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ABSTRACT

The article is concerned with the study of real hypersurfaces of the complex quadric Q™. We
establish B. Y. Chen’s inequalities for real hypersurfaces of the complex quadric Q™ and by
considering the equality case, we obtain some consequences. Also, we establish an inequality in
terms of the warping function and the scalar curvature for a warped product real hypersurface
of Q™ and some obstructions have been given. Moreover, we investigate the expression of the
curvature tensor of a real hypersurface in the complex quadric Q™ admitting semi-symmetric
metric connection. Using this curvature, we derive inequalities involving Chen {-invariant
admitting a semi-symmetric metric connection. Furthermore, the equality case is considered.
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1. Introduction

In 1968, S. S. Chern raised a question involving minimal isometric immersion into Euclidean space [12].
Then, Chen found some obstructions to Chern’s problem and proposed inequalities for submanifolds in
Riemannian space form concerning the sectional curvature, the scalar curvature and the squared mean
curvature [9]. Moreover, he proposed inequality concerning d(nq,ns, ...,n) and the squared mean curvature
for the submanifolds in real space form [10].

Afterwards, many papers have been appeared in submanifolds of space forms in the version of real and
complex like, generalised complex space forms [11], (k, u)-contact space forms [1] and Sasakian space forms
[13]. Further, the geometry of the complex quadric has been studied by H. Reckziegel [16] in 1995 and Y. . Suh,
obtained some analyzing results on real hypersurfaces in the complex quadric by considering some geometric
conditions like parallel Ricci tensor [17], Reeb parallel shape operator [18]. Also, the classifications of real
hypersurface of the complex quadric with isometric Reeb flow were obtained by Berndt and Suh [5] and many
more work have been studied by different authors considering the same ambient space ([2]-[4],[19]).

However, Hayden [14] originated the idea of a semi-symmetric metric connection on a Riemannian manifold.
Yano [20] deliberated this connection and found some properties of a Riemannian manifold with the same
connection. Also, A. Mihai and C. Ozgiir studied the Chen extremities for submanifolds of the real space forms
with same connection [15].

Here, we first establish Chen'’s extremities for real hypersurfaces of the complex quadric Q™ and considering
the equality case, we obtain some consequences. Also, we establish an inequality in terms of the warping
function and the scalar curvature for warped product real hypersurface of Q™ and some obstructions have
been given. Then, we study real hypersurface of Q" admitting semi-symmetric metric connection and find the
curvature tensor of a real hypersurface in Q™ with the semi-symmetric metric connection. Additionally, using
this curvature we develop Chen’s inequality for a real hypersurfaces of the complex quadric Q™ admitting
semi symmetric metric connection.

As long as, by virtue of simpleness, throughout a paper we denote semi-symmetric metric connection, Levi-
Civita connection and Warped product by SSMC, LC connection and WP, respectively.
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2. The complex quadric Q™

For more details of the geometry of complex quadric we refer to ([5],[16],[17]). The complex hypersurface
of CP™*! is known as the complex quadric Q™ defined by the equation 27 + ... + 22, | = 0, where z1, ..., Z;41
are homogeneous coordinates on CP™"! equipped with the induced Riemannian metric g. Then, naturally the
canonical Kahler structure (J,¢) on Q™ is induced by Kihler structure on CP™*! [18]. The 1-dimensional
quadric Q' is congruent to the round 2-sphere S?. The 2-dimensional quadric Q? is congruent to the
Riemannian product S? x S2. For this, we will assume m > 3 throughout the paper.

Apart from J there is one more geometric structure on @™, known as the complex conjugation A on the
tangent spaces of Q™ which is a parallel rank-two vector bundle ¢/ containing S'-bundle of real structures. For
z € Q™, let Az be the shape operator of Q™ in CP™"!. Then we have AzW = W for W € T,,Q™, that is, A is an
involution or Az is a complex conjugation restricted to 7,Q™. Now, T,Q™ is decomposed as [18]:

such that V(Az) and JV(Az), respectively denote the (+1)-eigenspace and (-1)-eigenspace of the involution
AZ=TonT, Q™ ze Q™.

