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ABSTRACT

In this paper, ¢-recurrent Sasakian Finsler structures on horizontal and vertical tangent bundle
diffusions and their various geometric properties are studied.
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1. Introduction

The notion of locally symmetry is a strong notion in contact geometry, so it is weakened such as semi-
symmetric, recurrent, pseudo-symmetric, weakly symmetric, locally ¢-symmetric cases. In this regard, some
conditions for ¢-recurrency of several manifolds are obtained. De et al. [3] studied the notion of ¢-recurrency
in the sense of Takahashi for Sasakian manifolds in [7]. Additionally, De et al. [4] and Peyghan et al. [5] have
studies for this notion defined for Kenmotsu manifolds and contact metric manifolds, respectively. In Prakash’s
paper [6], ¢-recurrency is discussed via concircular curvature tensor for para-Sasakian manifolds. In this paper,
¢-recurrent Sasakian Finsler structures on tangent bundle diffusions are studied.

2. Preliminaries

Suppose M be an m = (2n + 1)-dimensional smooth manifold. Besides, = = (z!,...,2™) are the local
coordinates of M , T, M is an m-dimensional tangent space at z € M and y = yt 82 - € T,M. So, TM denotes
2m-dimensional tangent bundle of M and v = (z,y) € TM.

If F: TM — [0, 00[ is a Finsler function with the following properties;

1. F'is C*° on slit tangent bundle,
2. F(z', \y') = \, F(2%,y") for A >0,

82F2

3. The n x n Hessian g;;(z,y) = 3l575,7

| is positive definite on slit tangent bundle,
then F™ = (M, F') is called a Finsler manifold and g is a Finsler metric tensor with g;; coefficients [2].

The bundle projection 7 : TM — M and its differential map « : T,7M — Ty, M satisfy the transformations
w= (b, . 2™yl y™) = (2t 2™) and X, = T (XL), respectively Hence, the vertical subbundle VT'M
is derived from ker(m.). The horizontal subbundle HT'M = (N} (x,y)) is a non-linear connection on 7'M where

N/ = 9 are obtained by using spray coefficients N7 = } 7% ( a(zig;h yh — 012y
Provided that V is the linear connection on the vertical tangent bundle distribution VT M, the pair (HT M, V)
is called a Finsler connection on M [1].

For X € T,TM and X = X'(52 — Nij(;v,y)%) + (N7 (z,9) X" + Xj)% =X+ Xj% is obtained. Here,
22 and i% are the bases of THTM and TV TM at u € TM, respectively and their dual bases are dz’ and
8yl = dy’ + N/dz’, respectively. The complementary distributions HTM and VT M consist of the base spaces
Hryr and Vryy and their tangent spaces THETM and TV TM at u € TM, respectively where T, TM = THTM @

TVTM.
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By decomposing n = n;dz’ + n;éy’ € (T, TM)* to horizontal and vertical parts, it is possible to have nf €
(THTM)* and 5V € (TVTM)* .
The Sasaki-Finsler metric G on T'M is defined as follows:

G(X,Y)=G(XH,yH)+ G(XV,YY)

where X,Y € T, TM and their horizontal and vertical lifts X? Y € THTM and XV,YV € TV TM.
Let (o, 68 nH GH) and (¢V,¢V,nY,GY) be m-dimensional Sasakian structures on Hrj; and on Vryy,
respectively. Then following relations hold for Sasakian Finsler structures on Hpp and Vpp, where

XHyH 7H e THTM and XV, YV, 2V € TYTM, ¢ is the Reeb vector field of type ((1) ), n is the 1-form

0
1
0 . 11
9 o ), ¢ denotes the tensor field of type (1 1 ),
N is the Nijenhuis tensor field of the Sasakian Finsler structure on 7'M, Q is the fundamental 2-form, V is the
Finsler connection with respect to G on T'M, L is the Lie differential operator, R is the Riemann curvature

