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Abstract: In this paper we investigate some properties of the Hyperharmonic function
defined by

(P (z4+w)—F W), w,z+weC\(Z U{0}).

Using this definition we introduce harmonic numbers with complex index and we give
some series of these numbers. Also formulas for the calculation of harmonic numbers
with rational index are obtained. For the simplicity of differentiation we reorganized
representation of HZ(W). With the help of this new form we get higher order derivatives
of the Hyperharmonic function more easily. Besides these, owing to the fact that the
Hyperharmonic function is composed of some important functions, we interested in
properties and connections of it. We get connections between the Hyperharmonic function
and trigonometric functions. Infinite product representation, integral representation and
differentiation identities of this function are also obtained.

Hiperharmonik Fonksiyon Uzerine

Anahtar Kelimeler
Harmonik sayilar,
Hiperharmonik sayilar,
Gamma fonksiyonu,
Digamma fonksiyonu,
Beta fonksiyonu

Ozet: Bu calismada

Z -
B = v ) W), woetwe\ (2 U0))
2 (w)
esitligi ile tanimlanan Hiperharmonik fonksiyonun bazi 6zellikleri aragtirilmistir. Bu
tanimdan faydalanarak karmagik indeksli harmonik sayilar tanitilmig ve bu sayilarin bazi
serileri verilmistir. Ayrica rasyonel indeksli harmonik sayilarin hesaplanmasi icin for-

miiller elde edilmigtir. HZ(W) fonksiyonunun tiirevlerinin daha kolay hesaplanabilmesi
icin, mevcut gosterim yeniden diizenlenmistir. Bu yeni gosterim yardimiyla Hiperhar-
monik fonksiyonun yiiksek mertebeli tiirevleri daha kolay hesaplanabilmektedir. Bunlarin
yani sira, Hiperharmonik fonksiyonun 6zel bazi fonksiyonlarin birlesimi biciminde ifade
edilebildigi gerceginden hareketle, baz1 6zellikleri ve baglantilar1 calisilmistir. Hiperhar-
monik fonksiyonun trigonometrik fonksiyonlarla iligkileri elde edilmis, sonsuz carpim
gosterimi, integral gosterimi ve bazi tiirevsel 6zdeslikleri verilmistir.

1. Introduction

be the n-th hyperharmonic number of order . These num-
bers can be expressed by the binomial coefficients and the

The n-th harmonic number H, is the n-th partial sum of
the harmonic series:

=1 —

n
H,=Y
k=1

J.H. Conway and R.K. Guy have defined the notion of

hyperharmonic numbers ([4]). H,EO) = %, andforallre Z+
let

Hr(lr) _ ZH/Er7]> (1)
k=1
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ordinary harmonic numbers ([4, 11]):

r + -1
H,§>:<nril )(Hn+,_1_1-1,_1). )

Hyperharmonic numbers have been studied in a variety of
contexts, including in Euler sums (see [5-7, 11, 14, 15, 17—
19)).



(
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In [11] Mez6 and Dil generalized (2) as:
k+r—1
k
_ (ntk
U n
The representation in (2) is quite interesting because the

right-hand side can be written in terms of continuous func-
tion instead of discrete variables n and r. Starting with

H(k+r)

n

(r)
Hn+k -

n+k+r—1 ’
< >H£? 3)

n

this point, we define Hyperharmonic function H.") where
w,z+w € C\(Z U{0}). In this paper we investigate
properties of this function and introduce relations in which
it plays particular roles.

