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ABSTRACT

We investigate some lifts of tensor fields of type (1,0) on a cross-section in the semi-tensor (pull-
back) bundle tM of tensor bundle TM of type (p,q) by using projection (submersion) of the
cotangent bundle T*M and we find some relation for them.
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1. Introduction

Let M,, be an n-dimensional differentiable manifold of class C*°, and let (7*(M,,), 1, M,,) be a cotangent
bundle over M,,. We use the notation (z%) = (xa, xo‘), where the indices i, j, ... run from 1 to 2n, the indices

@,f,... from 1 to n and the indices «, 3, ... from n+1 to 2n, @ are coordinates in M,,, z® = p, are fibre
coordinates of the cotangent bundle T (1/,,).

Let now (Tgf(Mn),%, Mn) be a tensor bundle [3], [6], [[7], p.118] with base space M,, and let T™(M,,)
be cotangent bundle determined by a natural projection (submersion) = : T%(M,) — M,. The semi-tensor
bundle (induced, pull-back [4],[5],[8],[9],[11],[12],[13],[14]) of the tensor bundle (Tgf(MnL T, Mn) is the bundle
(t2(M,,), mo, T*(M,)) over cotangent bundle 7*(M,,) with a total space

(M) = {((a@, %) ,2%) € T*(My) x (TP), (M) : w1 (a%,2%) = 7 (xaﬁ) - (xa)}
C TH(M,) x (TF), (M)
and with the projection map m:th(M,) — T*(M,) defined by my(z®, 2z, %) = (z%,2%), where
(TP) (My) (x = m (2),% = (2%, 2) € T*(M,)) is the tensor space at a point z of M,, where xi =t
(E, E, e=2n+1,....2n+ np+‘1) are fiber coordinates of the tensor bundle 77 (M,,).

If (7)) = (™, 2, xg/) is another system of local adapted coordinates in the semi-tensor bundle t(M,,), then
we have

o’ 9z”
r = 8z'f/pﬂ’
x® :J:”j (33/5), / (1.1)
o A e A0 A0 3
The Jacobian of (1.1) has the components
AL peAf AG, 0
A= (Ag) -1 o Ay 0 : 1.2)
(@) (ﬁ ) 4(0) 8"
0 10 A ATy Al AL
_ = - = « oy...op o 2P o 250
where I = (@,,@), J = (B, 5,5), I, J..=1, ..., 20+ 0, ¢0) = 451807, A% = 927 AP = 020 pq, = 0T

It is easily verified that the condition DetA # 0 is equivalent to the condition:

Det(AL) # 0, Det(A3') # 0, Det(AL A7) # 0.
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Also, dim th(M,,) = 2n + nP*a.

We note that special class of semi-tensor bundle was examined in [2]. The main purpose of this paper is
to study semi-tensor (pull-back) bundle ¢?(M,,) of tensor bundle T?(M,,) by using projection of the cotangent
bundle T*(M,,).

We denote by 32(7*(M,,)) and $%(M,,) the modules over F'(T*(M,,)) and F (M,) of all tensor fields of
type (p,q) on T%(M,,) and M,, respectively, where F (T*(M,)) and F (M,,) denote the rings of real-valued
C” —functions on T* (M,,) and M, respectively.

2. Vertical lifts of tensor fields and yv— operator

'UUAE 0
vwg= | A | = | o : 2.1)
vv A AﬂlB:

from (1.2), we easily see that with “? A’ = A ("W A). The vector field "W A € S§(t2(M,,)) is called the vertical lift of
A € 3P(T(M,)) to the semi-tensor bundle ¢/ (M,,).
Let ¢ € $1(M,,). We define a vector field yp in 7=1(U) by