of type 11 , G is the Finsler metric structure of type 0
YPe(y o yp

tensor field of type (5 4 ), K is the ¢-sectional curvature, & is the Ricei tensor field of type () 5 ) [9].
pp=-I+n" @ +9 " 1)
¢e™ =" =0 (2.2)
(") =n" (") =1 2.3)
N (eXT) =0,7"(¢X") = 0,9" (¢X") =0 (24)
QXY H) =2(vEn)(Y ) = —2(vn)(XT), XV, YY) = 2(vin) (YY) = —2(vyn)(X") 2.5)
GH(¢X,0Y) = GH(X,Y) = (X )™ (YH), GV (X, 0Y) = GV (X,Y) — V(X" )" (YY) (2.6)
GH(X, &) =" (XT), GV (X,6) =n"(X") 27)
GH(¢X,Y)=-GH(X,0Y),GV (¢X,Y) = -GV (X, ¢Y) (2.8)
Ny+dn" @ " +dn¥ ®¢" =0 (2.9)
Vi =0,v{$p=0 (2.10)
Ve = —ZoX™ vYeY = —LoXV 2.11)
(VoY = LT (XY e g (v X T (KoY = LGV (XY YY) (VXY @)
ROCH e = S (VX = (Y], RV, YV)E = S 0XY S (XYY 219
RO, EMYH = 20t (V)X — GH e, RE,€YY = 1V (0XY 6V (V] @)
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R(XH yHyzH 4[G(ZH Yy xH _qz?, X"y, R(xV,YV)zV 4[G(ZV YNXY -GzV,xV)yYY]

(2.15)

K(X7 vH) = RXY,yTYyH XH) = i, KXV, YV =GRX"V, Y)YV, XV) = i (2.16)
S, = gvs(fv,év) = g 2.17)

S, €M) = S (XM, S(XV.€¥) = T (x") (2.18)

S(@X™ oY) = S(XM V) = Tt (X (V7). S(0xY,0vY) = S(XV. YY) = T (XY (vY) - (219)

However Sasakian Finsler structures can be founded both on horizontal and vertical tangent bundle
diffusions (Hra and Vra), in this paper; it is studied on Hryy, for briefness.

Definition 2.1. A Sasakian Finsler structure (¢7, ¢, n#, GH) on Hr)y is locally ¢— symmetric if and only if
P (v R(XT, YT ZzM) =0 (2.20)
for XH yH zH WH c THT)M.
Definition 2.2. A Sasakian Finsler structure (¢, £, ", G™) on Hr)y is locally ¢- recurrent if there exists a
1-form A(# 0) such that
A(VER) (X Y ZH) = AH(WH)R(XH  YH)ZH (2.21)
for X2 YH ZH WH ¢ THTM.

3. ¢-recurrent Sasakian Finsler Structures on Hr),

Theorem 3.1. Suppose that Hrpy have a ¢-recurrent Sasakian Finsler structure. Then Hy )y is Einstein.
Proof. Let Hyy be a ¢-recurrent Sasakian Finsler manifold. By the virtue of (2.1) and (2.21) we have
— (Vg R (X Y ) 2T 4 g (Vi RY(X T, YT 2T e = AT (W R(XT YTz (3.1)

Inserting G to the above relation we have

- GV R(X™ Y™ 2T 0™ + 0" (Vi (X YT 2™ (UT) = AT(WIGR(XT, YT 2T, U™T). (3.2)
Let {Ef},i=1,2,...,2n+ 1, be the orthonormal basis of TZTM. Then putting X = U = Efand taking
summation over i, 1 g 1 < 2n+ 1, we get

2n+1
— (VipS) (Y, Z2") + Zn (Vir R)(ES YT 2T (Bf) = AM(wH)s(v ", 2" (3.3)

By putting Z* = ¢ in the second term of first part of (3.3), we have the following:

St (VR (EBE, YT ZH ) (BH) =G(VH R)(EF, Y H)eH eM)G(BH ¢

which is equivalent to

GUVHR) (B Y™ ¢y = GUVER)(E Y™)eH ¢y — GV EF Y T)eH ¢
—G(R(EF, vipyT)eH ¢ — GR(E] YT vip ¢!, ef) (3.4)

Owing to the fact that E is the orthonormal basis, it is easily seen that Vi}, Ef = 0.
By virtue of (2.13) we have
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G(R(E, vipY)eh e) = 1G(n" (Vi Y Ef — o™ (BI) v Y 1], ¢7)
= G(VRY T eMGET ) — G(E], ¢")G(viiY ", ¢M)]=0.

