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ABSTRACT

A hyperbolic plane H of positive curvature can be realized on the ideal domain of a Lobachevskii
plane. The plane H is the projective Cayley — Klein model of a two-dimensional de Sitter space. It
is shown that on H there are no finite regular polygons topologically equivalent to a disk. A finite
equiangular polygon homeomorphic to a disk is a quadrangle with hyperbolic quasiangles. In the
plane H we study also equiangular and regular polygons homeomorphic to the Mobius band. It is
proved that the interior angle at the vertex of a finite equiangular Mébius polygon of the plane H
is a non-convex elliptic pseudoangle.
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This paper is devoted to the 225-th anniversary of the birth of Nikolai Ivanovich Lobachevsky

1. Introduction

Let H? be an extended hyperbolic plane with absolute oval curve ~ (see [22, §5.1.1]). The plane H? has three
types of lines. Lines intersecting the absolute in two real (imaginary conjugate) points are called hyperbolic
(elliptic). Any isotropic line on H? tangent to the absolute is called parabolic.

In the Cayley —Klein model, the interior domain with respect to the oval curve v is a complete Lobachevskii
plane A?, that is, a hyperbolic plane of negative curvature. On the exterior domain with respect to the absolute
curve v one can construct different geometries. If we consider hyperbolic, elliptic, and parabolic lines as lines
in our geometry, we obtain a hyperbolic plane H of positive curvature (see [8], [9], [23, §4.1.1]). Geometry of the
plane H of curvature 1/p? can be realized in the pseudo-Euclidean space R? on the sphere of real radius p with
antipodal points identified. Therefore the plane H is the projective model of two-dimensional de Sitter space
(see, for instance, [4], [24]). The number p is called the curvature radius of H.The plane His homeomorphic to
the Mobius band without boundary. The group G of projective automorphisms of the absolute oval curve « is
the fundamental group of transformations for H, H?, and the Lobachevskii plane A2

The research of polygons in the plane H has begun probably in paper [4], where two triangles of different
types are represented. Afterwards classical questions on polygons were discussed in relation to the geometry
of the plane H in works of many authors; see, for example [1], [2], [3], [7]. In presented work we study regular
and equiangular polygons. Relying on results of papers [8], [10], [11], [12], we prove that in the plane H there
is no finite regular polygon topologically equivalent to a disk. Each finite equiangular polygon topologically
equivalent to a disk is a quadrangle with hyperbolic quasiangles. We study also finite polygons homeomorphic
to the Mobius band. We prove that on the plane H the interior angle in a finite equiangular Mobius polygon is
a non-convex elliptic pseudoang]e.
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Since the geometry of the plane H significantly differs from the geometry of the Lobachevskii plane,
especially in its topological component, we adduce in detail all necessary facts in Sec. 2. We pay special
attention to the correct introduction of all fundamental notions.

2. Preliminaries

2.1. Angles in the plane H

As in the case of the Lobachevskii plane, there are three types of pencils of lines on H.A pencil of lines on
His hyperbolic (elliptic) if its centre is an exterior (interior) point with respect to the absolute. The centre of
a parabolic pencil of lines lies on the absolute. Lines of a hyperbolic (elliptic) pencil are said to be intersecting

(hyperparallel) on H. Lines of a parabolic pencil are said to be parallel. Depending on the types of lines and the
type of the pencil containing these lines, a pair of lines determines 15 different types of angles [8, §4.3], [13].

All types of angles of the plane H are presented in Table 1 and in Fig. 1. We denote the hyperbolic, elliptic,
and parabolic type of a pencil of lines by symbol H, E, and P, respectively. For the hyperbolic, elliptic, and

parabolic type of a line in the plane H we use the designations £, e, and p, respectively.

