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ABSTRACT

We introduce a class of quarter-symmetric projective conformal connections, and study the
geometrical properties of a manifold associated with this connection. The Schur’s theorem
corresponding to the quarter-symmetric projective conformal connection is derived.
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1. Introduction

Since A. Fridman and J. A. Schouten [6] first introduced the concept of the semi-symmetric linear connection,
afterwards, using [10], the metric connection with a torsion was deeply studied. K. Yano in [12] defined a semi-
symmetric metric connection and studied its geometric properties. In [18], a semi-symmetric connection that
is projectively equivalent to the Levi-Civita connection was called a projective semi-symmetric connection
and its properties were considered. In [15, 19, 20, 2, 5, 8, 9], these connections were more deeply studied. In
[16], a mutual connection and its dual connection of the semi-symmetric metric connection were considered.
And in [11] a conjugate symmetry condition of the Amari-Chentsov connection was considered. In [14], one
type of semi-symmetric non-metric connections satisfying the Schur’s theorem was investigated. K. Yano and
J. Imai [13] defined and studied a quarter-symmetric metric connection generalizing semi-symmetric metric
connection. U. C. De and S. C. Biswas [1] studied quarter-symmetric metric connection in a SP-Sasakian
manifold. Han, Ho and Zhao [7] obtained a projective invariant of quarter-symmetric metric connections.
In [4, 20, 3] the projective property of the quarter-symmetric metric connection was studied. In [17] semi-
symmetric projective conformal connection was newly defined and the semi-symmetric projective conformal
connection satisfying the Schur’s theorem was studied.

In this paper, we newly define, motivated by [1, 4, 7], the quarter-symmetric projective conformal connection
and study its properties. And the quarter-symmetric projective conformal connection satisfying the Schur’s
theorem is studied.

2. Main Results

On a Riemannian manifold (M, g), quarter-symmetric metric connection
q

∇ satisfies the relation

(
q

∇zg)(X,Y ) = 0,
q

T (X,Y ) = ϕ(X)π(Y )− ϕ(Y )π(X).

where ϕ is (1, 1)-type tensor field and π is a 1-form.
Local expression of this expression is

q

∇kgij = 0,
q

T kij = πjϕ
k
i − πiϕkj ,
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and the connection coefficient is
q

Γkij = {kij}+ πjU
k
i − πiV kj − Uijπk, (2.1)

where {kij} is the coefficient of the Levi-Civita connection and ϕji and πi are components of (1,1)-type tensor
field and 1-form π respectively and Uij = 1

2 (ϕij + ϕji), Vij = 1
2 (ϕij − ϕji) and πk = gklπl([7]).

Definition 2.1. In a Riemannian manifold, connection
p

∇ is called a quarter-symmetric projective connection,

if
p

∇ is projectively equivalent to a quarter-symmetric metric connection
q

∇.

In a Riemannian manifold, a quarter-symmetric projective connection
p

∇ satisfies the relation

(
p

∇zg)(X,Y ) = −2ψ(Z)g(X,Y )− ψ(X)g(Y,Z)− ψ(Y )g(X,Z),

p

T (X,Y ) = ϕ(X)π(Y )− ϕ(Y )π(X),

and the coefficient of
p

∇ is
p

Γkij = {kij}+ ψiδ
k
j + ψjδ

k
i + πjU

k
i − πiUkj − Uijπk. (2.2)

Definition 2.2. In a Riemannian manifold, connection
c

∇ is called a quarter-symmetric conformal connection,

if
c

∇ is conformally equivalent to a quarter-symmetric metric connection
q

∇.

In a Riemannian manifold, a quarter-symmetric conformal connection
c

∇ satisfies the relation

(
c

∇zg)(X,Y ) = 2Zσg(X,Y ),
c

T (X,Y ) = ϕ(X)π(Y )− ϕ(Y )π(X),

where
g(X,Y ) = e2σ(x)g(X,Y ).

And the coefficient of
c

∇ is
c

Γkij = {kij} − σiδ
k
j − σjδki + gijσ

k + πjU
k
i − πiV kj − Uijπk. (2.3)

where {kij} is the coefficient of the Levi-Civita connection
0

∇ of conformal metric gij = e2σ(x)gij and σi = ∂iσ.

Definition 2.3. In a Riemannian manifold, connection∇ is called a quarter-projective conformal connection, if

∇ is projective and conformal equivalent to a quarter-symmetric metric connection
q

∇.

