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Abstract 

In this paper, it is shown that if (hn) is a Somos 4 sequence associated to an elliptic curve then each hn can be 

expressed as elements of the ring R = ℤ[a1, a2, a3, a4, x, y, h–1
1, h0]. In particular, if h –1 = 1, then the Somos 4 

sequence consist entirely of integers for n ≥ 0. Also the general term of the Somos 4 sequence is given which 

satisfies a binary recurrence relation. 

Keywords: Somos 4 sequences, elliptic curves, linear sequences. 

 

Somos 4 Dizilerinin Tamsayılık Özelliği Üzerine 

Öz 
Bu çalışmada, eğer (hn), bir eliptik eğri ile eşleşen bir Somos 4 dizisi ise her bir hn teriminin R = ℤ[a1, a2, a3, a4, 

x, y, h–1
1, h0] halkasının bir elemanı olarak ifade edilebileceği gösterilmiştir. Özel olarak n ≥ 0 için h –1 = 1 ise 

Somos 4 dizisinin terimleri birer tamsayıdır. Üstelik bir ikili indirgeme bağıntısını gerçekleyen Somos 4 

dizisinin genel terimi verilmiştir.  

Anahtar Kelimeler: Somos 4 dizileri, eliptik eğriler, lineer diziler 

1. Introduction 

Linear recurrence sequences have been 

playing an important role in number theory. 

These sequences have many applications in 

approximation theory, cryptography and 

computer science. But there are also 

sequences which satisfy a bilinear recurrence 

relation. In the late 1980s, Micheal Somos 

discovered the sequence which begins 

2. 1, 1, 1, 1, 1, 1, 3, 5, 9, 23, 75, ... . 

M. Somos see that the terms of the above 

sequence consist entirely of integers even 

though they are obtained from a rational 

recursion, see (Propp, 2018) for more details. 

Let k ≥ 4 be an integer. A Somos k sequence 

is a sequence (hn) which satisfies the 

recurrence relation 

  knnhh −  
= 

 


=

+−−
2/

1

k

i
iknini hh
 
                     (1.1) 

where the coefficients τi and the initial values 

h0, ..., hk – 1 are given integers. In particular, a 

Somos k sequence with all coefficients and 

initial values 1 is called Somos(k) 

sequence.Note that the recurrences defining 

Somos sequences indicate divisions by 

another term. It is clear that, these sequences 

turn out to have rational terms. Remarkably, 

the Somos(k) sequences have only integer 

terms for k ≤ 7 but not for k = 8 (Robinson, 

1992; Gale, 1991). The question of when 

Somos sequences have only integer terms has 

received much attention in the literature 

(Fomin et al, 2002; Gale, 1991a and b; Hone 

and Swart, 2008; Malouf, 1992). A family of 

integer Somos sequence is also given by 

using the Tate normal form of an elliptic 

curve in Gezer et al (2016). 

Robinson (1992) considered the properties of 

the Somos(4) sequence modulo prime 

powers. Swart (2003) extended his results to 

Somos 4 sequences and proved some of his 

conjectures.In this paper, we are interested in 

Somos 4 sequences which satisfy a 

recurrence relation 
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hn + 2hn – 2 = τ1 hn + 1hn – 1 + τ2
2

nh                   (1.2) 

where τ1, τ2 are given integers. These 

sequences are generalizations of elliptic 

divisibility sequences (EDSs). These 

sequences were first presented by M. Ward 

(1948b). Ward also showed that the terms of 

EDSs consist entirely of integers if the 

sequence begins 1, h2, h3, h2c (h2, h3, c  ℤ). 

For more details see (Ward 1948a and b; 

Everest et al, 2003).Somos 4 sequences are 

also closely related to cluster algebras 

(Fomin and Zelevinsky, 2002), to integrable 

systems (Hone, 2006) and to continued 

fractions (van Der Poorten, 2005a and b). 

Fomin and Zelevinsky (2002) used the theory 

of cluster algebras to prove that all elements 

of the Somos 4 sequences are Laurent 

polynomials, i.e., 

hn  ℤ[τ1, τ2, 
1

1

h , 1

2

h , 
1

3

h , 1

4

h ] 

for all n  ℤ. 