Now, a tangent vector W # 0 € T,,Q™ is known as the singular if it is tangent to more than one maximal flat
in Q™. Classification of singular tangent vectors for Q™ are given as [19]:

1 If there exists A € U such that IV is an eigenvector corresponding to an eigenvalue (+1), then the singular
tangent vector W is known as U-principal.

2 If there exists A € U and orthonormal vectors U,V € V(A) such that W/||W|| = (U + JV)/+/2, then the
singular tangent vector W is known as U-isotropic.

Let M™ be a real hypersurface of Q™ with a connection V induced from the LC connection V in Q™. Then,
the transform JU of the Kéhler structure J on Q™ is defined by JU = ¢U + n(U)N where ¢U is the tangential
component of JU and N € TPLM, for U € T, M. Here, M associates an induced almost contact metric structure
(¢,€,m, g) satisfying the following relations [6]:

n(eU) = 0,9(¢U, ¢V) +n(U)n(V) = g(U, V), g(oU, V) = —g(U, ¢V).

Moreover, the real hypersurface M of Q™ satisfy
Vué = ¢SU,

where S is the shaper operator of M.
On the other hand, the Gauss and the Weingarten formulas for M follows

YoV =VyV +h(U,V) and VyN =—SU,

respectively, for U,V € T,M and N € T;- M. The second fundamental form h and the shape operator S of M
are related by

g(h(U’ V)’N) = g(SNU7 V) = g(SUa V)

Now, we take A €U, such that N =cos(t)Z; + sin(t)JZ,, where Z;,Z, are orthonormal vectors in
V(A) and 0 <t < 7 (see Proposition 3 [16]) which is a function on M.

Since ¢ = —JN, we have
N = cos(t)Zy + sin(t)J Zs,
AN = cos(t)Z; —sin(t)J Zs,
¢ = sin(t)Zs — cos(t)J Z,
AE = sin(t)Zy + cos(t)J 2y,

from which it follows that g(¢, AN) = 0.
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3. B.Y. Chen inequality for a real hypersurface of Q™

Here, we obtain the general inequality associated with the Chen é¢-invariant for a real hypersurfaces M of
the complex quadric Q™.
Now, from the Gauss equation, the Riemannian curvature tensor R of connection V in terms of J and A € U
is defined as [18]:
RUVIW = g(V.W)U = g(UW)V + g(¢V,W)oU — g(oU, W)V — 2g(¢U, V )oW
+9(AV,W)AU — g(AU, W) AV + g(JAV,W)JAU — g(JAU,W)JAV
+9(SV,W)SU — g(SU,W)SV, 3.1
where U, V,W € TyM.
Then, we can see

g(R(U, VYW + R(V,W)U + ROW,U)V,W') =0, for UV, W,W' € T,M (3.2)

that is, the first Bianchi Identity holds for M of LC connection V.
Next, the curvature tensor R of the Hopf hypersurface M (i.e. & = ¢g(S¢, £)), where « is a smooth function on
M satisfies

RU,OHV = n(V)[U + aSU] - [g(U, V) + ag(SU, V)J¢ + g(AE, V) AU — g(AU, V) A¢
—g(AN,V)JAU + g(JAU,V)AN,
RU,V)E = n(V)[U+aSU] =nU)[V + aSV] + g(AV,§) AU — g(AU, ) AV

—g(AN,V)JAU + g(AU,N)JAV.
Moreover, for a real hypersurface M and U, V, W, W' & T, M, the relation (3.1) produce
JRWUVIW,W) = g(V.W)g(U.W') = g(UW)g(V.W') + g6V, W)g(6U. W)
—9(U, W)g(oV, W) = 29(¢U, V)g(¢W, W') + g(AV, W)g(AU, W)
~g(AUW)g(AV. W) + g(JAV.W)g(JAU,W') — g(J AU, W)g(JAV. W)
(

