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ABSTRACT

In this paper, firstly, we calculate Cauchy-length formula for the one-parameter planar motion in
generalized complex plane C, which is generalization of the complex, dual and hyperbolic planes.
Then, we give the length of the enveloping trajectories of lines C,. In addition, we prove the
Holditch theorem for the non-linear three points with the aid of the length of the enveloping
trajectories in C,. So, the Holditch theorem for the linear three points which is given by Erisir et al.
in C, is generalized for trajectories drawn by the non-linear three points in generalized complex
plane C,,.
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1. Introduction

Holditch theorem which published in 1858 by Hamnet Holditch [10] emphasized that if we allowed that a
chord with fixed length rotated throughout a curve which is closed and convex, then any point on the chord
which has a distance p from the end point and a distance ¢ from the other end point draw a closed curve and
the area between these curve is 7pg and constant in the plane geometry. In other words, the area is independent
of the choice of point on the chord. In the history of mathematics, this theorem is one of Clifford Pickover’s 250
milestones by means of this feature, [4].

Since the area mentioned in this theorem is independent of the selection of the curve and this theorem is
open to the technical applications, it has attracted a lot of attention and been studied often. Additionally, many
scientists generalized this theorem with various methods and different perspectives.

Steiner first mentioned the Steiner formula in 1840, [17]. Then, Blaschke and Miiller gave the Holditch
theorem giving the relationship between the areas of trajectories for the linear three points in the Euclidean
plane, [3]. In addition, Hering took non-linear three points and proved the Holditch theorem, [9].

Pottman considered an infinite convex curve instead of taking an oval and calculated the area and volume of
the Holditch crescent. Moreover, Pottman gave Holditch theorem for open motions in Euclidean plane, [13, 14].

In Euclidean plane, the length of the enveloping trajectories of lines and Cauchy formula were given by
Blaschke and Miiller, [3]. In similar way, Cauchy-length formulas in Lorentzian plane was given by Yiice
and Kuruoglu. Moreover, they proved the length of the enveloping trajectories of non-null lines and gave
the Holditch theorem under the planar Lorentzian motion, [20].

The task of ordinary numbers in Euclidean geometry is undertaken the generalized complex numbers
in Cayley-Klein geometry, [18, 19]. The Cayley-Klein plane geometries including Euclidean, Galilean,
Minkowskian and Bolyai-Lobachevsikan first introduced by E. Klein in 1871 and A. Cayley, [11, 12]. Then,
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Yaglom distinguished these geometries according to measuring length and angles (parabolic, elliptic or
hyperbolic), [19].

Girses and Yiice gave the one-parameter planar motion in Affine Cayley-Klein planes and p— complex
plane C; ={z+Jy : =,y €R, J>=p, pec{-1,0,1}} C C, in the generalized complex plane Cp, [1, 2].
Moreover, Erisir et al. calculated the Steiner area formula and proved Holditch theorem in the generalized
complex plane Cp, [5]. Then, they calculated the polar moment of inertia of trajectories under the one-
parameter planar motion and Holditch-type theorem in C,, [6].

In this paper, we study on the one-parameter planar motion in the generalized complex plane C,, which is
the generalization of the complex, dual and hyperbolic planes (which are isomorphous to Euclidean, Galilean
and Lorentzian number planes, respectively). We first consider the fixed points X and Y and the fixed point
Z non-linear with the points X and Y on the generalized moving complex plane in C,,. Then, we calculate the
Cauchy-length formula giving the length of the enveloping curve of the line XY formed by the points X and
Y. In addition, we give the relationship between the areas of the trajectories drawn by the points X,Y and Z.
Finally, we prove the Holditch theorem for the non-linear three points by making some special choosing by
means of this relationship during the one-parameter planar motion in the generalized complex plane C,,.

2. Preliminaries

The generalized complex number system is defined as a two-parameter family of complex number system
and involves in the ordinary, dual and double numbers as follows:

Z:Q§'+’ly Where 7/2:7/q+p7 (qap7I7yER)

Here, if p + ¢*/4 < 0, the generalized complex numbers are isomorphic to ordinary numbers, if we take
p + ¢*/4 = 0, the generalized complex numbers are isomorphic to dual numbers and if we choose p + ¢* /4 > 0,
the generalized complex numbers are isomorphic to double numbers, [8, 15, 18]. If ¢ = 0 is taken, this number
system is defined as

Cp = {x+iy :x,y €R, i2:p€R}.

In this paper, we study on this number system C,. Now, we give some operations on this system.
For Zy = (x1 +iy1), Z2 = (22 +1y2) € Cp, the addition and subtraction on this generalized complex plane
are
1t 7y = (.231 + iyl) + (332 + iyg) =x1 £ o+ i(y1 + yg).