Let (hn) be a Somos 4 sequence with 

coefficients τ1, τ2 and the initial values h1, h2, 

h3, h4, let T be the quantity 

T = 
4321

2

3

2

21

3

314

3

21

2

4

2

1 )(

hhhh

hhhhhhhh +++
        (1.3) 

and let I = τ1
2 + τ2T. Hone and Swart (2008) 

used the relation between Somos 4 sequences 

and elliptic curves and extended the known 

results on integrality of Somos 4 sequences. 

More precisely, Hone and Swart (2008) 

showed that the elements of the sequence (hn) 

are elements of the ring 

R = ℤ[τ1, τ2, I, 
1

1

h , h2, h3, h4]. 

This gave a stronger Laurent phenomen for 

Somos 4 sequences. Moreover, Hone and 

Swart (2008) showed that if (hn) is a Somos 4 

sequence with integer coefficients τ1, τ2 and 

non-zero integer initial values h1 = ±1, h2, h3, 

h4, and if τ1T  ℤ, then hn  ℤ for all n  1. 

2.   Elliptic Curves and Somos Sequences 

Let E denote an elliptic curve given by a 

Weierstrass equation 

E : y² + a1xy + a3y = x³ + a2x
2 + a4x + a6  

(2.1) 

with coefficients a1, ..., a6  ℚ. Let E(ℚ) 

denote the set of rational points on E together 

with the point at infinity O. For more details 

on elliptic curves in general, see (Silverman, 

2009; Silverman and Tate, 1992; Husemöller, 

1987). In particular, Somos 4 sequences are 

quite interesting because of the close relation 

with elliptic curves. In fact, Somos 4 

sequences with the first coefficient square 

can be expressed in terms of the x-

coordinates of the points (xn, yn) = Q + nP 

where P = (0, 0) and Q = (x, y) is a suitable 

point on an elliptic curve. 

The relation between an elliptic curve and a 

Somos 4 sequence is established 

independently by N. Elkies and N. Stephens 

(for more details see (Propp, 2018)). In 

(Swart, 2003), some unpublished works of N. 

Stephens were given, see also (Hone, 2005) 

for a different approach. 

Let P = (0, 0) and Q = (x, y) be non-singular 

integral points on E such that Q  P, O and 

(xn, yn) = Q + nP ≠ O for all n  ℤ. The terms 

of Somos 4 sequence (hn) can be defined as 

follows: Let h–1 and h0 arbitrary non-zero 

integers and 

1+nh = 
1

2

−

−
n

nn

h

hx
 

for all n ≥ 0 (see (Swart, 2003) for more 

details). The following result due to N. 

Stephens.   

Theorem 2.1. (Swart, 2003) Let E denote an 

elliptic curve given by a Weierstrass equation 

(2.1) with integral coefficients a1, ..., a4. Let 

P = (0, 0) and Q = (x, y) be non-singular 

integral points on E such that Q  P, O and 

Q + nP ≠ O for all n  ℤ and write Q + nP = 

(xn, yn). Then the coefficients τ1, τ2 and the 

initial values of the Somos 4 sequence 

associated to the elliptic curve E given by 

 τ1 = 2

3a ,          τ2 = a4(a4 + a1a3) – 2

3a a2 

and h–1 and h0 arbitrary non-zero integers, 
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h1 = 
1

2

0

−

−
h

xh
,         h2 = 2

1

3

034 )(

−

−
−

h

hyaxa
. 

Let E be an elliptic curve given by equation 

(2.1) with integral coefficients and let (hn) be 

the Somos 4 sequence associated to E. In this 

paper we show that elements of the Somos 4 

sequence (hn) associated to E can be 

expressed as elements of the ring 

R = ℤ[a1, a2, a3, a4, x, y, 1

1

h , h0]. 

Thus we obtain that the Somos 4 sequence 

(hn) with h–1 = ±1 associated to E consists 

entirely of integers for all n ≥ 0. The proof of 

our theorem uses the relations in Theorem 

2.1 and the elliptic equation (2.1), while in 

(Hone and Swart, 2008), the authors use the 

invariant (1.3) to characterize that a Somos 4 

sequence (hn) associated to an elliptic curve. 