Table 1. The types and the measures of angles on the plane H

Type of an angle Measure v (0) of Type of | Types

(short designation) an angle a pencil | of lines
a | b

Valiana (V) — H p| p

Semicovaliana (CV) —

Hyperbolic flag (HF) — H

Hyperbolic pseudoflag (HPF) — p| h

Parabolic flag (PF) — P

Elliptic flag (EF) — H p| e

Elliptic pseudoflag (EPF) —

Half-plane (HP) v € [0; 7] E

Hyperbolic angle (HA) veR;orv, € R H

Hyperbolic pseudoangle (HPA) v=1m+v, veER, h | h

Strip (S) — P

Pseudostrip (PS) —

Quasiangle (Q) v=cv+in/2,veER,,e=1,-1;0 H

Elliptic angle (EA) veRY H e

Elliptic pseudoangle (EPA) v=1im—v, veER,

The angles between non-parallel and non-parabolic lines on the plane H are measurable by means of the

absolute. Measurable angles of five types possess vertices in proper domain of the plane H. Such angles are
elliptic and hyperbolic angles, elliptic and hyperbolic pseudoangles, and quasiangles. The measure of the full
angle round a proper point of the plane H equals 2iT.

An elliptic angle has the real positive measure. A hyperbolic angle has the real negative agreed measure. The
measure of an elliptic (hyperbolic) pseudoangle is a complex number ir — v (im + v), where v € Ry.

Only non-parabolic lines of different types can be orthogonal on the plane H. Two orthogonal lines form two
adjacent right quasiangles. The measure of a right quasiangle is equal to i 7.

Assume that a hyperbolic line a and an elliptic line b form adjacent quasiangles with the vertex K. Let a’ be
an orthogonal line to @ and let K € a’. The quasiangle between the lines a and b is called hyperbolic (elliptic) if it
contains (does not contain) the line a’. The measure of a hyperbolic (elliptic) quasiangle is a complex number
i5 +ev, wherev € Ry and e =1 (¢ = —1), see [8, §4.5].

2.2. Polygons on the plane H

Let ® be a figure in the plane H2. If N H = ® (® N H # ®), then the figure ® is called a finite (infinite) figure
in the plane H.
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Figure 1. The angles of the hyperbolic plane H of positive curvature. The short designations of the types of angles are given in Table 1.

In some reasonings we suppose that the absolute curve v is added to the extanded hyperbolic plane H2. Such
gluing the components H and A2 of the plane H? by means of the curve v allow us to simplify introduction of
some basic notions. Let - = H? U 5.

On the plane H’ there are two topological types of simple closed curves. A simple closed curve is called
one-sided if its removal from H~ does not disturb connectivity of this plane. A simple closed curve is called
two-sided if it divides the plane H’ into two connected components.

Let OF be a simple two-sided closed broken line on the plane H’ and let OF N H # @. The broken line 0F
divides the plane H’ into two connected components. One of these components is topologically equivalent to
an open disk, that is, topologically equivalent to the interior domain with respect to an oval curve. We denote
it by o. The second component is topologically equivalent to the Mébius band without boundary. We denote
it by . The figure F, = 0F Uo (F,, = 0F U ) is called a generalized polygon (generalized Mobius polygon) of the
plane H. If the broken line OF is finite in H, then the generalized polygon F;, is also called a polyhedral of the
plane H.

Vertices and segments of the broken line OF' are called, respectively, vertices and edges of the polygon with
boundary OF . The line containing a polygon edge is called the side of the polygon. A polygon vertex is called
proper or ideal if it belongs to the plane H or the plane A2 respectively. A polygon vertex is called absolute if it
lies on the absolute curve . A polygon vertex is true if the polygon edges meeting in it do not lie on one line.

Let us define the notion of the interior angle of a polygon.

Let F be a generalized polygon or a generalized Mdbius polygon in the plane H and let all vertices of the
polygon F' be proper and true. Assume that lines b and d contain the polygon F' edges with a common vertex
A. The lines b, d and the polar line a of the point A with respect to the absolute v divide the plane H’ into four
generalized trihedrals. We call them the basic quarteres of the vertex A and denote by 71, 12, 13, 7a.

Assume that in the plane H an angle ) between the lines b and d contains the basic quarter 7, of the vertex A4,
where ¢ € {1,2,3,4}. We determine the type of the basic quarter 7, as the type of 7. If the angle 7 is measurable,
we accept its measure as the measure of the basic quarter 7,.