In addition, the product is written as

MP(Zy, Z2) = (v172 + py1y2) + i(21y2 + T2y1)-

The product is defined as
Ordinary Product: (x1x2 — y1y2) + i(T1y2 + z2y1) for p = —1,
Study Product: (x1x2) + i(z1y2 + x2y1) forp =0,
Clifford Product: (z1x2 + y1y2) + i(z1y2 + z2y1) forp =1,
for the special values of the number p, [8, 15, 18]. In addition, the p—magnitude of Z = = + iy € C, is

2], = \/|MP (Z,Z)] = /|22 — py?]. (2.1)

Moreover, the scalar product on C,, is

(21,22), = Re (MP (z1,25)) = Re (MP (Z1,22)) = 2151 — praye

"non

forzy = 21 +iy1, Zo = x9 + iy where is an ordinary complex conjugate, [8].

The unit circle in C;, is called the geometric location of points at a unit distance from a fixed point and in the
form of |Z|, = 1. Thus, we can give the special cases of p in C;, as follows.

Now, if we take p < 0, we obtain 22 + |p| y* = 1 with the aid of definition of the unit circle in Cp. Thus, in case
of p < 0 the generalized complex number system matches the elliptical complex number system. Specially, if
we take p = —1, the unit circle in C;, corresponds to the Euclidean unit circle. So, the plane C_; matches the
Euclidean plane, [8].

www.iejgeo.com 112


http://www.iej.geo.com

T. Erisir, M.A. Giingor

Now, let us consider p = 0. So, with the aid of definition of the unit circle in Cp, we obtain 2% = 1 (z = £1).
In addition, the generalized number system matches up with the parabolic complex number system and the
plane Cy matches up with Galilean plane, (Figure 1), [8].

In other respects, we can give two different definitions of the circle in Euclidean plane. The first of these is
"The set of points fixed distance r from a fixed point M is a circle" and the second is "The set of end points of
the line segment AB making the fixed directed angle « is a circle". These indicate the same set in Euclidean
plane. However, these two definitions match up with different sets in Galilean plane. The first is occurred the
lines = +1 (is called Galilean circle). At that, any curvature can not be mentioned, (Figure 1). The second is
occurred Galilean cycle and this cycle is equal to the Euclidean parabola (y = az? + 2bx + c).

Now, let us consider p > 0. So, we obtain the hyperbolas |2 — py?| = 1. In addition, these hyperbolas have
asymptote |22 — py?| = 1 with asymptote y = +a/,/p. In this case, the generalized number system is equal to
the hyperbolic complex number system. Especially, if we take p = 1, the plane C; corresponds to the Lorentzian
plane, (Figure 1), [8].

p<l r=0
Figure 1. Unit Circles in Cp.

So, we can give the following definition.

Definition 2.1. Let us consider a circle in the generalized complex plane C,. This circle has the center M (a,b)
and the radius r. So, the equation of this circle is

(= a)’ —ply— 17| =r*

where i? = p € R, [8].

Let Z = = + iy be a number in C, and this number be expressed with a ray OT as in Figure 2. In addition, the
intersection point of the ray OT' and the unit circle in Cp,. Thus, the angle 6, showed in Figure 2 is written by

\/ﬁtan_l (ev/Ipl), p<oO

9p = a, pP= 0
%tanfl (o\/P) . p >0 (branch I, 111I)

where o = y/z and z = x + iy.
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Figure 2. Elliptic, parabolic and hyperbolic angles.

In addition, the angular measure is written as follows

o0 pn
0. =
P 7;2714—1

o, o[ VIpl <1

as a power series .

Let the point L be the orthogonal projection of the point N on the radius OM. In addition, the line QM is the
tangent of unit circle at the point M in Cp, (Figure 3). So, we take the p—trigonometric functions (the p—cosine
(cosp) and p—sine (sin p) can be written as

cos (0p+/1p1) p<0
cosptp = ¢ 1, p=0 (branch I)
cosh (6p/P) , p>0 (branch I)
Zpsin @V, p<0
sinpbp = ¢ 6, p=0 (branch I)
% sinh (6p/P) , p >0 (branch I)
and % = % gives
_ sinpbp
tanphp = cos pbp

4, (2
o L M O Ll (]
p<0 p=0 p=0

Figure 3. Geometric definitions of cos p, sin p and tan p.
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In addition, we can write the p-trigonometric functions in C, for the other branches. For the parabolic
trigonometric functions we hold

cosp;0p = —cosp,0, and sinp,,0, = —sinp,0p.