In a Riemannian manifold, a quarter-symmetric projective conformal connection ∇ satisfies the relation

∇zg(X,Y ) = −2[ψ(Z)− Zσ]g(X,Y )− ψ(X)g(Y,Z)− ψ(Y )g(X,Z),

T (X,Y ) = ϕ(X)π(Y )− ϕ(Y )π(X). (2.4)

The local expression of the relation (2.4) is

∇kgij = −2(ψk − σk)gij − ψigjk − ψjgik, T kij = πjϕ
k
i − πiϕkj , (2.5)

and its coefficient is

Γkij = {kij}+ (ψi − σi)δkj + (ψj − σj)δki + gijσ
k + πjU

k
i − πiV kj − Uijπk. (2.6)

Remark 2.1. If σ = 0, then the quarter-symmetric projective conformal connection ∇ is ∇ =
p

∇; If ψ = 0,

then the quarter-symmetric projective conformal connection ∇ is ∇ =
c

∇; If σ = ψ = 0, then the quarter-

symmetric projective conformal connection ∇ is ∇ =
q

∇. And if ϕ(X) = X , then the quarter-symmetric
projective conformal connection ∇ is a semi-symmetric projective conformal connection[17].
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From (2.6), we find that the curvature tensor of ∇ is

Rlijk = K
l

ijk + δljaik − δliajk + bligjk − bljgik + U ljcik − U li cjk
+cljUik − cliUjk + U lijπk − Uijkπl − V lkπij + V ljkπi

−V likπj + δlkψij + T lijψk + δljV
p
k ψpπi − δ

l
iV

p
k ψpπj , (2.7)

where K
l

ijk is the curvature tensor of
0

∇ of gij ,

aik =
0

∇i(ψk − σk)− (ψi − σi)(ψk − σk)− Upi (ψp − σp)πk − gik(ψp − σp)σp + Uik(ψp − σp)πp,

bik =
0

∇iσk + σiσk − Uipσpπk + Uikσ
pπp,

cik =
0

∇iπk + πiπk − Uipπpπk +
1

2
Uikπ

pπp,

U lij =
0

∇iU lj −
0

∇jU li ,
Uijk = U lijglk

V lik =
0

∇iV lk − U
p
i V

l
pπk + U liV

p
k πp + UikV

l
pπ

p − UipV pk π
l + V li σk − Vikσl − δliV

p
k σp − gikV

l
pσ

p,

ψij =
0

∇iψj −
0

∇jψi,

πij =
0

∇iπj −
0

∇jπi.

From (2.5), dual connection
∗
∇ of the quarter-symmetric projective conformal connection∇ satisfies the relation

∗
∇kgij = 2(ψk − σk)gij + ψigjk + ψjgik,

∗
T kij = (πj − 2σj + ψj)δ

k
i − (πi − 2σi + ψi)δ

k
j ,

and its coefficient is
∗

Γkij = {kij} − (ψi − σi)δkj − σjδki − gij(ψk − σk) + πjU
k
i − πiV kj − Uijπk. (2.8)

And the curvature tensor is
∗

Rlijk = K
l

ijk + δlibjk − δljbik + aljgik − aligjk + U ljcik − U li cjk
+cljUik − cliUjk + U lijπk − Uijkπl − V lkπij + V ljkπi

−V likπj − δlkψij − Tijkψl + gjkV
l
pψ

pπi − gikV lpψpπj . (2.9)

From the expressions (2.7) and (2.9)

∗
Rlijk = Rlijk + δliαjk − δljαik + αljgik − αligjk − 2δlkψij − Tijkψl

−T lijψk + gjkV
l
pψ

pπi − gikV lpψpπj + δliV
p
k ψpπj − δ

l
jV

p
k ψpπi, (2.10)

where αjk = ajk + bjk,Tijk = T lijglk.

Theorem 2.1. In a Riemannian manifold, if a 1-form ψ is a closed form, then a volume curvature tensor of the quarter-
symmetric projective conformal connection ∇ is zero, namely

Pij = 0 (2.11)

where Pij is a volume curvature tensor of ∇.