Let m, n, r, and s be positive integers and let figures

n

77]]:""777/{,1’ ,'7%7"'7"727 n§7"'7n§7 ni)""ni (2'1)

be connected components of intersections F' N 1y, F' N0y, F N 13, and F' N 14, respectively. The set of figures from
(2.1) contains one or three figures possessing a nonempty interior and the point A. We denote the quantity of
these figures by Q 4 and we denote the sum of these figures by F4. Since all vertices of the polygon F' are true,
there are two possibilities: Q4 = 1 and Q4 = 3. Let us consider both cases.
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1. If Q4 =1, then one of the basic quarteres of the vertex A contains the figure F4. We call this quarter the
interior angle of the polygon F at the vertex A.

2. If Q4 = 3, then only one of the basic quarteres of the vertex A does not contain components of the figure
F 4. Let us denote this quarter by 7,. Then each of the basic quarteres 7,, 12, and 73 contains a component
from F4. We call the sum of the quarteres 71, 72, and 73 the interior angle of the polygon F' at the vertex A.
Note that we number the basic quarteres so that the quarteres 7; and 73 belong to the same type. Under
the condition @ 4 = 3 the interior angle of the polygon F at the vertex A is non-convex and supplements
the quarter 7, to the plane H. Therefore the type name of this angle form from the type name of the
quarter 7, with addition of a term "non-convex". If the angle n is measurable, we accept the sum of the
measures of the basic quarteres 71, 72, and 73 as the measure of the interior angle of the polygon F' at the
vertex A.

In Fig. 2, a (b) the interior angle 71 (171 U 12 U n3) of the polygon F' at the vertex A is shown. In accepted terms,
this angle is an elliptic angle (non-convex elliptic angle). For objects in Fig. 2, a (b) we have

F=nUnUnUniUni, Qa=1 Fa=mn

(F=nlUnuniunUngUn;, Qa=3, Fa=nUnUni).

a b

Figure 2. (a) The interior angle 7, of the polygon F' at the vertex A. (b) The interior angle 11 U n2 U n3 of the polygon F' at the vertex A.

A generalized polygon (generalized Mobius polygon) in the plane H is called equiangular if all its interior
angles at vertices are congruent. A generalized polygon (generalized Mébius polygon) in the plane H is called
reqular if all its edges are congruent, and all its interior angles at vertices are congruent.

A generalized polygon (generalized Mobius polygon) whose vertices lie in a cycle is called inscribed polygon
in the given cycle.

It is known that there are four types of cycles in the plane H. These types are as follows: hypercycles,
horocycles, hyperbolic and elliptic cycles; see [5, III, §2], [9, §2.4], [14, §2.4], [15, §2.4]. Only hypercycles are
finite in H. They can be defined metrically as follows.

Let S be an ideal point on the plane H, that is, S € A2 The set of all points on H such that the hyperbolic
distance from it to the point S is a number r = iwp/2 — h, h € Ry, is called the hypercycle with centre at S and
radius r. An elliptic line { which is the polar line of the centre of a hypercycle with respect to the absolute curve
is called the base of the hypercycle. A hypercycle with base [ is the set of all points of the plane H such that the
distance from the point to the line / is a real number h = imwp/2 — r, which is called the height of the hypercycle.

The foundation of the areas theory for the plane H is laid in works [10], [11], [12], [16], [17]. The notion of the
figure area is entered such that finite figures in the plane H possess the real positive areas. Moreover, for each
figure F in the plane H? the following equality holds

Spe(F) = iS5 (F),

where Sxz(F) or S;;(F) is the figure F area calculated in geometry of the plane A? or H respectively; see [17].
We formulate here the theorems about the area of a generalized polygon homeomorphic to a disk and a

generalized Mdbius polygon in the plane H; see [10, Theorem 3.1] and [12, Theorem 1] respectively.
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Theorem 2.1. Let F, (F),) be a generalized polygon (generalized Mobius polygon) without parabolic edges in the plane
H of curvature radius p, p € R... Denote the measures of the interior angles of the polygon F, (F),) at vertices A, A,
ooy Anby Ay, A, ..., Ay, respectively. Then the area Sg(F,) (S ﬁ(Fu)) of the polygon F, (F,,) can be expressed by the
formula

S5 (F,) = p? (Z 7, A; —im(n — 2)) 2.2)
(Sﬁ(FM) =p? (Z szzl\j - m‘n)) , (2.3)
j=1

where 7; = 1 if a point A; is the proper or absolute vertex of the polygon F, (F,,); 7; =i if a point A; is the ideal vertex
of the polygon F, (F),).