Also, for the hyperbolic trigonometric functions we have the following equations;

cosp;,bp = ﬁ cosp,0p, cosp;;0p = —cosp,0p, cosp;,bp= —% cosp,bp,
sinp,,6p = @ sinp,0p, sinp;;,0p = —sinp,bp, sinp;, 0, = —@ sinp,0p
where the subscripts give the number of branches.
Moreover, the Maclaurin expansion is written by
P e : NP o
[€0)] p0p = ngo (2n)'9p and sin p9p = ngo mep

for branch I. With the aid of the Maclaurin expansion, the generalized Euler Formula can be given by
% = cos pOp + isinpbp
where i? = p in C,..
In addition, the polar and exponential forms of the generalized complex number z is

z = rp(cosplp + isinply) = rpe'®

where 0, and r, = ||z||, are p—argument and p—magnitude of generalized complex number z, respectively, [8].
The p—rotation matrix obtained by e* is

_ | cospbp  psinpb,
Al0p) = sin pf,, cos pOp

Moreover, the derivatives of the p—trigonometric functions cos p and sin p can be written by

4 (cospa) = psi < (sinpa) =
da COSpO[ —pSlnpa, da SlnpOl —Cospa,

[8].
Throughout this study, we consider one-parameter planar motion K, /Kj, in generalized complex plane Cp.
Moreover, we study in the branch I of Cp.

3. The Cauchy-Length Formula in the Generalized Complex Plane
Now, we calculate the Cauchy-length formula giving the length of the enveloping curve of the line g in C,,.

Let C, be the generalized complex plane and g be a line in the branch I'in C,,. So, the Hesse form of this line
g in C, is determined by the equation

h = x1 cos pyp — prasinpyy (3.1)

where (h, wp) is the Hesse coordinates in C,. In addition, h = h(¢p) is the distance to the origin O from the
right line and the point X (z1, z2) is the contact point of the line g with the envelope curve (g).

We assume that h = h(1p) is a continuously differentiable support function of the line g. For each the value
1y, there is a line in the generalized complex plane Cp,. Thus, the line bundle in terms of ¢, in the generalized
complex plane can be written as

h (zpp) = 1 COSPYp — Pr2 SiN PYp. (3.2)
From the equation (3.2), by notating with ”.” the derivation with respect to v, the parametric representation
of the envelope line g is

dh ()
i

= pa1sin pYp — paa cos pip. (3.3)
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If this equation system formed by the equations (3.2) and (3.3) is solved according to x; and x5, the following
equations

z1 = hcospyp — f.Lsi.npwl37 (3.4)
pz2 = phsinpip, — hcos pip )
can be obtained. So, from the equation (3.4), we have
T = (ph - h) sin pap, 35
pi2 = (ph — h) cos pip. (35)

In addition, with the aid of the equation (3.5), the arc-element ds can be obtained that

1 .
ds = —— |ph — | diby,.
\/@’P | P

So, we obtain that the length of the enveloping curve g is

ty
1 ..
L= —— h— h| diy. (3.6)
mm/“” |20

This formula is called as the Cauchy-length formula in the generalized complex plane C,,.

Similarly, we calculate the length of the enveloping curve (g) according to the fixed generalized complex
plane Ki. So, we can write the Hesse form of the line g according to the fixed generalized complex plane K, as

W' = x cos pyy, — pay sinpy 3.7)

where h/ is the distance to the origin O’ from the right line g.
In the other hand, if ¢, is the rotation angle of the one-parameter planar motion in the generalized complex
plane C,, there is a relationship as

1/); =0p +p 3.8)
between the angles vy, 6, and ¢p. So, from the equations (3.7) and (3.8) we can write
h' = h — uy cos pyp + pua sin pyp. (3.9)

Since the line g is fixed on the moving generalized complex plane K, v, is fixed. Thus, the equivalent
dyy, = dfp can be written from the equation (3.8). From this, with the aid of the equations (3.6) and (3.9) we
obtain that

t1
1 / .
L= —— | |ph/ —i|do (3.10)
/|p| J | | P
or .
L' = —— |phd, — Acospi, + pBsinpi (3.11)
\/m ’p P P¥p TP P P’

t1 t1
where A = [ (puy — ii1)dfp and B = [ (pug — iiz)dbp.
to to
Now, we express the length of enveloping curve g in the equation (3.11) in geometrically. So, if we make the
necessary arrangements in the equation (3.11), we obtain that

t1

L/:@(/

to

qdoy + Lg) :

where LY, = go cospyp — g1 sin pwp|z; is the length of orthogonal projection of the line segment Q> of the
moving pole curve (Q) on the line g. Moreover, ¢ = h — g1 cos pyyp, + pgo sin pyp is distance of the pole point Q
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to the line g in the generalized complex plane.