2. Material and Method

The polygamma function of order m is a meromorphic
function on C and defined as the (m+ 1) —th derivative of
the logarithm of the usual gamma function I'(z) as:

- am dm+1
g (z) = ﬁ‘P(z) = Wlnr(z).
Here ,
w@@:w@—?g

where W (z) is the digamma function. For all m > 0 the
function W(") (z) is holomorphic on C\ (Z~ U {0}) ([13]).
With the help of I'(z) and W (z) we can state the hyperhar-
monic number of order r as:

(n_ (), _
H,’ = AT () (W(n+r)—¥(r) “4)
where (x), = x(x+1)---(x+n—1) = % is the

Pochhammer symbol.
Considering (4), Mez6 [10] defined the Hyperharmonic
function as:

(W)_ (Z)w
M=)

(W (z+w)—¥(w)), (5)

where w,z+w € C\ (Z~U{0}). Using this definition,

Mez6 computed the first derivatives of ng) respect to
variables z and w. For the simplicity of differentiation we
reorganized representation of ng). Using this new form
we get the higher derivatives of HZ(W) more easily. We also
consider the special case of H") as H'" := H,, and we
call H, as a harmonic numbers with complex index. Some
representations of H; in terms of infinite series are given.
Also formulas for the calculation of harmonic numbers
with rational index are obtained. Besides these, owing to
the fact that the Hyperharmonic function is a compose of
some important functions, we interested in investigating
properties and connections of it.

3. Results
3.1. Harmonic numbers with complex index

In this section we consider two special cases of the Hyper-

(w)

harmonic function H; ’; these are z =1 and w = 1. The
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case z = | is not interesting because we get
(Dy
' (w)
By considering the well-known identity ([16])

wm+w=wwﬂé

H" = B0 = (P (1+w)—¥(w)).

(6)

it turns out that

H" = (7)
for any w € C\ (Z~ U{0}).
On the other hand setting w = 1 in (5) we have

HZ(I) .

_ (2)
N

(¥(z+1)-P(1))
from which it follows that

®)

where 7 is the Euler-Mascheroni constant. So we extended
the definition of harmonic numbers; more precisely we
have "complex indexed harmonic numbers".

With the help of (8) and the following fractional values of
W function (see [1])

Hz:‘P(Z+1)+y7

—y—2In2

and

n—1 1
—y—-2In2+2) ——
R O T

v(1en)

we get "fractional indexed harmonic numbers":

H , =-2In2
2
and forn > 1
n—1 1
Jtéif:f2m2+22%5517.
For instance:
Hi =H 3 =-2In2+2,
2 2
8
H;=H s =-2In2+—.
2 2 3

Actually we can give a more general result than above. Let
p and g be positive integers such that 0 < p < g, Gauss
proved the following equation,

v (p) =—7— Ecot@ —Ing
q 2 q
2] 27np n
+2Y cos hl(zgn). 9)
n=1 q q

Here | 4| denotes the greatest integer in 4. In the light of
this equation one can calculate harmonic numbers with
negative rational index as:

14]

T T 2w T

Hg,lszcot—pflanrZ E cos npln <ZSinn>,
q 2 q - q
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where —1 < g —1 < 0. For instance

3.1.1. Some series expansions of H,

Equation (8) is important because using series expansions
of the digamma function ¥ (z) we get series expansions
for H,.

For the function ¥ (z+ 1) let us consider the following
well-known series expansion,

Y(z+1)= 7+Z 5 zeC\Z™,
(see [1]) and Taylor series
Y1) =—y- Y Clk+1) (-2, [z<1,
k=1
([2]) and Newton series
Y(s+1)=—y— Z ( )
k=1
Then immediately we have
= b4
H, = , e C\Z™, 10
‘ /;1 k(k+z) ° \ (10
Ho=—Y (k1) (=2, lal <1,
k=1
and k+1
= s
meL ()
k=1
respectively.

3.2. Differentiation identities of the Hyperharmonic
function

In [10] Mezd gave the first derivative of HZ(W) with respect
to the variables w and z. In this section we consider the
higher order derivatives of H."’