(2

By using these equalities, second and third terms of the right part of (3.4) vanish. Hence we can state the
following;:

G((Vip R)(E, YM)ER ¢) = G((vip R) (B, Y™)ER ¢) — GR(ES, YT )vipe®, ¢). (3.5)
Due to G((VELR)(EE, YH)¢H ¢H) + G(R(EE, YH)¢H v ¢H) = 0, we can denote (3.5) as follows:
GUVipRI(B YT ) = ~G((R)(E, Y ™), vipe™) — G(R(EF, YT, viie) = 0.

In consequence of these calculations and by replacing Z# = ¢#, (3.3) can be expressed by the following
relation:

— (VS (Y, 2Ty = AT (W)S(Y T, 2 = AT (W) Syt (v ). (3.6)
Using (2.11) and (2.18) in (V. S)(YH | ZH) = vE (S(YH ¢H)) — S(VEL Y H ¢H) — S(VEYH vH ¢H) we obtain
(VS)YH,27) = 2GW. v 1) + %S(YH,QSWH). (3.7)
By virtue of (3.6) and (3.7) we have
AT R () = DG gy ) 4 LS oW ), (3.8)
By putting Y# = ¢Y# in (3.8) we get S(YH# , WH) = 2G(YH , WH) forall Y#, WH € THTM.

Corollary 3.1. A ¢-recurrent Sasakian Finsler manifold (Hrs, o™, £, G is an Einstein manifold such that the
Ricci tensor S is proportional to the Sasaki Finsler metric tensor: S(YH , WH) = 2G(YH , WH) € Sym?*(TETM) for
all Y#, WH € THTM by a proportionality constant % € R.

Theorem 3.2. Assume that (Hrar, ¢, €2t GH) be a (2n + 1)-dimensional (n > 1) ¢-recurrent Sasakian Finsler
manifold, then we have the following relation:

AW =" (WHn™ (p™). (39)
where WH pH € THTM and A" € (THTM) with the property of AH (¢H) = G(¢H, p)nH (pH).
Proof. By using (2.1) in (2.21) we obtain
— (v Ry (X Yy ZH 4 (vHERXH Y)Y ZH) e = AM(WHYR(XH, YH)ZH . (3.10)
Taking inner product of (3.10) with ¢# and using the Bianchi identity which is given in the following line;
(VER)(XH YHYZH 1 (VER)(WH XH)ZH + (VER)(YH WH)ZH =0,
it is possible to have
AFWHYGR(XH, YH)ZH ¢y = AH(WH W H(R(XH, YT ZH) =0 (3.11)
Similarly, we have the following relations:
ARy H(ROWH XH)ZH) =0 (3.12)
AR (XTypH(R(YH , WH)ZH) =0 (3.13)

In consequence of these calculations we obtain

AWy (R Y ™M) 21 + AT (Y )t (RWH, X ZT) + AT(X " (R(YT, W) ZT) =0 (314)

If we use relation (2.15) in each terms for Riemannian curvature tensor in (3.14), we get
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AT WG, 2y (XM — GIXT, 27 (v

+AT(Y G, 2" (v ) — Gy ™, 2Tt (W
+AT(XMGXT, 2N (W) — W, 2" (X)) =0 (3.15)
By putting Y# = Z# = EH in (3.15) we have
AR(WH ) (XH) = AH(XH ) (WH).
By replacing X = ¢, we find
AH(WH) = pft (PH)nH (WH).

Theorem 3.3. Suppose (Hrar, ¢, % 0t GH) be a (2n + 1)- dimensional (n > 1) ¢ -recurrent Sasakian Finsler
manifold, then it is of constant curvature where X", Y € THTM.