Proof. Contracting the indices k and l of (2.7), then we obtain

Pij =
0

P ij + aij − aji + bij − bji + Ukj cik − Uki cjk + Uikc
k
j − Ujkcki + Ukijπk − Uijkπk

−V kk πj + V kjkπi − V kikπj + nψij + T kijψk + V pj ψpπi − V
p
i ψpπj ,
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where
0

P ij is a volume curvature tensor of the Levi-Civita connection
0

∇ of gij , U
j
i = Uikg

kj , V ji = Vikg
kj and

cji = cikg
kj . That is to say

Pij =
0

P ij + (aij − aji + bij − bji + V pj ψpπi − V
p
i ψpπj) + (Ukj cik − Uki cjk + Uikc

k
j − Ujkcki )

+(Ukijπk − Uijkπk)− V kk πj + V kjkπi − V kikπj + nψij + T kijψk,

On the other hand

aij − aji + bij − bji + (V pj πi − V
p
i πj)ψp = ψij − T pijψp,

0

P ij = 0, Ukj cik − Uki cjk + Uikc
k
j − Ujkcki = 0,

Ukijπk − Uijkπk = 0, V kk = 0, V kjk = 0.

Hence
Pij = (n+ 1)ψij . (2.12)

If a 1-form ψ is a closed form, then ψij = 0. Hence from the expression (2.12), we obtain the expression
(2.11).

Remark 2.2. Theorem 2.1 shows that the volume flat condition of the quarter-symmetric projective conformal
connection ∇ is independent of both quarter-symmetric component and conformal component, and depends
only on projective component.

Theorem 2.2. The quarter-symmetric conformal connection on a Riemannian manifold (M, g) is conjugate symmetric
if and only if its Ricci curvature tensor is equal to that with respect to its dual connection.

Proof. From the expression (2.10), if ψ = 0, then we obtain

c∗
Rlijk =

c

Rlijk + δliαjk − δljαik + gikα
l
j − gjkαli, (2.13)

Contracting the indices i and l, then we obtain

c∗
Rjk =

c

Rjk + nαjk − gjkαii,

From this expression, we find

αjk =
1

n
(
c∗
Rjk −

c

Rjk + gjkα
i
i),

Substituting this expression into the expression (2.13), we obtain

c

Rlijk −
1

n
(δli

c

Rjk − δlj
c

Rik + gik

c

Rlj − gjk
c

Rli) =
c∗
Rlijk −

1

n
(δli

c∗
Rjk − δlj

c∗
Rik + gik

c∗
Rlj − gjk

c∗
Rli).

From this expression, there holds
c∗
Rlijk =

c

Rlijk if and only if
c∗
Rjk =

c

Rjk.

The second Bianchi identity of the curvature tensor Rlijk of the quarter-symmetric projective conformal
connection ∇ on a Riemannian manifold (M, g) is

∇hRlijk +∇iRljhk +∇jRlhik = TmhiR
l
jmk + Tmij R

l
hmk + TmjhR

l
imk.

By Rijkl = glpR
p
ijk, this expression becomes

∇hRijkl +∇iRjhkl +∇jRhikl = ∇hglpRpijk +∇iglpRpjhk +∇jglpRphik + TmhiRjmkl + Tmij Rhmkl + TmjhRimkl. (2.14)

Theorem 2.3. Suppose a connected Riemannian manifold (M, g)(dim M ≥ 3) associated with a quarter-symmetric
projective conformal connection is everywhere isotropici. If

ψh − 2σh +
2

n− 1
(πhϕ

p
p − πpϕ

p
h) = 0, (2.15)

then (M, g,∇) is a constant curvature manifold.
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Proof. If (M, g,∇) is everywhere wandering, the curvature tensor is

Rijkl = K(p)(gilgjk − gikgjl), (2.16)

Substituting the expression (2.16) into (2.14) and using (2.5), then we obtain

[∇hK −K(ψh − 2σh)](gilgjk − gikgjl) + [∇iK −K(ψi − 2σi)](gjlghk − gjkghl)+
[∇jK −K(ψj − 2σj)](ghlgik − ghkgil) = K[πh(gilϕjk − gikϕjl + ϕilgjk − ϕikgjl)+
πi(gjlϕhk − gjkϕhl + ϕjlghk − ϕjkghl) + πj(ghlϕik − ghkϕil + ϕhlgik − ϕhkgil)].

Multiplying both sides of this expression by gjk, and contracting the indices j, k, then we obtain

(n− 2){[∇hK −K(ψh − 2σh)]gil − [∇iK −K(ψi − 2σi)]ghl}

= (n− 3)(πhϕil − πiϕhl) + gil(πhϕ
p
p − πpϕ

p
h)− ghl(πiϕpp − πpϕ

p
i ).

And multiplying both sides of this expression again by gil, and contracting the indices i, l, then we obtain

(n− 1)(n− 2)[∇hK −K(ψh − 2σh)] = 2K(n− 2)(πhϕ
p
p − πpϕ

p
h).

From this expression we obtain

∇hK = K[ψh − 2σh +
2

n− 1
(πhϕ

p
p − πpϕ

p
h)].