In this paper we study only finite polygons in which every vertex is true. The areas of such polygons are real
numbers.

3. Property of angles with the common parabolic side

Let us denote the valiana (covaliana) of an arbitrary point X in the plane H by Wx (/WX> At the research of
simple n-contours in the plane H the following statement is proved; see [8, Lemma 4.3.1].

Lemma 3.1. Let A and B be proper points in the plane H and let AB, kg, and ky, be distinct parabolic lines such that

A€ ko, B € ky,and K = kq N ky. Then for each point M from the point K valiana the condition M € W <= M € /WB
holds.

In the proof of Theorem 5.2 we use generalization of Lemma 3.1. Let us formulate and prove it in the
following lemma.

Lemma 3.2. Assume that in the plane H’ with the absolute conic v fixed points A, B, C satisfy the following conditions.
(i) A¢ yand B ¢ ~.
(1) The line AB is parabolic.
(i43) The lines AC' and BC of the same type.

Also assume that for a point M in the plane H the point My = CM N AB lies on the segment AB. If the point M
belongs to the angle A between the lines AB, AC and the angle B between the lines AB, BC, then the angles A and B of
different types.

Proof. Let A1 A, (or A, E) be the polar line of the point A (or B, respectively) with respect to the absolute conic
v, where A1 = ABN~, Ay € v, E € v; see, for example, Fig. 3, a, where the lines AC and BC are elliptic. Under
the conditions (¢), (i¢) any three of the points A, A;, A>, and E do not belong to one line. Consider the canonical
frame R = {A;, A5, A, E} of the second type; see [8, §4.1.2]. In the frame R the given points have the following
coordinates:
A1(1:0:0), A2(0:1:0), A(0:0:1), E(1:1:1), B(2:0:1).

By the lemma conditions, the point C' (M) does not lie on the line AB(0 : 1 : 0). Hence this point can be given
in the frame R by coordinates (¢; : 1 : ¢3) (or (my : 1 : mg) respectively), where ¢, ¢3 € R (mq, mg € R).

The lines AA;, AC, BC, BE, AM, BM, CM and the point M, have in the frame R the coordinates:

AA5(1:0:0), AC(=1:¢1:0), BO(=1:¢1 —2¢c3:2),
BE(1:1:-2), AM(—=1:m;:0), BM(—1:m; —2ms3 : 2),
CM(ms — ¢z : mycs —macy 2 ¢p —my), Mo(my —c¢1 : 0:mg — c3).

Since the point A/ lies on the parabolic segment AB, for the cross-ratio (ABM;A;) of four points on the line
AB we have the inequality (ABMyA,) < 0; see [8, §4.2.1]. We write this inequality in the coordinate form:

0 1 ‘ 2 1 ‘
mi—cy Mmsz—c 1 0 —
(ABMoA;) = -+ — 1 T8 7% - S <o0. (3.1)
O 1 2 1 C1 — My — 2(03 — mg)
1 0 mip—c; M3 —Cs
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Figure 3. (a) The point M belonging to the elliptic pseudoflag between the lines AB, AC and the elliptic flag between the lines AB, BC. (b) The parabolic edge
B B of the polygon F'. The generalized trihedrals 1, p2 between the sides B B,, and B3 Bs.

Let us consider all possibilities depending on type of the lines AC, BC.

1. If the lines AC' and BC are parabolic, we obtain Lemma 3.1. In this case the lemma statement is proved.

2. Assume that the lines AC and BC are elliptic (or hyperbolic). Then characteristics of these lines, that is,
the values of a function ®; = 4X; X5 — X7 on the real coordinates (—1: ¢; : 0) and (=1 : ¢; — 2¢3 : 2) of the lines
AC and BC, respectively, are real numbers of the same sign; see [8, §4.1.2]. Since

q)g(AO) = 7461, (DQ(BC) = 74(01 - 203 + 1)7
condition (i) corresponds to the inequality
&1 (Cl — 2c3 + 1) > 0. (32)

If the lines AC and BC are elliptic (hyperbolic), then each of the angles between the lines AB, AC and
AB, BC is an elliptic flag (hyperbolic flag) or, respectively, an elliptic pseudoflag (hyperbolic pseudoflag). By
definition, each flag (pseudoflag) does not contain (contains) the parabolic line passing through its vertex; see,
for instance, Fig. 1, b, d. Using this condition, we ascertain the types of the angles A and B containing M.