Let A € SU(T*(M,,)). On putting

. 1. E0p o )
o= (TR 55 e ) 5 (2 La20) 0
e = 22:1 fgffpng%u) B%a (p>0,g>1)

with respect to the coordinates (a:B, 2P, xﬁ) on tb(M,). From (1.2) we easily see that the vector fields vy and 7y
defined in each 7! (U) C t2(M,,) determine respectively global vertical vector fields on t£(M, ). We call ~¢ (or
) the vertical-vector lift of the tensor field ¢ € $7(M,,) to t#(M,). For any ¢ € 31(M,,), if we take account of

(1.2) and (2.2), we can prove that (y¢) = A (y¢) . Where ¢ is a vector field defined by

0
o = ()] = ( 0 ) , (2.3)
P ta1~--5~~0‘p )
A=1"B1...84 Pe
Let ¢ € $1(M,,). On putting
0
Fo =)' = ( 0 ) ’ -
q tal...ap 5
pn=1 ﬁl...E..vﬁquﬁu

we easily see that (Fp) = A (). )
For any ¢ € $1(T*(M,,)), if we take account of ( 1.2), we can prove that (yp) = A(yp), where vy is a vector

field defined by
_paFlg
=10 ; (2.5)
0

with respect to the coordinates (2P, 28, 2P).

3. Complete lifts of vector fields

Let X € Q(T*(M,,)), i.e. X = X°9,. The complete lift °X of X to cotangent bundle is defined by X =
X0y — ps(9,X7)05 [[10], p-236]. On putting

ccxﬁ —pg(aﬁXE)
cex — | cexp | = | x8 , (3.1)
= «1...€...(x a ... I3
chﬁ 1)7\:1 t@llﬂq PasX A — Zzl tﬂll...aupﬂqaﬁuX

from (1.2), we easily see that “X’ = A(°“X). The vector field “X is called the complete lift of X € I} (T*(M,,))
to t2(M,,).
q
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4. Horizontal lifts of vector fields

Let X € S§(T*(My)), i.e. X = X*(2*)0,. If we take account of (1.2), we can prove that 77X’ = A (HH X)),
where "7 X € §§(t2(M,,)) is a vector field defined by

X
HHx — [ XP , 4.1)
1 ay...Qp ay X1 E...Qp
X (ZZ:]. F?B/_Ltﬁleﬁq - Zp;\:l Flaktﬁl...ﬁq )

with respect to the coordinates (2, 27, xﬁ) on t#(M,). We call "7 X the horizontal lift of the vector field X to
th(M,,), where T'n5 = p.T5, 5.

Theorem 4.1. If X € S{(T*(M,,)) then
X I X =4(VX) = F(VX) +9(VX),

where the symmetric affine connection V is the given by fge = I'gs.

Proof. From (2.3), (2.4), (2.5), (3.1) and (4.1), we have

_ps(aﬁXE)
CCX _HH X = Xﬁ
Qi...€...0p a ay...op
I;:l tﬁll.i.ﬁq 0 X — Z:1 Bl...a...BqaﬁuXE
p XTI
_ X8
1 ai...ap ay  01.-E...Qp
XY Z:1 Flsﬁutﬁll...s...ﬁq - ],D\:l Flsxtﬁll...ﬁq )
( —Pe(9pX°) — p XI5
= O
Q1...E...0 o a l Qaj...ap € l
- to 5 (0 X T2 XY — Zzl ts o5, (08, X%+ 15 X7)
0 0
= 0 _ 0
Qi...€...0p a 1 aj...ap
i:l tﬁllﬁq (GEXOU\ + Fls/\X ) Z:l tﬁll...s...ﬁq (aguxg + FZEB,LXZ)
—pe(08X° + Xal—‘gg)
+1 0
0
0 0
0 0
= @q...€... ap « ~a — q ay...0p fy 1
et e (0 X + T XY u=1tp e, (05, X% + 15, X)
N——— —_———

@5)?09\ @ﬁuis

—Pe(9pX° + XT55)
| —

+ VpXe
0
0
0 0 —pe (V5X°)
= |0 —| 0 +| 0
P a1...€...0p (& Vva q aq...Qp - e
A=115,...8, (VEX A) p=118,. e 8, (VﬁuX ) 0