+9(SV,W)g(SU,W") — g(SU,W)g(SV,W"). (3.3)
By taking U = W' = ¢; in (3.3), one can have [17]
Ric(V,W) = ng(V,W) =3n(V)n(W) — g(AN, N)g(AV,W) + g(AW, N)g(AV, N)
+9(AW, £)g(AV,€) + tr(S)g(SV, W) — g(S*V, W), (34)

where the Ricci tensor of M with connection V is symbolized by Ric which satisfy
Ric(U, &) = (2n — 4+ ah — a*)n(X) — 29(AN, N)g(AU, ).
Consider an orthonormal basis {e;}} and {en,+1 = N} of T,M and T;-M respectively, where n + 1 = 2m.
Conveniently, let h;‘j“ = g(h(e;, e;),ent1) = g(hle;,ej),N) for i,5 € {1,...,n}. Now, one defines the squared
mean curvature ||H||? of M in Q™ and the squared norm ||h||? of h are given by:

n n

1 ,
P = =5 (30 W) Rl = 3 (s,

ij=1 ij=1

respectively.
Now, the scalar curvature 7 has the expression

T = Z IC(eZ /\ej),
1<i<j<n

where K(7) denotes the sectional curvature of M involved with a plane section © C T, M and is spanned by
tangent vectors {e;,e; } and Zl<7’,<j<n, KeiNej) = Zl<i<j<ng(R(€i,ej)ej7 €i)-
Revoke that the Chen first invariant ([9],[10]) is defined by
Om(p) = 7(p) — inf{K(m) | # C T,M, dim m = 2},

where 7(p) is the scalar curvature at p.
We give one algebraic result which we will use to proof our result.
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Lemma 3.1. [9] Let ay,as, ..., ax, b be (k + 1)(k > 2) real numbers satisfying

k k
> a)? = (k=1 +1)

i=1
Then 2ay1a2 > b, with equality holding if and only if a1 + as = a3 = ... = ay.

Theorem 3.1. For a real hypersurface M of Q™ with 2-plane section © C T, M spanned by tangent vectors e, and e,
we have

n

n2 — QQ(ANaN)
-k < {e (2 CAN)

2

2
1>|’H|2}+92(A61,62) + + g% (J Aer, e2). (3.5)

Moreover, equality holds in (3.5) at p € M if and only if there exist an orthonormal basis {e;}} of T,,M and orthonormal
normal frame {e, 1 = N} of T~ M, such that the matrix of the shape operator S takes the following form

p 0 0
S = 0 ¢ 0 , (3.6)
0 0 M

where M is the diagonal matrix of order n — 2 with diagonal entry r = p’ + ¢'.
Proof. From (3.4), we deduce that

21 =n? + g*(AN, N) — 1 + n?||H||* — | |h||? (3.7)
where we have used

||hH2 = g(h(eivej)7h(ew ))_g( (Seivej)N7g(Sei’ej)N)

= tr(S?).
Let us denote
e:2¢—n2—g2(AN,N)+1—%||%|\2. (3.8)
We obtain
=l — B2 — "2 g
which provide
n?|H][* = (n— 1){e +[|Al]*}. 3.9)

or, equivalently

Zh"“ (n— 1){ i A D B ) } (3.10)

i#£]
Using lemma (3.1) together with equation (3.10), we obtain
2hihgt > N (hpth)? (3.11)
i#£j
Also, the Gauss equation implies that
’C(ﬂ—) = g(R(61762)62761)

= 1+3¢%(de1,e2) + g(Aea, e2)g(Aeq, e1) — g*(Aer, e2)
n 2 n n
+9(JAea, e2)g(JAer, 1) — g°(J Aer, e2) — (RT5)” + b hY. (3.12)
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Incorporating (3.11) in (3.12) yields
K(r) > 1+3g%(¢er,es) + g(Aeg7 e2)g(Aeq, el) g% (Aeq, ex) + g(JAea, ez)g(J Aeq, e1)

g2 (JAer, e0) + = {Z (nirh)? — (n)?
i#]
= 1+3¢%(de1, e2) + g(Aes, e2)g(Aer,e1) — g (A61,€2)+9(JA62762) (JAeq,er)
2 2 2
2 _K_Q(ANaN) 1 n*(n —2) 2, L a)?
17£5,1,5 >2
1+ 3g%(pe1, e2) + g(Aea, e2)g(Aer, e1) — g*(Aeq, ez) + g(J Aea, e2)g(J Aeq, e1)
n®>  ¢?>(AN,N 1 n2 n—2