The angle A between the lines AB and AC is flag (pseudoflag) if it does not contain (contains) the parabolic
line AA,. In this case for the cross-ratio Iy = ((AB)(AC)(AM)(AAs)) of the quadruple of lines from the pensil
with centre at A we have the inequality 74 < 0 (I > 0). Similarly, the angle B between the lines AB and
BC is flag (pseudoflag) if it does not contain (contains) the parabolic line BE. In this case for the cross-ratio
Ip = ((AB)(BC)(BM)(BE)) of the quadruple of lines from the pensil with centre at B we have the inequality
I <0 (Ip > 0). We express the values of 4 and I through the parameters c;, c3, m1, ms:

0 1 -1 C1
-1 mq 1 O &1
IA = = )
0 1 -1 c1 —mq
1 0 -1 m
0 1 1 203 —C1
1 2m37m1 1 1 01—263+1

Ip = = .
B ‘0 1H1 23 — 1 c1 —my — 2(c3 —mg)
1 1

1 2m3 — ma

Due to conditions (3.1), (3.2) the inequality 7415 < 0 holds. This means that the angles A and B of different

types.
The lemma is proved. O

4. General property of finite equiangular polygons of the plane i

Lemma 4.1. A finite equiangular polygon of the plane H has no parabolic edges.

www.iejgeo.com


http://www.iej.geo.com

Regular and Equiangular Polygons of a Hyperbolic Plane of Positive Curvature

Proof. Assume that in the plane H there is a finite equiangular polygon F'. Let us show that the polygon F' has
no parabolic edges.

Let points Bj,..., B, be the vertices of the polygon F. Assume antithesis. Agree that in the polygon F an
edge, for example, B; By, is a parabolic segment. Denote the intersection point of the sides By B,, and B;Bs
by C; see, for instance, Fig. 3, b, where the case with the elliptic sides By B,, and B;Bs; of the polygon F is
shown. Since the polygon F is equiangular, the lines B; B,, and B, B3 of the same type. These lines divide the

plane H’ into two angles. One of them contains the segment B; B, wich divides this angle into two generalized
trihedrals. Denote them by ¢; and .. If the edges By B,, and B> Bs belong to the boundaries of the different
trihedrals ¢, and ¢, then only one of the interior angles of the polygon F at the vertices B, and B, is convex.
It contradicts assumption about equality of all angles in the polygon F'. Consequently, the points B,, and Bs
belong to the boundary of one of the trihedrals o1, ¢2. Denote this trihedral by ¢;. If the interior angle of the
polygon F at every vertex is convex (non-convex), then in the interior of the trihedral ¢; (¢2) there is a point
M wich belongs to the interior angles of F' at the vertices B; and Bs. Since a point My = CM N B, B, belongs
to the parabolic segment By Bs, the points By, Bs, C, and M satisfy the Lemma 3.2 conditions. By Lemma 3.2,
the interior angles of the polygon F' at the vertices B; and B, are not congruent. We reached a contradiction.
Consequently, our assumption is incorrect, and the polygon F' has no parabolic edges.

The lemma is proved. O

5. Equiangular and regular polygons homeomorphic to a disk

Theorem 5.1. Ifin the plane H there is a finite equiangular polygon homeomorphic to a disk, then it is a quadrangle with
hyperbolic quasiangles.

Proof. Assume that in the plane H there is a finite equiangular n-gon F,, homeomorphic to a disk. By Lemma
4.1, the polygon F;, has no parabolic edges. Consequently, the interior angles of F;, at all vertices are measurable.
Denote the measure of the interior angle of F, at every vertex by 3. Since the polygon F, is finite, all its

vertices lie in the plane H. Via formula (2.2) from Theorem 2.1 we find
Sq(Fo) = p*(nB —im(n — 2)). (5.1)

In the plane H a measurable angle with finite vertex belongs to one of five types; see Table 1. Let us consider
all possibilities depending on the types of interior angles in the polygon F,,.