Proof. With the help of (2.5), (2.11) and (2.13), it is possible to get the below relation: O

(Vip R) (X, Yy Ie! = vl (R(XT, Yy ™)e) — R(vip X7 Yy e — R(XT, vip e — R(XT Yy Tyvi ¢

(3.16)
By using (2.11) and (2.13) in (3.16), we have
(Vip R) (X, Yy H)eH = i[%{G(WH, oY XH —GWH X))y H}] 4+ %R(XH,YH)qﬁWH (3.17)
Taking inner product of (3.17) with £¢¥, we have the following:
G((VYI/{/R)(XHv YH)§H7 gH) = gG(WH7 ¢YH)G(XH7 fH)
GO oXGIY €M) + SGROXH, Yo, ¢) (3.18)

because of, nfl (X#) = 0and n (Y#) = 0 for X, YH € THTM, so we can calculate (3.17) in the following way:
("™ (V3 R) (X, Y 1)) = 0. (3.19)
If we use the following equality in (3.17) [8],

R(XH YH)oWH =
PR(XH YAV ZH 1 H{G(oXH, WH)YH — G(YH WH)pXH + GXH  WH)pyH — G(pYH, WH)XH}

we have
(Tl RIX e = RO Y 4 (GO WY - Gt wex Y. (3.20)
By replacing Z% = ¢ in (3.1), we get
(VP R)(X T, YH)e = —AT(WH R(X T, Y et (3.21)
From the equations (3.20) and (3.21), we obtain

{ORX YIIWE + 3[G(XH, WY H — GV ™, WH)eXH]} =
" (W) (W )&[ p )X — (XY A}

Here, 1 (XH) = 0 and n (YY) = 0. This means:

GROXH,YHYWH = L{—G(XT, WH)pYH 4 Gy, WH)pX 1},
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By applying ¢ to the last equation, we have the following relation that means Hr, is of constant curvature:

R(XH yHywH = i{G(YH, wHXH - q(xH wHyH} (3.22)
O

In addition, by the virtue of (3.1), we find

(VER) (X vy ZH = —AH(WHYR(XH, YH)ZH + %{G(qu(XH,YH)WH,ZH)
J%[G(XH, WGy, 28y, wH)G(oXH, 2]} el (3.23)

So, it is possible to have the below corollary:

Corollary 3.2. Let (Hrar, o™, 6% 0™ G be a (2n + 1)-dimensional (n > 1) ¢ -recurrent Sasakian Finsler manifold
then the relation (3.23) holds.

¢*((Viy R)(X M, V) Z1) =
AW R(XH, YH)ZH — (nf (v, R)(XH, Y H)eH) + (T (Vi R) (X, YH)ER) — AR(WH)nH (R(XH, YH)ZH)

= AH(WHRXH, Y H)ZH — JATWHI{GH, Z2H)nf (XH) — G(XH, ZH)nf (Y H) }eH.
Namely, the following relation is found
¢ ((Viy R)(XT, Y1) ZH) = AT (W R(XH, Y ) 71
which enables to get following corollary:

Corollary 3.3. Assume (Hrpr, o™, 65 nH G be a (2n + 1)-dimensional (n > 1) ¢ -recurrent Sasakian Finsler
manifold that satisfies the relation (3.23) then it is ¢-recurrent.

Theorem 3.4. Suppose (Hrnr, o™, &7 0 G be a (2n + 1)-dimensional (n > 1) ¢ -recurrent Sasakian Finsler
manifold then there is a non-zero constant sectional curvature of it and it is locally ¢-symmetric.

Proof. If we suppose that 7 = Sp{X# Y} and X# ,YH# € THTM som € THTM, in this case we have K (r) =
G(R(XH, YH)YYH XH)=), here ) is a non-zero constant and X, Y¥ are orthonormal basis of 7. Then we
have

GU(VER)(XH yH)yYH Xy = (3.24)

G((VZR)(XT, Y)Y H i) = (v R)(XHT, Y)Y H)nH () — AT(Z)G(R(XT, Y)Y !, M)
G((VER)(XH, YHE)YH ¢HynH(XH) = G(VER)(XH, YI)YYH X)) - AH(ZE)\G(R(XH, YH)YH ¢H)

N (XHGY T, Z2M)GOXT YT — GXT, ZM)GeY ", YT)} — G(oR(XT Y )21 YT —
AR(ZMGR(XT, Y)Y H, )] = —AAH (€M)

By replacing Z* = ¢ in the last relation, we get
! (PG H YT (XHT) — G, YT (V)] = =M™ (p™),
(e HGEH Yt (XH) - GXH, Yy )nf (YH)}] - A =0,
" (p) =0.
Consequently;
(VI R)(X, Y H)Z7) 0.
O
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