2
_2(JA o
g (JAer,e2) +7 -5 > 2 2mn-1)

Y

Thus, finally we have

T(p)—K(r) < (n-— 2){ﬁ||7{||2 + %} — 3g%(¢e1, e2) — g(Aea, ea)g(Aeq, 1)

+92(Ael, e2) — g(JAea,ea)g(JAer,e1) + gz(JAel, e2) + g(pSeq, ea)

2
g(¢Ser,er) — nlea)? —nen)? + LA L L0y 6Sen )

2 2
or

n2 n— 2
T(p)f/cmg?{u(n_ w,

Now, finally we get the equality in (13) at p € M if and only if we have the equality case of lemma i.e.,

hitt = 0 forall i #j,
hn+1 + hn+1 _ hn+1 _ hn+1 o

2
VMY + g2 (Aer, e2) + * (T Aer, ) + (3.13)

_ 1n+1
= Rt

Thus, we may have the choice for {e;, ez} such that h"+1 = 0. Hence, the matrix of the shape operator has the
form (3.6). O

Corollary 3.1. Let M be a real hypersurface of Q™ with 2-plane section m C T, M spanned by tangent vectors ey and
ea such that the normal vector field is U-principal. Then, we have

n2 n—
7(p) — K(m) < 2{1 + <n — f) |H|2}+92(Ael,eg) + g°(JAer, e2) + % (3.14)

Moreover, equality holds in (3.14) at p € M if and only if there exist an orthonormal basis {e; }} of T, M and orthonormal
normal frame {en41 = N} of T M, such that the matrix of the shape operator S takes the following form

p 0 0
S = 0 ¢ O , (3.15)
0 0 M

where M is the diagonal matrix of order n — 2 with diagonal entry r = p’ + ¢'.

Corollary 3.2. Let M be a real hypersurface of Q™ with 2-plane section = C T, M spanned by tangent vectors e, and
eo such that the normal vector field is U-isotropic. Then, we have

Tl2 n—
o) =10 < G {1 (B2 )P b aenen) + 20 ) (.16)

Moreover, equality holds in (3.16) at p € M if and only if there exist an orthonormal basis {e;}7 of T, M and orthonormal
normal frame {e,1 = N} of T, M, such that the matrix of the shape operator S takes the following form

p 0 0
s=1o0 ¢ o |, (3.17)
0 0 M

where M is the diagonal matrix of order n — 2 with diagonal entry r = p’ + ¢'.
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4. WP real hypersurface of ™

In this section, we develop inequalities involving the warping function of a WP real hypersurface M of Q™.

Next, we consider two Riemannian manifolds M; and M; of dimensions n; and n, equipped with
Riemannian metrics ¢; and ¢, respectively. Let ¢ be a positive function on M;. The WP manifold M; ®, M; is
defined to be the product manifold M; ® M, with the warped metric g = ¢; + ¢3¢ [7].

Consider an isometric immersion ¥ : M = M; ®: My — Q™ of a WP manifold M; ®: M, into a
Riemannian manifold Q™. Let i be the second fundamental form of ¥ and the mean curvature vectors denoted
by H; = n%tr(hi) where tr(h;) is the trace of h restricted to M, (i = 1, 2).

Theorem 4.1. Let U : M"™ = My @ Mo — Q™ be an isometric immersion of a WP real hypersurface into Q™ with
§ € TyMy. Then

A n? 1 11
ngTC < —5 + 592(14]\77 N) —2n+ 2nyny + 7

where n; = dimM; for i = 1,2, A is the Laplacian operator of My and {e;}} is an orthonormal basis of T,M .

