initial values h,, hi, h2
and hs as follows:

- hohs B h1h2

2_
01 = 2z, _ h; —hh,
hyh, —h;

~ hoh,—hZ’

o2

(4.3)

For more details see (Swart, 2003). In the
following theorem we give the general terms
of the Somos 4 sequences which satisfy a
linear recurrence of order 2.

Theorem 4.1. Let (hn) be a Somos 4 sequence with 11, T2 # 0 and let hy, hy, hz and hs be its
initial values. Suppose (hn) satisfy a binary linear recurrence relation. Then the general term

of the sequence can be given by

[n/2]-2

hn — 8a|én/2j—lh3 + Z af—(2i+4)ai2

i=0

where

0,
€311

and ou, o2 as in (4.3).

<{n—a+3qar]+(n—a+4qalq}
i 1''3 | 22

if n is even
if nis odd

Proof. We argue by induction on n. It is clear that the result is true for n = 4. Suppose that
n > 4 and consider the case where n is even. Then n + 1 and n — 1 are both odd. Now using the

relations (4.2) we obtain

[n/2]-2

o i |(n=(+3 n—(i+4
h”’“l:alh”"'azh”l:al( Z(:) a?_(ZIM)OtIz{( (i )Jalha-i-( (i )Jazhz}}

[(n-172]-2 L iea) i
+a, Z(:) af Tl
i=l

n_110+3)aﬂh+(n_l1a+4qazm}J

53



On The Integrality of Somos 4 Sequences

+olalr?t 3{[n_\‘n/2J a,h, +[n_Ln/2J_1joc2hz}

[n/2]-3 n/2]|-3

n—4
+0cf50c2H 0 joclh3+
n-6 n-7
+og go@K ) ]alh3+( ) ja2h2}+...

—-In/2|-2
+( [n/2] Jazhz} +alMh,,

i=0 | |

] r S m m m+1
since = and + = forallr,s>1andall1<k<m.
0 0 k-1 k k

The case where n is odd can be dealt with similarly.

_ L(M)z/z J_za;m_ @i {(n +1—_(i +3)}th3 +(n +1—_ (i +4)Ja2h2}+ QL2
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