Consequently, for n ≥ 3, K = const, if and only if

ψh − 2σh +
2

n− 1
(πhϕ

p
p − πpϕ

p
h) = 0.

Remark 2.3. If ψh = 0, then the expression (2.15) is

σh =
1

n− 1
(πhϕ

p
p − πpϕ

p
h),

and if σh = 0, then the expression (2.15) is

ψh =
−2

n− 1
(πhϕ

p
p − πpϕ

p
h),

And if ψh = σh = 0, then the expression is
πhϕ

p
p = πpϕ

p
h. (2.17)

From Theorem 2.3, it is easy to see that there holds the following Corollary for the quarter-symmetric metric

connection
q

∇

Corollary 2.1. A connected n-dimensional Riemannian manifold (M, g)(dim M ≥ 3)associated with a quarter-

symmetric metric connection
q

∇ being isotropic is a constant curvature manifold.

If ϕ(X) = fX , then quarter-symmetric projective conformal connection∇will be expressed as D. In this case
the expressions (2.5) and (2.6) are respectively

Dkgij = −2(ψk − σk)gij − ψigjk − ψjgik, T kij = f(πjδ
k
i − πiδkj ), (2.18)

D

Γkij = {kij}+ (ψi − σi)δkj + (ψj − σj + fπj)δ
k
i + gij(σ

k − fπk). (2.19)

And the curvature tensor of the connection D is

D

Rlijk = K
l

ijk + δljαik − δliαjk + gjkβ
l
i − gikβlj + δlkψij , (2.20)
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where

αik =
0

∇i(ψk − σk + fπk)− (ψi − σi + fπi)(ψk − σk + fπk)− gik(ψp − σp + fπp)(σ
p − fπp),

βik =
0

∇i(σk − fπk) + (σi − fπi)(σk − fπk).

A dual connection
∗
D of the quarter-symmetric projective conformal connection D satisfies the relation

∗
Dkgij = 2(ψk − σk)gij + ψigjk + ψjgik,

∗
T kij = (ψj + fπj − 2σj)δ

k
i − (ψi + fπi − 2σi)δ

k
j .

And from (2.19), its coefficient is
D∗
Γkij = {kij} − (ψi − σi)δkj − (σj − fπj)δki − gij(ψk − σk + fπk).

And its curvature tensor is

D∗
Rlijk = K

l

ijk + δliβik − δljβik + gikα
l
j − gjkαli − δlkψij . (2.21)

Theorem 2.4. If a Riemannian metric admits a quarter-symmetric projective conformal connection D with a constant
curvature on a Riemannian manifold (M, g)(dim ≥ 3), then the Riemannian metric is conformally flat.

Proof. Adding the expressions (2.20) and (2.21), and setting γik = αik − βik, we obtain

D

Rlijk +
D∗
Rlijk = 2K

l

ijk + δljγik − δliγjk + gikγ
l
j − gjkγli, (2.22)

Contracting the indices i and l of (2.22), then we obtain

D

Rjk +
D∗
Rjk = 2Kjk − (n− 2)γjk − gjkγii , (2.23)

Multiplying both sides of (2.23) by gjk, we obtain

D

R+
D∗
R = 2K − 2(n− 1)γii ,

From this expression

γii =
1

2(n− 1)
[2K − (

D

R+
D∗
R )],

Using this expression, from (2.23), we obtain

γjk =
1

(n− 2)
{2Kjk − (

D

Rjk +
D∗
Rjk)−

gjk
2(n− 1)

[2K − (
D

R+
D∗
R )]},

Substituting this expression into (2.22) and putting

D

Clijk =
D

Rlijk −
1

(n− 2)
(δli

D

Rjk − δlj
D

Rik + gjk

D

Rli − gik
D

Rlj)−
D

R

(n− 1)(n− 2)
(δljgik − δligjk),

D∗
Clijk =

D∗
Rlijk −

1

(n− 2)
(δli

D∗
Rjk − δlj

D∗
Rik + gjk

D∗
Rli − gik

D∗
Rlj)−

D∗
R

(n− 1)(n− 2)
(δljgik − δligjk),

0

C
l

ijk = K
l

ijk −
1

(n− 2)
(δliKjk − δljKik + gjkK

l

i − gikK
l

j)−
K

(n− 1)(n− 2)
(δljgik − δligjk),

Then by a direct computation we obtain
D

Clijk +
D∗
Clijk = 2

0

C
l

ijk. (2.24)

From
D

Rlijk = K(δljgik − δligjk), we have
D

Clijk =
D∗
Clijk = 0. Hence by (2.24),

0

C
l

ijk = 0. Using
0

C
l

ijk =
0

Clijk, then
0

Clijk = 0, where
0

Clijk = 0 is a Weyl conformal curvature tensor of a Riemannian metric gij . Hence if n ≥ 3,
then the Riemannian metric is conformal flat.
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Remark 2.4. The
D

Clijk,
D∗
Clijk and

0

C
l

ijk are Weyl conformal curvature tensor of gij of D,
∗
D and

0

∇, respectively.