2 n
n 2 2
+ HIE + 2 g4 e,

i=1

Proof. Let us consider an isometric immersion ¥ : M = M; ®¢ My — N (s) of a WP real hypersurface M; @
My into Q™ whose structure vector field £ € T, M. Then, one can easily have [§]

K(X A Z) = %{(vxxx X2,

Now we choose an orthonormal basis {e;}} of T, M such that e, ..., e, are tangent to M; and e, 11, ..., e, are
tangent to M. Then, with the virtue of above defined relation, we obtain

= Y > K(eine). (4.1)
1<i<ni n1+1<j<n

By definition of scalar curvture 7 and (4.1) yields

Z K(e; Nej) — Z K(e; Nej) (4.2)
1<i<ng n1+1<j<n
From (3.7), we have
n?|| 1> = 2(3 + ||hl[?) (4.3)
where
2
6:2T—n2—gQ(AN,N)+1—%H’HHQ. (4.4)

Moreover, in local coordinates (4.3) has the following expression

Zh”“ - 2(5+Zn:h”+1 =)

i#]
or, equivalently

ny n
hn+1 Zhn;rl Z thrl _ 2{(54— (h?lJA)Q + Z(h?iJrl)Q + Z (hZ+1)2

i=ni+1 =2 i=ni-+1

+ ) (T }

1<i#j<n

— 2{6+ hn+l 2 + <Z hn+1> _ Z h;}]_1+1h211€+1

2<j#k <

(Z h”“) - > hijhwet+ Y (R }

i=ni1+1 n1+1<j#k<n 1<i#j<n
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Using lemma (3.1), we have

+1pn+1 +1pn+1 +1\2
Z Wi g + Z Ry hg =2 5+ (R5) (4.5)
1<j#k<n, ni+1<j#k<n 1<i<j<n

Furthermore, equality holds if and only if

ih?l: i hitt (4.6)
i=1

i=ni1+1
We also know that
T = Z K(e; Nej)
1<i<j<n
n ny
= Z IC(G@/\Bj)‘F Z ’C(qu/\ej)Jr Z ZK(GZ‘/\BJ')
1<i<j<n, n1+1<i<j<n j=ni1+1 =1
So, from (4.1), we derive
A n ni
mT = Y YKene)
j=ni+1 i=1
= T — Z IC(eZ A ej) — Z IC(GZ AN ej)
1<i<j<ng n1+1<i<j<n

= 7 —1)=3(ny — 1) =na(ng — 1) = 3(nz — 1) + 2 Y _ g(A%;, ¢:)

i=1

{ Z g(Aeivei)g(Aejaej) + Z g(Aeiaei)g(Aejvej)}
1<i<j<ni n1+1<i<j<n

_{ Z g(JAe;, e;)g(JAej, e;) + Z g(JAei,ei)g(JAej,ej)}
1<i<j<ni n1+1<i<j<n

ST R S i S U
1<i<j<n, n1+1<i<j<n 1<i<j<n,

ey

n1+1<i<j<n
Using (4.5), we have
Al - 2
nQT < 7—m(ng —1)=3(n; —1) —na(n2—1) —=3(ny — 1) + 229(/1 €i,€;)
i=1

—{ > g(Aeieg(Aej e+ Y Q(Aei,ei)g(Aej,ej)}
1<i<j<n, n1+1<i<j<n

_{ Z g(JAe;, e;)g(JAej, e;) + Z g(JAei,ei)g(JAej,ej)}
1<i<j<ng ni1+1<i<j<n
1 nt1y2 n+1y2 n+1y2

R EAID e SR 0 S e SE D SR

1<i<j<ng 1<i<j<ng n1+1<i<j<n
which gives
AC - ) 1
ngT < 7—n1(ng —1) =31 —1) —n2(nz2 —1) =3(ny — 1) + 2Zg(A €i,€;) — 55.
i=1
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Incorporating (4.4) with the above relation, we derive

AC 1, 1, 1 n? ., & ) 1
o < —gnitg9 (AN,N)—2n+2n1n2+?+Z||H|| —&—2;9(/1 ei,ei)—§5
from which we conclude our result. O

Corollary 4.1. Let ¥ : M"™ = M; @ My — Q™ be an isometric immersion of a WP real hypersurface into Q™ with
¢ € T, M. Then, for a U-principal normal vector field, we have the inequality

A n2 n? “
TLQTC < —7—2n+2n1n2+6+ Z||HH2+2ZQ(,A2€Z‘,€Z')
i=1

where n; = dimM;, for i = 1,2, A is the Laplacian operator of My and {e;}} is an orthonormal basis of T, M .