Derivatives with respect to the variable w To obtain
higher order derivatives we write another representation of

H™. Since

C(z+w)
= ——" 11
(Z)W F (Z) ( )
equation (5) yields
W) r (Z + W)
HW = ——F—7T-—"= (¥ -¥ 12
which can equally well be written
w_ (W) _
H; “ Tt (P(z+w)—FWw)). (13)
Equation (13) is more suitable form of HZ(W) to obtain

derivatives with respect to w.
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Let us note that
d

)= ), (B w) - W), (14
In the light of (14) we have

n+1

@) =T+ 1)L (15)

dwn+1 dw n

Therefore to obtain the higher order derivatives of HZ(W) we
can consider the higher order derivatives of (w).. For the
sake of simplicity let us denote

D(z,w) = (z+w)—¥(w).
As an example here we give the first few higher order
derivatives of (w), using the abbreviations ® (z,w) = ®,,;
d
E (W)z = (W)zq)
d2
dw2 { }
A (1)
— (w). { @} +30l®, + 0 |
d4
5 {cp‘* + 6020 + 4, D
w
+c1>$§”> 3 (cpﬁf,))z}
& 5 3 ) 2 )
ﬁ (W)z = (W)z {q)w + IOCDWCDW + IO(I)W(I)W
+50,00" + @) 1 100, @/ + 150, (%)z}
d° 6 4 o) 1 2003 @)
s ()= (w), {cpw 1504 ) 12003 @

+15020)" + 60,3} + D))

14502 (@&9) + 600,000 1 150! 0"

+15 (@) +10 (@Eﬁ’))z}

Using these information, for instance we have

ddWH( ") = HY (W (24 w) — ¥ (w))
+£%bwﬁ+m—ww» (16)

Remark 3.1. d%HZ(W) is also given in [10] but there is a
misprint.

Derivatives with respect to the variable z Let us make
a preparation to get the higher order derivatives of H."

with respect to variable z.

Since )
z
7 ety
we have
H(W) (z+1),,_, (¥ (z4w) —¥(w)) (17)
¢ I'(w)
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Now we are ready to obtain the derivatives of ") with
respect to z. For instance we have

d 1 d
d?HH Ty e L@+ Dy (B tw) =¥ ()]
(18)
Also we know that
d
% (W)z = (W)ZCI)w
So we get
%HZ(W) = H" (P (2 +w) — (2 +1))
ﬂ !
Jrzl"(w)\P (z+w). (19)

Remark 3.2. Equation (19) also given in [10]. Considering
(17) together with the derivatives of (w), given before we

(w)

obtain the higher order derivatives of H; "’ more easily.

3.3. Relationship with some important special func-
tions

Having regard to importance of the trigonometric functions
we firstly investigate connections between the trigonomet-
ric functions and the Hyperharmonic function. To this
aim we need to remind some well-known facts about the
Gamma and the Digamma functions. One of facts is the
Legendre’s duplication formula for the gamma function

(16D

1
[(27) =n 22571z )F<z+2>. (20)
Also the Digamma function satisfies the following reflec-
tion formula ([2]),

—mcotmz. 21D

Y(z)—¥(l—2)

The following lemma shows a connection with the trigono-
metric functions.

Proposition 3.3. For the non-integer values of z we have,

3
(1-2) —T2cotmg

2l 2 Ir (4 ) r(1—2) 22

Proof. Replacing in equation (12) w by 1 —z and z by
2z — 1, we obtain

I'(2)

(1-2) _
Hyt' = C(27)T(1-2)

271 (¥(z)—¥(1—-2)

which combines with the functional relation (21) to give

I'(z)

(1-2) _
H CT(2)T(1—2)

e (—meotrmz).
Using the Legendre’s duplication formula (20) for I' (2z)
we obtain desired equation. O

Remark 3.4. As aresult of Proposition 3.3, it can be seen

1
271

easily that H2(n = 0 for all positive integer n.
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We have one more relation with the trigonometric func-
tions. For this we remind the following reflection formula
for the gamma function ([2]):

T

()T (1—z2)= (23)

sinmz’
Proposition 3.5. For the non-integer values of z we have,

sin 7z

H = Tz

(¥(z)+mcotnz+7).