Hence they obtain the integrality properties 

for Somos 4 sequences by using the invariant 

(1.3), see (Hone and Swart, 2008).  

Theorem 2.2. Let E denote an elliptic curve 

given by a Weierstrass equation (2.1) with 

integral coefficients and let P = (0, 0) and Q 

= (x, y) be non-singular integral points on E 

such that Q  P, O and Q + nP ≠ O for all n 

 ℤ. Let (hn) denote a Somos 4 sequence 

with h–1 = ±1 associated to an elliptic curve 

E. Then the Somos 4 sequence (hn) consists 

entirely of integers for all n ≥ 0. 

3. Proof of Theorem 2.2 

We first state a lemma to prove the main 

theorem. 

Lemma 3.1. Let E denote an elliptic curve 

given by equation (2.1) with integral 

coefficients and let P = (0, 0) and Q = (x, y) 

be non-singular integral points on E such that 

Q  P, O and Q + nP ≠ O for all n  ℤ. Let 

(hn) be a Somos 4 sequence associated to an 

elliptic curve E. Then each hn can be 

expressed as elements of the ring 

R = ℤ[a1, a2, a3, a4, x, y, 1

1

h , h0]. 

In particular, if h–1 = ±1, then the Somos 4 

sequence consists entirely of integers for all  

n ≥ 0 

Proof. of Lemma 3.1 Let E be an elliptic curve and let P and Q be points on E as above and 

let h–1, h0 be arbitrary non-zero integers. Then the coefficients τ1, τ2 and the initial values h1, 

h2 of the Somos 4 sequences associated to E are 

τ1 = b6 = 2

3a ,        τ2 = –b8 = a4(a4 + a1a3) – a2
2

3a  

and 

h1 = 1

2

0 / −− hxh ,        h2 = 
2

1

3

034 /)( −−− hhyaxa . 

Using the relations (1.2) and (2.1) we obtain 

h3 = 3

1

4

0

3

364

2

8 /)( −+−− hhyaxbaxb , 

h4 = 
4

1

5

0

2

6884

5

3

22

6844

3

68 /))2()(( −−−−+−+ hhybbxybaaxbbaaxbb , 

23
4

4
3

2
3

2
14

2
431

2
4

2
3

33
431

3
45 )325()(( xaaaaaaaaaaxaaaah +++++−=

xyaaaaaaaaaa )8825( 2

3

2

14

2

431

4

3

3

44

3

3 +++−

5
1

6
0

23
4

2
431

2
3

2
14

4
3

4
3 /))23( −+−++ hhyaaaaaaaaa

 

where bi's are the usual quantities for the elliptic curve E and 



On The Integrality of Somos 4 Sequences 
 

 

 52 

 

h6 = (Ax³ + Bx²y + Cx² + Dxy + Ey²) 6

1

7

0 / −hh
 
 

where 

4

4

4

6

32

5

4

5

31

8

3

4

2

3

4

6

3

3

2

2

4

8

3

2

2

8

431

9

3

4

21

6

4

3

3

3

1 9123833 aaaaaaaaaaaaaaaaaaaaaaaaA +−+−−−+−=

3

4

7

321

3

4

6

32

4

1

3

4

7

3

3

1

2

4

9

314

10

32

5

4

4

3

2

2

7

4

2

3

2

1

4

4

6

3

2
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3

4

6

3

2

2

2

1
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2
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7
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4

3
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3
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7
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2

3

1
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4

8
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2

2

1 52333 aaaaaaaaaaaaaaaaaaa −−−−++−  

2

4

7

3

2

2

2

1

3

4

6
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3

1

4

4

5
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2

1
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4

4
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2

4

8
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4

8
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2
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14
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2
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1
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4

8
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4
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4

4

6

32

5

4

5

31

11

321

3

4

7

3

3

14

10

3

2

1 23333 aaaaaaaaaaaaaaaaaaaaaaaaE −−−+−−−=

3

4

7

321

2

4

9

31 63 aaaaaaa ++ 10

3

3

2

6

4

4

3

3

4

8

3

2

4

8

32

2

14

9

3

2

21 233 aaaaaaaaaaaaaa +−++− . 