Corollary 4.2. Let ¥ : M™ = My ®: My — Q™ be an isometric immersion of a WP real hypersurface into Q™ with
¢ € T, M. Then, for a U-isotropic normal vector field, we have the inequality

AC n? 11 n? =
= < = -2n+2 A IHIP+2) g(A% e
nep < - -2 2mng 5+ [HI]* + g(A%;; €;)

i=1

where n; = dimM;, for i = 1,2, A is the Laplacian operator of My and {e;}} is an orthonormal basis of T, M.

5. Curvature tensor of real hypersurface M in Q™ admitting SSMC

In this section, we study SSMC and then we obtain the curvature tensor of a real hypersurface M in Q™ with
respect to SSMC and then we find the intrinsic scalar curvature with respect to SSMC.

Consider a Riemannian manifold (M",g) with linear connection V. Then, V is called semi-symmetric
connection [20] if its torsion tensor 7, defined by

7-(U7 V) = @UV - vVU' - [Ua V}a (51)

satisfy
TU,V) = n(V)U =n(U)V, (52)
for U,V € T,M and a 1-form . In addition, a semi-symmetric linear connection is said to be SSMC V if it holds

Vg =0, (5.3)

forall U,V € T, M, otherwise it is said to be a semi-symmetric non-metric connection.
A SSMC V in terms of the LC connection V on M is defined by

for U,V € T,M. )
Now, let us consider the complex quadric Q™ admitting SSMC V and the LC connection V. Next, let M be
a real hypersurface of Q™ with the induced SSMC V and the induced LC connection V. Let R and R be the

curvature tensors of Q™ with respect to the connections V and V respectively. Put R as the curvature tensor
field of V and R as the curvature tensor field of V on M. Then the Gauss formulae with respect to V and V has
the expression

VuV =VuV +h(U,V), VgV =VyV+h(U,V)

respectively, where h is the (0,2)-tensor of M in Q™ and from these two relations, one can easily get fL(U V) =
h(U, V).
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Furthermore, using (5.4) for U,V € T,M, we have

(Vom)(V) = (Vun)(V) +g(oU,¢V) = g(¢SU, V) + g(¢U, $V),
(Vue)(V) = (Vuo)(V) —gU,¢V)§—n(V)eU
n(V)SU —n(V)eU — g(SU,V)§ + g(oU, V)¢,

and the covariant derivative of torsion tensor of V with respect to SSMC follows

(VeD(V.W) = g(¢SU, V)W = g(¢SU, W)V + g(U, V)W — g(U,W)V
=) [n(V)W = n(W)V],

for U,V,W € T,M.
Now, we know the curvature tensor R can be calculated by

RUVW = VyVyW —VyVyW = Vg W.

Thus, using the relation (5.4), we obtain the relation between curvature tensor vector R and R of M in Q™
admitting SSMC V and LC connection V given by

RUV)W = RUV)W +g(SU, W)V = g(6SV, W)U + n(W)n(V)U —n(U)V]
—g(V,W)[¢SU + U —n(U)E] + g(U,W)[pSV + V —n(V)¢] (5.5)
Then from (5.5), one can easily obtain
RUOW = R(UW +g(6SU, W) —n(W)éSU,
RU,V)E = RU,V)E—n(V)oSU +n(U)pSV.
Also for U, V,W,W' € T, M, we have
JRV,OW, W) = —g(RU, V)W, W),
JRUVIW W) = —g(RUVI)W,W)
Now, if we assume that M satisfies ¢S + S¢=0, then we derive
JRW. WU V) = g(RUVIW, W),
g(R(U, VYW + R(V,W)U + R(W,U)V, W ) 0.
Thus, we are able to state the following results
Theorem 5.1. Let M be a real hypersurface M in Q™ admitting SSMC. Then for U,V,W, W € T, M, we have