= AVED) =7 (V5,K°) +7(TaX7) = 7(VX) = F(VX) +7(VX),

which prove Theorem 4.1. 0
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5. Cross-sections in the semi-tensor bundle

Let £ € SP(M,,) be a tensor field on M,. Then the correspondence = — &,, ¢, being the value of ¢ at
x e T*( n), determines a cross-section 3¢ of semi-tensor bundle. Thus if o¢ : M,, — TP(M,,) is a cross-section
of (TP(M,), 7, M,), such that 7 o o¢ = I(5,), an associated cross-section ¢ : T*(M,) — t2(M,,) of semi-tensor

bund (t6(My,), 72, T*(M,,)) defined by [[1], p. 217-218], [4], [5], [[10].p. 301]:

q
Be (ma, wa) = (Jca, % 0¢ om (aca, aro‘)) = (xa, x%, o (mo‘)) = (m T ,50” gqp (a:ﬁ)) i

If the tensor field ¢ has the local components &5’ 5" (), the cross-section f¢ (T (M,,)) of t(M,,) is locally
expressed by B
2% =pg =0p (x),
o = b, (5.1)

IEB — 50‘1 -Qp (xa)’
with respect to the coordinates 8 = (27, 2, %) in t2(M,,).

% = p,, being considered as parameters. Thus, by differentiating with respect to p,, we easily see that the n
local vector fields B@) (0 =1, ...,n) with components

9505 5

B
By : (BY) = 072" = | op” =10
()(()) () &gal -Qp 0
is tangent to the fibre, where
50— A0 _ ox?
B~ B 3?

Let w be an 1-form with local components ws on M, so that w is a 1-form with local expression w = wgdz?®.
We denote by Bw the vector field with local components

Buw : (BE%L@) = E)ﬂ , (5.2)

which is tangent to the fibre.
Taking the derivative with respect to z?, we have vector fields Ci) (0 =n+1,...,2n) with components

0pb
B 0Ys
Clo) = % = 0p® = | oz )
! 0683, 5,
which are tangent to the cross-section ¢ (T (My,)).
Thus C(y) has the components
8995
Co) : (053)) =l o, . ]
595 80
with respect to the coordinates (2P, 2P, IE) in th(M,). Where
0zP
B _ A’B
% 920"

Let X € Q¢ (T*(M,,)). Then we denote by CX the vector field with local components

X090,
CX (C(E(’,)Xe) = | x# : (5.3)
XO0p€5 5"

www.iejgeo.com m


http://www.iej.geo.com

F. Yildirim

with respect to the coordinates (27, 2%, xg) in th(M,), which is defined globally along 8¢ (T*(M,,)).
On the other hand, the fibre is locally expressed by

2P = pg = const.,
zf = const.,

E _ 4o1..0p 01
T =t ey = s,
t5, 5 being considered as parameters. Thus, by differentiating with respect to 2P = tg, 5, we easily see that

the vector fields E (5) (0 =2n+1,...,2n + nP*9) with components

O30 0
E:(EB):&xB:(&xﬂ ):(O )
] 9 0 7 o e e som

( ) ( ) ajtﬁl-uﬁq 52’1 0.0 o

08,01 ++-Oyp

is tangent to the fibre, where § is the Kronecker symbol.
Let £ be a tensor field of type (p, ¢) with local components

=6 rda" @ 0di" 20, .00,

On\/i\//;z[naenote by E¢ the vector field with local components
B Y-y 0
E¢: (E@)fel__eq) = ( ggqup ) J (5.4)
which is tangent to the fibre.
Theorem 5.1. Let ¢w € SY(M,,) . For the Lie product, we have
[Bip, Bw] = 0.