1. Assume that the interior angle of the polygon F, at every vertex is convex.

(a) If each interior angle of the polygon F, is an elliptic or hyperbolic angle, then 3 € R. In these cases
the area S (F,) calculated via formula (5.1) is not real number. Therefore the polygon F; is infinite
and does not conform to the theorem requirement.

(b) If each interior angle of the polygon F, is an elliptic or hyperbolic pseudoangle, then g = im — 5y,
where By € Ry or s € R_, respectively. In these cases from (5.1) we obtain: S;(F,) € C and
Im (Sz(F,)) = 2mp? # 0. Hence the polygon F;, is infinite and does not satisfy the theorem condition.

(c) Let us agree that each interior angle of the polygon F; is a quasiangle. Then 3 = iJ + £fy, where
Bo € Ry, e = 0;1; —1. Formula (5.1) yields

4—n

2

Sg(F,) = 0> <i7r + n&ﬂ()) . (5.2)

From expression (5.2) we find the values of n, ¢ for the finite polygon F,: n =4, ¢ = 1. Thus an
equiangular polygon with quasiangles is finite if and only if it is a quadrangle with hyperbolic
quasiangles.

2. Assume that the interior angle of the polygon F, at every vertex is non-convex. Then it can be an angle
of only one of five types. Let us consider all alternatives.

(a) If each interior angle of the polygon Fj, is a non-convex elliptic or hyperbolic angle, then 5 = 2im — £y,
where 5y € Ry or 5y € R_ respectively. By formula (5.1) we obtain

S5(Fo) = p? (im(n +2) — ). (53)
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Under admissible values n the number S5 (F,) from (5.3) is not real. Therefore the polygon F; is
infinite. It is not provided by the theorem.

(b) If each interior angle of the polygon F, is a non-convex elliptic or hyperbolic pseudoangle, then
B = im + By, where 5y € Ry or 5y € R_ respectively. In these cases formula (5.1) implies

Sg(Fo) = ,02 (2im +nfo) -

Since Im (Sz(F,)) = 2mp? # 0, the polygon F, is infinite. It contradicts the theorem condition.

(c) If each interior angle of the polygon F, is a non-convex quasiangle, then 8 =2 + £8,, where
Bo € R4, e =0;1; —1. Formula (5.1) implies

+n
2

S5(F,) = 0> <i7r4 + nsﬁ()) .

Under admissible values n we have Im (Sz(F,)) # 0. Hence the polygon F, is infinite. This case
violates the theorem requirement and completes consideration of all possibilities.

Note that the only case 1 (c) satisfies the theorem conditions. So in the plane H only a quadrangle with
hyperbolic quasiangles can be a finite equiangular polygon homeomorphic to a disk.
The theorem is proved. U

The existence of a finite equiangular quadrangle can be proved via its explicit construction. For this purpose

we can use a simple 4-contour or a Lambert quadrilateral in the plane H; see [18] or [6] respectively.
In Fig. 4, a, the finite equiangular quadrangle ABCD is shown.

B3

=n

B2

B1

Bn

a b

Figure 4. (a) The finite equiangular quadrangle ABC D. (b) The finite regular Mébius polygon F,, = B1Bs . .. By, inscribed in the hypercycle w.

Using a coordinate method, it is possible to prove the following assertions.
1. In the plane H the opposite edges of a finite equiangular quadrangle are congruent.

2. Intheplane H the midlines of a finite equiangular quadrangle are mutually orthogonal and have common
midpoint.

Theorem 5.1 allows us to prove the following fact.
Theorem 5.2. In the plane H there is no finite regular poligon homeomorphic to a disk.

Proof. Assume that in the plane H there is a finite regular polygon F homeomorphic to a disk. By definition, all
interior angles of the polygon F are congruent. Hence for the polygon ¥’ we have Theorem 5.1. By this theorem,
the polygon F'is a finite quadrangle with hyperbolic quasiangles. The sides of a quasiangle belong to different
types of lines. Therefore adjacent edges of the polygon F' are not congruent. Thus we obtain the violation to
the theorem condition. Consequently, our assumption is incorrect.