(a) The curvature tensor of M with SSMC is given by (5.5)
(b) g(BR(V, U)W, W) + g(R(U, V) WW)_O
(©) g(RU, V)W , W)+ g(R(UV)W,W') =

Proposition 5.1. In a real hypersurface M of Q™ admitting SSMC together with ¢S + S¢ = 0, we have

(@) g(RUU, VYW, W) — g(ROW, WU, V) =0 for U,V,W,W € T,M
(b) M holds first Bianchi identity with respect to SSMC.

Proof. By using the assumption, the result follows immediately. O
Relation (5.5) can be rewritten as
g(RUVIWW) = g(RU, V)W, W) +9(U)n(W)g(SV. W) = g(SV, W)n(W")]

—n(V)[n(W)g(SU,W") — g(SU, W )n(W")] — g(¢SU, V) g(6W, W)
+g(SV,U)g(eW, W).
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Now, on contracting U and W' in above defined relation, we derive
Ric(V,W) = Ric(V,W)— (n—2)g(¢SV,W) + (n — 2)n(V)n(W)

—g(V,W)[ D g(¢Ses, e5) + (n—2)], (5.6)

where Ric(V, W) and Ric(V, W) are the Ricci tensors of the connection V and V respectively.
Again, by applying contraction on V and W, the scalar curvature 7 with SSMC has the following expression

27 = 3(n — 1) = 2+ g°(AN, N) + n®[[H|* — [|b]|* — 2(n — 1)g($Ses, e,). (5.7)
Thus, we have
Lemma 5.1. In a real hypersurface M of Q™ admitting SSMC such that ¢S = S¢, we have

(@) Rie(V,W) = Ric(V, W) — (n — 2)[g(6SV, W) + g6V, 6W)]
(b) QV =QV — (n—2)[V —n(V){ - ¢SV]
(c) Ric(V,§) coincides with Ric(V,§)

forall V,W € T,M.
Proof. Let us assume that ¢S = S¢. Then, we have
g(pSei,e;) = g(Seeiei)
= _g(¢56“ ei)
This results g(¢Se;, e;) = 0, which together with (5.6) follows (a) and hence (b). By using the assumption and
inserting W = £ in (5.6), we get (c). )
Also, we know that the Ricci operator ) of SSMC is defined by
Ric(V,W) = g(QV,W), ¥ V,W € TyM.

From this incorporating (5.6) together with the assumption, we have

QV =QV — (n=2)[V = (V)¢ — ¢SV].

6. Chen’s inequality for a real hypersurface M of Q™ with SSMC

Here, we obtain inequality for the mean curvature, the scalar and the sectional curvature associated with the
induced SSMC for a real hypersurfaces M of Q™.

Here, we have the squared mean curvature ||#||? of M in Q™ and the squared norm ||}|[? of h as

n n

~ 1
IR = — (3 B and |Il> = 3 (57

i,j=1 i,5=1

respectively, where h?j“ = g(h(es,ej), N)and the mean curvature vector field # of V and A of V are invariant.
Now, the scalar curvature 7 for an orthonormal basis {e;}7 reads

T = Z IC(ei/\ej).
1<i<j<n

Theorem 6.1. Let M be a real hypersurface of Q™ admitting SSMC V. Then, for 2-plane section = C T, M spanned by
tangent vectors e and ey, we have

#r) — K(r) <(n — 2){;(7!7_{”1) 3(;@ P2) 2 }+92(A61, ) + LA
+ g(dSer, e1) + g(pSea, e2) + g*(JAey, ez) + (n — 1)g(dSe;, e;). (6.1)
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Moreover, equality holds in (6.1) at p € M if and only if there exist an orthonormal basis {e;}} of T, M and orthonormal
normal frame {e,1 = N} of T~ M, such that the matrix of the shape operator S takes the following form

p 0 0
S = 0 ¢ © ) (6.2)
0 0 M

where M is the diagonal matrix of oerder n — 2 with diagonal entry r = p’ + ¢/

Proof. First of all we put

n%(n —2)