Proof. In (12) replacing w with 1 — z we have

H(lfz) _ 1

B E N ) ey

(—y=¥(1-2).

Here using equation (21) and (23) we complete proof. [J
Now as a result we give an infinite product representation
of the Hyperharmonic function, for this recall that :

o = (- 5)

(25)

(see [3]).
Corollary 3.6. We have the infinite product

Z2
(1—”2). (26)

As an application of this formula let us consider the case
when z approaches to an m € Z". Then we write

oo

H' = — (¥ (2) + meotnz+7) 11

n=1

o 2
A =TT (1-%)
n=1 n
n#m
Z2
X Z11ﬁn’}l— (¥ (z) + weotmz+ ) (1 - mz) .
2 = m?
“2(-%)
mn:1 n
n#m

For example we have

and

Proposition 3.7. The following relation holds:

7T ()
r(o)r ()

P _
where p.q & Zand & ¢ 7.".

,;k;) p+kq

Proof. Replacing in equation (12) z by % and w by pT_l,
we obtain
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Also we remind the following known equation for the
Digamma function ([8])

() +(5

In view of these two equations we get the desired result.

O
We continue this section to obtaining relations of HZ@) with
two other important functions; B(z,w) and 8 (z). The func-
tion B(z,w) is usual Beta function which has the following
connections with the Gamma function:

ZZ

n=2k=0

p+kq

_TE@T W)
Blzw) = — ) 27)
And the function B (z) is defined as ([8]):
z+1 z
B(z)‘P<2> - (3). (28)

It is time to present the Hypeharmonic function in terms
of B and I functions.

Proposition 3.8. We have

I'(2z)
I2(z)

HEZ) — 22 B (22).
2
Proof. Replacing in equation (12) z by % and w by 5, and
considering (28) we obtain
(=)
1
L()r(3)

Besides, from the Legendre’s duplication formula (20) we

have
1 r
F < + _ 21—Z \/E (Z>
2 L)

which combines with (29) to give desired result. O
The following proposition shows the relation between the
Hyperharmonic function with the digamma and the Beta
function.

1Y = 2B(2). (29)

Proposition 3.9. We have
(W (z+w) ¥ (w))
zB(z,w)

Proof. Combining (27) and (12) we have (30). O
Equation (30) connects the Hyperharmonic function with
the well-known the Beta function. This equation enables
us to investigate some properties of the Hyperharmonic
function considering properties of the Digamma and the
Beta function. Also equation (30) is convenient to obtain
special values of the Hyperharmonic function using infor-
mation about W (z) and B(z,w) functions. For example,

H" =

(30)

HE%) 4ln2,
2 T
() _27In3 3
3 87r\f
and
H( ) 4ln2 2
i n\/f 3v2

Using equation (30) we obtain more general relation than
these special values:
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Corollary 3.10. We have

) sin 7z
HY =—H, ;.
=" g—1) !

Proof. Replacing z by 1 —z and w by z in (30), we obtain

2 (2= 1)B(z,1-2)
Remembering, B(z,1 —z) = 51 ([1]) and also with the

help of equation (8) we get desired result. O
Yet another benefits of the Proposition 3.9 is obtaining
some relations about the Hyperharmonic function consid-
ering properties of B(z,w) function. The following propo-

sition shows a symmetry between H\") and H'?.

Corollary 3.11. The Hyperharmonic function has the fol-
lowing symmetric relation:

Hz(w)_w<‘P(z+w)—‘P(w)> a1
Y 2 \¥(+w) -¥() /)
Proof. (30) can be written as
Blzw) = FEF W)(wf) ), (32)
zH;

Also we know from (27) that B(z,w) is a symmetric func-
tion i.e.