The theorem is proved. O
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6. Equiangular and regular Mébius polygons

Theorem 6.1. In the plane H the interior angle at the vertex of a finite equiangular Mobius polygon is a non-convex
elliptic pseudoangle.

Proof. Let F, be a finite equiangular Mébius n-gon in the plane H. By Lemma 4.1, the polygon F, has no
parabolic edges. Therefore F), satisfies the Theorem 2.1 conditions. Formula (2.3) from Theorem 2.1 yields the
expression

Sa(E) = p*n (B — i),
where (3 is the measure of each interior angle in the polygon F),. The values of S5 (F),) are real and positive if
and only if 8 =i + v, v € Ry.

Assume that the polygons F),, F, have a common boundary. Then the generalized equiangular polygon F,
is topologically equivalent to a disk. All interior angles at vertices in such polygon are convex. For the measure
B, of each interior angle of F,, we obtain: 8, = 2ir — § = im — v. Choosing the values of the measures of convex
angles from Table 1, we find the only possibility: the interior angle of the polygon F, is an elliptic pseudoangle.
Therefore the interior angle of the polygon F), is a non-convex elliptic pseudoangle.

The theorem is proved. O

Before proving the existence of a finite regular Mobius polygon in the plane H, we prove some of its
properties.

Theorem 6.2. In the plane H of curvature radius p, p € Ry, vertices of a finite reqular Mobius n-gon with the edge
length a lie in a hypercycle with the height h, where

sin & 4, /sin® £ — sin? =
h=pln 2 - W2p (6.1)
S11 n
The length a of each edge in a finite reqular Mobius n-gon satisfies the inequality
a > 2mp/n. (6.2)

Proof. Assume that in the plane H there is a finite regular Mbius n-gon F,. Denote its vertices by By, Ba,
..., Bp. Owing to Theorem 6.1 all edges of the polygon F), are elliptic segments. For each elliptic segment of
the plane H there exists the unique midperpendicular. Let p; and p, be the midperpendiculars of the edges
By By and B, Bj respectively, and let S = p; N ps. Then the vertices By, By, and Bs are at the same distance
from the point S. Therefore these vertices lie in a cycle with centre at S. Denote this cycle by w. If n > 3 then
we continue reasonings. Since |SB;| = |SBz| = |SBs| and | By B| = | B2 B3/, the generalized trihedrals B; B, S,
B B3 S are congruent. Notice that a priori depending on location of the point S we can have one of the following
conditions: R

1)|SBy| e Ry if S € H;

2)|SB| =0if S ey;

3) |SBy| = im/2 — v, where v € R, if S € A2.

As the interior angles at the vertices B, and Bs of the polygon F), are congruent and |B;Bs| = |B3Ba|,
the generalized trihedrals By BsS, B3B4S are also congruent. Hence |SBy| = [SB:| and B, € w. Continuing
sequentially similar resonings, we prove that every vertex of the polygon F), belongs to the cycle w. Further we
ascertain the type of w.

The midperpendicular of each polygon F), edge is a hyperbolic line. Therefore the lines SBy, SBy, ..., SB,,
that is, axes of w, are hyperbolic too. It means that the cycle w can be a horocycle, a hyperbolic cycle, or a
hypercycle of the plane H. Let us choose the round ¢ of the cycle w according to the cyclic sequence of vertices
By, By, ..., B, of the polygon F),. The round ¢ generates orientation of the plane H.In [9,883.5.1,3.5.2,3.6.4] it
is shown that in the oriented plane H angles with hyperbolic sides are oriented.

Let f be a rotation through an oriented angle B,;SB, around the point S. Clearly, f(w) = w. According
to the previous arguments, the trihedrals B, B,S, B2BsS, ..., B,B:S are congruent. Hence oriented angles
B1SBs;, B3SBs, ..., B,SB; are also congruent. Owing to this for any numbers p and ¢, where p=1,2,....n
and ¢ = 1,2,...,n, there exists a number m satisfying the condition

F™(B,) = B,. (6.3)
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Since the rotation f keeps orientation of the plane H, the condition (6.3) implies that the cycle w does not
possess points from the absolute. Consequently, the cycle w is a hypercycle of the plane H; see Fig. 4, b.