€e=27—3(n—1)+2—g*(AN,N) +2(n — 1)g(4Se;, e;) — || #])? (6.3)
Thus, we have
n?[[H|)? = (n = 1){e+ ||nl[*}. (6:4)
Moreover, we can write
(Z hZ+1)2: (n i 1){ Z hn+1 + Z hn+1 } (65)
i=1 =1 i#£]
Using lemma (3.1), we obtain
ohithgst > 3 () (6.6)
i#£j
The Gauss equation yields
K(r) = g(R(e1,e)ez €1)
= 3g%(¢e1,e2) + g(Aea, e2)g(Aer, e1) — g*(Aer, ea) + g(J Az, e2)g(J ey, e1) — (h?QH)Q
FhERTE — g(pSeq, ea) — g(pSer, er) +n(ea)* +n(er)? — g*(J Aey, ea) (6.7)

Inserting (6.6) into (6.7) yields
K(r) > 3¢*(per,ez) + g(Aeg,eg) (Aey,er) — 2(A61, e2) + g(JAes, ea)g(JAeq, e1)
—g%(JAey,ez) + = {Z h"'H (h?jly — g(@Sea,eq) — g(dSer, e1)
i
( 2)” +nler)?
= ((;5617 e2) + g(Aeg,eg) (Aei,er) — gz(Ael, e2) + g(JAea,e0)g(JAeq, e1)

—g%(JAer, es) + & S+ Y () - () - g(6Ses,e)
i#],i,j>2

—g(¢Ser, e1) +nle2)? +nler)”

3g%(pe1, ea) + g(Aea, e2)g(Aer, e1) — g*(Aeq, ea) + g(J Aea, e2)g(J Aeq, e1)

—g°(JAey, e3) — g(pSes, e3) — g(dSer, ex) +m(ea)® +nler)? + 7

n-1-2 gANN) _nn-2)

Y

Thus, we derive

)= Kim) < (o= 2){ LMD =2 gt o) - glden exlglden e

+92(A€h ea) — g(JAez, e2)g(JAey,e1) + QQ(JAel, e2) + g(pSea, e2)

2
bg(oSer,er) —n(e2)? —n(en)? + AT 1) (e, )
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or, equivalently

. rAfAE | 3(n—1) ~2

#(p) — K(m) <(n — 2>{ 2(n—1) ' 2(n—2)

L AN N)
2

}+92(A61, e2) + g*(J Aer, e2)

+ g(pSer, e1) + g(¢pSea, e2) + (n — 1)g(pSe;, €;) (6.8)
Now, finally we get equality in (6.1) at p € M if and only if we have the equality case of lemma.

it 0 for all i # j,

n+1 n+1 _ n+l _ gn+1 __ __ pn+l
hiy ™ +hoy ™ = hgs =hy =..=hy .

Thus, we may have the choice for {e;, e2} such that 175" = 0. Hence, the matrix of the shape operator has the
form (6.2). O

Corollary 6.1. Let M be a real hypersurface of Q™ admitting SSMC V. Then, for a U-principal normal vector field, we
have

#0) = () <t - 2 gL 4 20D, e 44270, )

+ g(¢S€1, 61) + g(¢562,62) + (TL — 1)g(¢56i, ei),

where m C T, M is a 2-plane section spanned by tangent vectors e; and es.

Corollary 6.2. Let M be a real hypersurface of Q™ admitting SSMC V. Then, for a U-isotropic normal vector field, we
have

#0) = K6 <l - L 1 B0 D2 e ) 44270, )

+ g(#Ser, e1) + g(pSea, e2) + (n — 1)g(pSe;, e;),

where m C T, M is a 2-plane section spanned by tangent vectors e, and es.
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