B(z,w) = B(w,z). (33)
In view of equation (32), equation (33) shows validity of
(31). O

In the paper [11] authors gave a recurrence relation for the
Hyperharmonic function. Here we obtain more general
recurrence than (3).

Corollary 3.12. The following recurrence holds for HZ(W)

wr1) ) (@+w) (P (+w+1) =¥ (w+1))
oo = WE W) W)

(34)

Proof. Under the condition Re (z) > 0 and Re (w) > 0 the
Beta function has the following recurrence:

Y B(z,w)

Blzwt1) = z+w

O
At the end of this section we give a relation between HZ(W)
and the higher order Bernoulli polynomials given by the

identity:

which combines with (32) to give the desired result.

oo

=) B

v=0

tnext

tV
(x) o
Note that higher order Bernoulli polynomials satisfy the
following relation (see [12]):

vl am

m! dxm=v

B (x) = (= 1) (x—2)...(x—m)].

Proposition 3.13. Let m and v be positive integers such
that m > v+ 1, then we have

(35)

m—v—1
(m+1) (1 _(_1ymtl d (x)
By (I—-x)=(=1)"""v! a1 Hin -
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Proof. Considering (35) we see

m-—yv
m-+1 L' d
m! dxm—V

B (1-x) = (-1)

In the light of (15) we get the result.

(x)m .
O

3.4. Integral representations of the Hyperharmonic
function

For the real variable x, considering the series representation
(10), we can state y by a definite integral of H, as

1
/ Hdx=vy
0

and also more generally
"N
/ Hidx=ny+In(n!).
Jo

Besides, in the light of (8) and the following well-known
equation (see [8])

11_ a
/ ﬁxbfldx:‘l‘(a—i—b)—‘l’(b) where a,b € R
01—

we get the following integral representation of Héw as

(@), /1 1—x 5
= dx.
ar) o 1-x°
As a result of this we have
1] —x@

o 1—x

HY

= dx.

In [9] authors proved that

T(a)T(b)

Flarp) (Y~ ¥(ath)

1
/ (1= %) Mnxdx =
0

where a,b € R™. Using this equation with (12) we have

(F(a—’_b))>2/01xb_l (1 —)c)afl Inxdx.

T'(a)T (b
Setting b = 1 we get

by _ 1

a

H}

I
H, —a/ (1—x)*""Inxdx.
0

Now we give another integral relation for H,Sy ):

Proposition 3.14. Let n € Zt and y € R\ (Z~ U{0}).

Then
/ Hdy

Proof. Considering (6) we write

Y(y+n)—¥()

vtk
which combines with (13) to give
n—1
1
HY = (v )'n y
n! = y+k
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The above equation can be written as

d (y),

(y)
H _

Hence the formula has been established. O
The Digamma function has the following integral represen-
tation ([1]):

oo e*t _ e*Z[
W) =— -—
(z) }/+/0 = dt (36)

Owing to this representation of the W we have the follow-

ing result.

Proposition 3.15. We have

(W), [=e(1-e)
F(z-l—l)/o 1—e! dr.

Proof. Let us write the integral representations of ¥ (z+ w)
and ¥ (w) via equation (36). Hence we get

/oo e—wt (1 _ e—zt)
0 1—e?
which implies (37) after multiplying both sides of this

(W),
I(z+1)" [

H" = 37)

Y(z+w)—¥(w) dt

equation by

4. Discussion and Conclusion

So far we present some formulas to calculate special values

of HZ(W). Actually more general results can be obtained
with the help of (9). In the light of (9) and (13) one can cal-
culate all rational upper and lower indexed hyperharmonic

numbers as:
(2
ey () +()
) @))

__\e); (\p (m
P 1
r ( o+ 1) 4
In our work we present a way to obtain higher derivatives
of the Hyperharmonic function with respect to the variables
z and w. Closed formulas for these derivatives are open
problems; they might be quite complicated.

n
H,"'

q1

+
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