Thus first six term of (hn) are elements of the 

ring R = ℤ[a1, a2, a3, a4, x, y, 1

1



−h , h0]. By 

induction on n > 6 that if hn  R, then hn + 1  

R, which shows that each hn can be expressed 

as elements of the ring R. 

In particular, the denominator of hn consists 

of only the term h–1. Thus if h–1 = ±1, then hn 

 ℤ since the values a1, a2, a3, a4, x, y, h0 are 

integers. 

From Lemma 3.1 we deduce that if E is an 

elliptic curve given by equation (2.1) with 

integral coefficients and if P, Q  E are 

points as in Theorem 2.1, then the Somos 4 

sequence (hn) with h–1 = ±1 consists entirely 

of integers for all n ≥ 0, which completes the 

proof of main theorem. 

4. Linear Sequences and Somos 4 

Sequences 

A linear recurrence sequence is a sequence 

(hn) which satisfies the recurrence relation 

  hn + k = α1 hn + k – 1 + α2 hn + k – 2 + ... + αk  hn       

           (4.1)  

where the coefficients α1, ..., αk and k initial 

values h0, h1, ..., hk – 1 are given rationals. 

The polynomial 

f(x) = xk – α1x
k – 1 – … – αk – 1x – αk 

associated to relation (4.1) said to be its 

characteristic polynomial and the linear 

recurrence called order of k. For background 

and all properties of (linear) recurrence 

sequences we refer the reader (Everest et al, 

2003). 
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A linear sequence of order 2 (binary) always 

satisfies Somos 4 recurrence (1.2). For 

instance, the Fibonacci sequence (sn) defined 

by 

sn + 1 = sn  + sn – 1 

is a Somos 4 sequence with coefficients 

τ1 = –1,             τ2 = 2. 

On the contrary a Somos 4 sequence (hn) 

with the following binary relation 

 hn + 1 = α1 hn + α2 hn – 1                (4.2) 

(α1, α2  ℚ) if the coefficients of (hn) are 

given by 

τ1 = 
))((

)(
2

120

2

231

2

2130

hhhhhh

hhhh

−−

−
,       τ2 = 1 – τ1. 

In this case, the constants α1, α2 are 

determined from the initial values h0, h1, h2 

and h3 as follows: 

α1 = 
2

120

2130

hhh

hhhh

−

−
,     α2 = 

2

120

31

2

2

hhh

hhh

−

−
. 

            (4.3) 

For more details see (Swart, 2003). In the 

following theorem we give the general terms 

of the Somos 4 sequences which satisfy a 

linear recurrence of order 2. 

 

Theorem 4.1. Let (hn) be a Somos 4 sequence with τ1, τ2 ≠ 0 and let h0, h1, h2 and h3 be its 

initial values. Suppose (hn) satisfy a binary linear recurrence relation. Then the general term 

of the sequence can be given by 

hn =   
3

12/

2 h
n −


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ε =




oddisif,1

evenisif,0

n

n
 

and α1, α2 as in (4.3). 

Proof. We argue by induction on n. It is clear that the result is true for n = 4. Suppose that      

n > 4 and consider the case where n is even. Then n + 1 and n – 1 are both odd. Now using the 

relations (4.2) we obtain 

hn + 1 = α1hn + α2 hn – 1 
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 for all r, s  1 and all 1 ≤ k ≤ m.  

The case where n is odd can be dealt with similarly.   

 

5. Discussions and Conclusions 

Teorem 2.2 provides an approach to 

determining Somos 4 sequences which have 

only integer terms. Our approach based on 

the relations in Theorem 2.1 and the elliptic 

equation (2.1) while (Hone and Swart, 2008), 

use the invariant (1.3). It would be interesting 

to use a similar method to obtain integrality 

properties of Somos 5 sequences. Finally, we 

derived a general term formula for Somos 4 

sequences which satisfy a binary linear 

recurrence relation using the relations 

between these sequences. Thus the terms of 

such sequences can be easily calculated. 
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