On the plane Ha hypercycle of height h posseses the following property; see [19, Theorem 1]. The length a
of its interior elliptic chord corresponding to the central angle of the measure « is determined by the equality

h
cos L =1 - 2sin < cosh? . (6.4)
p 2 p

In the case of the regular n-gon F},, inscribed in the hypercycle w of height 4, we have a = 27 /n. Therefore
via the formula (6.4) we find

a Lo T h
cos — = 1 — 2sin® = cosh? -,
n

h
cos e sin? 4 _ cos> @ + sin? 4 2sin? T cosh? -,
2p 2p 2p 2p n p
h
sin? & — sin? = cosh? _. (6.5)
n

Since a € (0,7p), h € Ry, and n > 3, formula (6.5) implies

h sinz:

2
cosh — = —2. (6.6)
14 S1n n
Owing to equality (6.6) we obtain
in in2 @ _Gip2 © in & _ in2 @ _ Gip2 ©
. Sings 44 /sin® gt —sin® T ,  sings sin” 5= — sin® =
er = — or er = — . (6.7)
sin = gin ©
n n

For all admissible values of a and n the following inequality holds

Hence the second equality from (6.7) contradicts the condition h € R,.. According to the first equality from
(6.7), we have (6.1). This completes the proof of the first theorem statement.
Since cosh % > 1, from the equality (6.6) we obtain

. a . T
sin — > sin —.
2p n

Consequently, the inequality (6.2) holds. So, the second statement of the theorem is proved.
The theorem is proved. O

Using Theorem 6.2, it is possible to prove the existence of a finite regular Mobius polygon of the plane H via
an explicit construction.

A regular n-contour considered in [20], [21, §4] (see also [9, §5.2]) at construction of simple partitions of
the plane H gives us interesting examples of finite regular Mobius polygons. It is known that on the plane
H a regular n-contour defines a family of concentric hypercycles. For n odd this family consists of (n — 1)/2
nondegenerate hypercycles, and for n even it consists of (n — 2)/2 nondegenerate hypercycles. All vertices of
the same order on a regular n-contour are located at the same hypercycle.

Assume that points A", A", ..., A} are vertices of order m, m > 1, on a regular n-contour with centre at a
point S. Let us consider a rotation of the plane H through the angle 27 /n about the point S. Under this rotation
every point A7 goes to A7Y,, where A} . = AT, j,t € N. Consequently, a closed broken line AT"AZ"... A%
defines two regular polygons. Since m > 1, each line AT* A7, is elliptic. Hence the regular M&bius polygon F
with the vertices A", AL, ..., A7 is finite.

Thus a regular n-contour of the plane H generates a family of regular Mébius polygons. For n odd this family
consists of ((n — 1)/2 — 1) n-gons, and for n even it consists of ((n — 2)/2 — 1) n-gons.
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Note that regular n-contours in the plane H at odd and even n possess different combinatory structures; see,
for instance, [21, Sec. 4.5]. Distinctions under odd and even n are found also in a combinatory structure of the
finite regular Mobius polygons of the plane H. For example, if n is odd, a finite regular Mbius n-gon consists
of n congruent trihedrals which fit together on a common edge without gaps and overlappings. For n even the
cells of patitions in a finite regular Mobius n-gon are n/2 congruent equiangular quadrangles.

In Fig. 5 a finite regular Mobius 9-gon F' with vertices 1,2,...,9 is shown. The polygon F is inscribed in a
hypercycle w. An elliptic line [ is the base of w. The trihedrals Q1 = 162, Q2 = 627, Q3 = 273, Q4 = 738, Q5 = 384,
Qs = 849, Q7 = 495, Qs = 951, Q9 = 516 form the polygon F.

Qs Q9
Q 6 8 .
Qs
5
QP
\ Y
, (O
Q8 \1 Q7
i P« 4
5
Q1 3
Qo
Q@ /
Q N
3
® Qs
Figure 5. The finite regular Mébius 9-gon F' = 12...9 generated by a regular 9-contour. The vertices 1,2, ..., 9 of F lie in a hypercycle w with the base I. The

trihedrals Q1 = 162, Q2 = 627, Q3 = 273, Q4 = 738, Q5 = 384, Q¢ = 849, Q7 = 495, Qg = 951, Q9 = 516 form the polygon F.
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