Now, we assume that the enveloping trajectories of all the fixed lines g of the generalized moving plane K,
have the same length L’ = c. If we consider the equation (3.11) we can give the following theorem.

Theorem 3.1. During the one-parameter planar motion K, /Ky in the generalized complex plane C,, all the fixed lines
with Hesse coordinates (h, ) of the generalized moving complex plane K, whose enveloping trajectories have the same

’ . o A B . c . . .
length L' = c are tangent to the cycles with center Sg = ( o pr) and radius T in the generalized moving plane
K,.
P

4. Holditch Theorem for the non-linear points in C,

In this section, we give a new generalization of the Holditch theorem given by [5] by using non-linear points
in the generalized complex plane C,,.

Let K;, and Kf, be moving and fixed generalized complex planes in Cy, respectively. Under the one-parameter
planar motion, the non-linear fixed points X, Y and Z taken in the moving plane K, draw the trajectories kx,

ky and kz with areas Fx, Fy and F, respectively.

Especially, we take the non-linear points X = (0,0), Y = (a + ,0) and Z = (a, ¢) on the generalized moving
plane K, in C;,. We know that the area of trajectory drawn by a point X in C,, is calculated

1
Fx =Fy+ 551:, (1’12 — p$22 —2x181 + 2p.’L‘282)

from [5]. So, for the points X = (0,0), Y = (¢ + b,0) and Z = (a, ¢) the areas are written by

Fx =Fy, for X =(0,0) (4.1)

1 2
Fy = Fx + 50 ((a+b) —2(a+b)31) for Y = (a+b,0) 4.2)
Fy; =Fx + %(513 (a2 — ch —2as1 + 2pcsz) for Z = (a,c). (4.3)

From the equation (4.2) we obtain that

a+b+FX*FY
2 op (a+b)

(4.4)

S1 =

In addition, if we use the equations (4.3) and (4.4) we have

aFy + bFx 1
Fy = iy §5p (pc2 + ab) + p6p632.

In the other hand, we consider the one-parameter planar motion S = S¢ in Cp,. So, we have
B
Pdp

Moreover, we consider that L' is called as L xy if the points X = (0,0),Y = (a + b,0) and Z = (a, ¢) is written
in equation (3.11).

52

Finally, we obtain

aFy +bFx 1

FZ =5 ai—i-b - 5613 (pc2 + ab) - \/@CLXY

Thus, we give the following theorem.
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Theorem 4.1. Main Theorem: During the one-parameter planar motion K, /K}, with S = Sq in the generalized
complex plane, let the points X, Y and Z, non-linear with the points X and 'Y, be fixed on the moving plane K. If the
points X = (0,0), Y = (a +b,0) € K, move along the trajectories kx and ky with the areas Fx and Fy, respectively,
then the point Z = (a, c) € K, draws the trajectory with the area

Fy + bF 1
Fy, = Gy TOx _ §5p (pc2 + ab) —+/IpleLxy. (4.5)

a+b
where Lxy is the length of the enveloping curve of (XY'). So, the area of section between curves kx, ky and kz depends
on the distances of the point R to the end points X and Y, the distance of the point Z to the line XY, the length of the
enveloping curve (XY') and the rotation angle of the motion. This area is independent of the choice of curves.

So, the following corollary can be given.

Corollary 4.1. We take that the points X, Y and Z are linear points during the one-parameter planar motion in C,. So,
the points R and Z are coincident. Namely, c = 0. Thus, from the equation (4.5) we can obtain

aFy +bFx 1
Fp= 2T s
Z a+b 2pa

This formula is the area formula given for the linear points in [5]. Namely, the formula (4.5) is generalization of the
formula in [5].

Note: If we choice p = 0, the formula (4.5) is written by

o aFy + bFX 1

The formula (4.6) is also the area for the linear points in [5]. Thus, we can give the following corollary.

Corollary 4.2. The area formula for non-linear three points for p = 0 is same the formula of area for linear three points
in C,.
P

The reason of this is the metric in the plane Cj. According to the metric in C the distance between the points
X and R is same the distance between the points X and Z. Similarly, this situation is valid for the points Y, R
andY, Z.

Finally, we can give the following corollary.

Corollary 4.3. The relationship between L', the length of envelope curve (g), and Lxy, the length of the enveloping
curve of (XY'), with the aid of the areas Fx and Fy is written by

; Fy — Fx _ a-+b . B r
L' =/|p| <h6p+ (5;; E) 5 >6pcosp1/)p VPl Lxy smp%) )
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