Theorem 2.5. The quarter-symmetric projective conformal connection D is conjugate symmetric in a Riemannian
manifold if and only if the corresponding Ricci curvature tensors are equal.

Proof. From the expressions (2.20) and (2.21), we get

D∗
Rlijk =

D

Rlijk + δliρjk − δljρik + gikρ
l
j − gjkρli − 2δlkψij , (2.25)

where ρik = αik + βik. Contracting the indices i and l we obtain

D∗
Rjk =

D

Rjk + nρjk − gjkρii − 2ψkj . (2.26)

Alternating the indices j and k of this expression, using ρjk − ρkj = ψjk we obtain,

D∗
Rjk −

D∗
Rkj =

D

Rjk −
D

Rkj + (n+ 4)ψjk.

From this relation we find

ψjk =
1

n+ 4
[(
D∗
Rjk −

D∗
Rkj)− (

D

Rjk −
D

Rkj)],

Using this expression, from (2.26)

ρjk =
1

n
{
D∗
Rjk −

D

Rjk − gjkρii −
2

n(n− 4)
[(
D∗
Rjk −

D∗
Rkj)− (

D

Rjk −
D

Rkj)]}

Substituting the above two expressions into (2.25)

D

Rlijk −
1

n
(δli

D

Rjk − δlj
D

Rik + gik

D

Rlj − gjk
D

Rli) +
2

n(n+ 4)
[δli(

D

Rjk −
D

Rkj)− δlj(
D

Rik −
D

Rki)]

+ gik(
D

Rli −
D

Rlj)− gjk(
D

Rlj −
D

Rli) + nδlk(
D

Rij −
D

Rji) =
D∗
Rlijk −

1

n
(δli

D∗
Rjk − δlj

D∗
Rik + gik

D∗
Rlj − gjk

D∗
Rli)

+
2

n(n+ 4)
[δli(

D∗
Rjk −

D∗
Rkj)− δlj(

D∗
Rik −

D∗
Rki)] + gik(

D∗
Rli −

D∗
Rlj)− gjk(

D∗
Rlj −

D∗
Rli) + nδlk(

D∗
Rij −

D∗
Rji).

From this expression we arrive at that
D

Rlijk =
D∗
Rlijk if and only if

D∗
Rjk =

D

Rjk.

Now we will study the Schur’s theorem of the quarter-symmetric projective conformal connection D. From
the Theorem 2.3, the quarter-symmetric projective conformal connection D satisfies the Schur’s theorem if and
only if, from (2.15),

ψh − 2σh + 2fπh = 0. (2.27)

Hence, from (2.18) and (2.19) in a connected Riemannian manifold (M, g)(dim ≥ 3), the quarter-symmetric
projective conformal connection D satisfying the Schur’s theorem satisfies

Dkgij = −2(σk − 2fπk)gij − 2(σi − fπi)gjk − 2(σj − fπj)gik, T kij = f(πjδ
k
i − πiδkj ).

And its connection coefficient is
D

Γkij = {kij}+ (σi − 2fπi)δ
k
j + (σj − 2fπj)δ

k
i + gij(σ

k − fπk). (2.28)

From this fact, the quarter-symmetric projective conformal connection D satisfying the Schur’s theorem is as
follows.

1. σi = 0(D =
p

D,ψh = −2fπh),
p

Dkgij = 2f(2πkgij + πigjk + πjgik), T kij = f(πjδ
k
i − πiδkj ),

Dp

Γkij = {kij} − f(2πiδ
k
j + πjδ

k
i + gijπ

k).
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2. ψi = 0(D =
c

D,σh = fπh),
c

Dkgij = 2fπkgij , T kij = f(πjδ
k
i − πiδkj ),

Dc

Γkij = {kij} − fπiδkj .

3. ψi = σi,

Dkgij = −ψigjk − ψjgik, T kij = f(πjδ
k
i − πiδkj ),

D

Γkij = {kij}+ fπjδ
k
i + gij(ψ

k − fπk).
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