(B, Bu)”
Proof. If ,w € SY(M,,) and | [Bv, Buw]® | are the components of [By, Bw] with respect to the coordinates

By, Bl

(2P, 2P, xﬁ) in t2(M,,), then we have
By, Bw]” = ¢lopw’ —wloy’
_ 1/}ané_wJ + qlbaaan + Z/}gang o Waaa’df] o waaa,l]Z)J o wi aw]
= Yo0zw’ — waOz1p”.
Firstly, if J = 3, we have

[Bth, Bwl® = a050f — wadst)®
= waaawﬂ - waaawﬁ
= 0

by virtue of (5.2). Secondly, if J = 3, we have

By, Bwl’ = 1a0x0® — wodat)”
= 0

by virtue of (5.2). Thirdly, if J = B. Then we have

BY,Bul® = adal — wadad?

by virtue of (5.2). Thus, we have [By, Bw] = 0. O
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Theorem 5.2. Let X be a vector field on T*(M,,), we have along B¢ (T*(M,,)) the formula
“X =-B(Lx0)+CX + E(—Lx§),
where L x 6 denotes the Lie derivative of § with respect to X, and L x ¢ denotes the Lie derivative of £ with respect to X.

Proof. Using (3.1), (5.2), (5.3) and (5.4), we have

X‘g@g@ﬁ + anﬁXe Xaageg
—B(Lx0)+CX+E(-Lx&) = —| 0 +| X7
0 X989§°‘1 o
0
+1 0

X095, 50 — Doy 08, X €5 TG 5, 2N Op X NG G
—0y (95X°)
X8

—ZZ 1 X §a1‘..a.]fﬂ +Z,\ 13BXM§Q1 5
— CCX.

Thus, we have Theorem 5.2. O
On the other hand, on putting C(E) = E(E)’ we write the adapted frame of g (7%(M,)) as

{B(ﬁ) ,Cip), C(E) } The adapted frame {B( 7): Cip), C’( 7) of B (T (My)) is given by the matrix

- - 6(6 659a 0
A-(a)=( 0 % 0 - 55)
0 dgearar 8000107185

Since the matrix A in (5.5) is non-singular, it has the inverse. Denoting this inverse by (Z) , we have

ot o 54 —a%aﬁ 0
A =(A = 0 dy 0 , 5.6
( ) ( C) 0 789501 Op 591 (55 5511 5:;;7 ( )

-1

where A (2)71 = (A) (Zg) =64 =1, where A = (a,a,a), B = (B,B,E), C= (5,0,5) .

Proof. In fact, from (5.5) and (5.6), we easily see that

i(a)7 = @y (az)”

5g 85904 0 5% —899/3 0
S 0 0 g 0
0 9pelinan 0Pr..00t09 .85 0 —806‘” AR R
(Sg 6@9a—809a 0 52‘ 0 0 7
_ 0 38 O J=10 % 0 =i =1
0 dpfarial — Opbarial 0ok --0af 0 0 %

O

Then we see from Theorem 5.2 that the complete lift “X of a vector field X € 3}(7T*(M,,)) has along
Be (T*(M,,)) components of the form
—Lx6
X X ,
—Lx¢
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B

Let A € SU(T*(M,,)). If we take account of (2.1) and (5.5), we can easily prove that "W A" = A ("’ A), where
YA € 34(th(M,)) is a vector field defined by

with respect to the adapted frame {B(ﬁ) ,Cp),C (:) }

MJAE 0
v A — VU p — 0
)\ A

with respect to the adapted frame {B(B) ,Cp),C @) } of B¢ (T*(M,)).
Bw, CX and EX also have the components:

Wa 0 0

Bw=1| 0 ,CX=| X* | ,BEE=1 0
al...ap
0 0 6,81...5(1

respectively, with respect to the adapted frame {B (3)’ Cs),C (ﬁ) } of the cross-section 3¢ (T*(M,,)) determined
by a tensor field ¢ of type (p, ¢) in T*(M,,).
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